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PREFACE. 



, About ten years ago I gave a course of lectures on Trigonometric Series, 
following closely the treatment of that subject in Riemann's "Partielle 
Differentialgleichungen," to accompany a short course on The Potential 
Function, given by Professor B. 0. Peirce. 

My course has been gradually modified and extended until it has become an 
introduction to Spherical Harmonics and Bessel's and Lamp's Functions. 

Two years ago my lecture notes were lithographed by my class for their 
own use and were found so convenient that I have prepared them for 
publication, hoping that they may prove useful to others as well as to my 
own students. Meanwhile, Professor Peirce has published his lectures on 
"The Newtonian Potential Function" (Boston, Ginn & Co.), and the two 
sets of lectures form a course (Math. 10) given regularly at Harvard, and 
intended as a partial introduction to modem Mathematical Physics. 

Students taking this course are supposed to be familiar with so much of the 
infinitesimal calculus as is contained in my " Differential Calculus " (Boston, 
Ginn & Co.) and my " Integral Calculus " (second edition, same publishers), 
to which I refer in the present book as "Dif. Cgil." and "Int. Cal." Here, 
as in the " Calculus," I speak of a " derivative " rather than a " differential 

coefficient," and use the notation 2>, instead of t- for " partial derivative with 

respect to x" • 

The course was at first, as I have said, an exposition of Eiemann's "Partielle 
Differentialgleichungen." In extending it, I drew largely from Ferrer's 
** Spherical Harmonics " and Heine's " Kugelfunctionen," and was somewhat 
indebted to Todhunter ("Functions of Laplace, Bessel, and Lam^"), Lord 
Rayleigh (" Theory of Sound "), and Forsyth (" Differential Equations "). 

In preparing the notes for publication, I have been greatly aided by the 
criticisms and suggestions of my colleagues. Professor B. 0. Peirce and Dr. 
Maxime B5cher, and the latter has kindly contributed the brief historical 
sketch contained in Chapter IX. 

W. E. BYEELY. 
Cambridge, Mass., Sept 1803. 
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CHAPTER I. 



INTRODUCTION. 



1. In many important problems in mathematical physics we are obliged 
to deal with partial differential equations of a comparatively simple form. 

For example, in the Analytical Theory of Heat we have for the change of 
temperature of any solid due to the flow of heat within the solid, the equation 

D,u = a\D^u + D^u + 7>/w) * [i] 

where u represents the temperature at any point of tlie solid and t the time. 

In the simplest case, that of a slab of infinite extent with parallel plane 

faces, where the temperature can be regarded as a function of one coordinate, 

[i] reduces to 

D,u = a^D^lu, [II] 

a form of considerable importance in the consideration of the problem of the 
cooling of the earth's crust. 

In the problem of the permanent state of temperatures in a thin rectangular 
plate, the equation [ij becomes 

D^u + J)lu = 0. [Ill] 

In polar or spherical coordinates [i] is less simple, it is 

D,u = ^ [2),(r^i),w)+ ^j^ DeismODeu) + ^r^ i)^«u]. [iv] 

In the case where the solid in question is a sphere and the temperature 
at any point depends merely on the distance of the point from the centre 
fivl reduces to n / \ 2 nj/_ \ r n 

In cylindrical coordinates [i] becomes 

D,u = a^lD,'u+-DrU+-^D}u+D,*u]. [vi] 

In considering the flow of heat in a cylinder when the temperature at 

any point depends merely on the distance r of the point from the axis 

[vi] becomes _ ^ _. . 1 ^ v 

*■ "* D,u=:a\D;fu + -D^u). [vii] 

r 

* For the sake of brevity we shall often use the symbol V^ for the operation Dx^ +Dp^ -hD/-^; 
and with this notation equation [i] would be written Dtu = o^ V^ w. 



2 INTRODUCTION. [Art. 1. 

In Acoustics in several problems we have the equation 

for instance, in considering the transverse or the longitudinal vibrations of a 
stretched elastic string, or the transmission of plane sound waves through 
the air. 

If in considering the transverse vibrations of a stretched string we take 
account of the resistance of the air [viii] is replaced by 

Dfy + 2kD,y = a^D^y. [jx] 

In dealing with the vibrations of a stretched elastic membrane, we have the 
equation 

I>*» = C^(I>*» + I>*Z), [X] 

or in cylindrical coordinates 

D*z = <?{p*z + \D,z->r ^ D*z). [XI] 

In the theory of Potential we constantly meet Laplace's Equation 

D* V+D*V+D*V=0 [xn] 

or v*r=o 

which in sphericai coordiruUes becomes 

^ \rD*(rV) + ^^ i).(8in02>.F) + ^ i)«r] = 0, [xiii] 

and in cylindrical coordinates 

D;V-{-\D,V+~D*V + DiV=(i. [XIV] 

In curvilinear coordinates it is 

where /i (a;,y,«) = pi , /, {x,y,z) = p^ , f^ (x,y,z) = p, 

represent a set of surfaces which cut one another at right angles, no matter 
what values are given to pi, ps > a^d p,; and where 

V = (-D^p,)' + (D,p,y + (Ap>)* 
V = (i>.p,y + (i>yP»r + (Ap.)*, 

and, of course, must be expressed in terms of pi , p2 > and p, . 

If it happens that VVi = 0, V'^s = 0, and V^s = 0, then Laplace's 
Equation [xv] assumes the very simple form 

hi'D^V+ K^D^V+ K^D^V^ 0. [xvi] 
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2. A differential equation is an equation containing derivatives or differen- 
tials with or without the primitive variables from which they are derived. 

The generdl sohUum of a differential equation is the equation expressing the 
most general relation between the primitive variables which is consistent with 
the given differential equation and which does not involve differentials or 
derivatives. A general solution will always contain arbitrary (i, e,f undeter- 
mined) constants or arbitrary functions, 

A particular solvtion of a differential equation is a relation between the 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although included in it. 

Theoretically, every particular solution can be obtained from the general 
solution by substituting in the general solution particular values for the arbi- 
trary constants or particular functions for the arbitrary functions; but in 
practice it is often easy to obtain particular solutions directly from the differ- 
ential equation when it would be difficult or impossible to obtain the general 
solution. 

3. If a problem requiring for its solution the solving of a differential equa- 
tion is determinate, there must always be given in addition to the differential 
equation enough outside conditions for the determination of all the arbitrary 
constants or arbitrary functions that enter into the general solution of the 
equation; and in dealing with such a problem, if the differential equation can 
be readily solved the natural method of procedure is to obtain its general 
solution, and then to determine the constants or functions by the aid of the 
given conditions. 

It often happens, however, that the general solution of the differential equar 
tion in question cannot be obtained, and then, since the problem if determinate 
will be solved if by any means a solution of the equation can be found which 
will also satisfy the given outside conditions, it is worth while to try to get 
particular solvtions and so to combine them as to form a result which shall 
satisfy the given conditions without ceasing to satisfy the differential equation. 

4. A differential equation is linear when it would be of the first degree if 
the dependent variable and all its derivatives were regarded as algebraic 
unknown quantities. If it is linear and contains no term which does not 
involve the dependent variable or one of its derivatives, it is said to be linear 
and homogeneous. 

All the differential equations collected in Art. 1 are linear and homogeneous. 

5. If a value of the dependent variable has been found which satisfies a 
given h/ymogeneous, linear, differential eqiuUion, the product formed by multiply- 
ing this value by any constant will also be a value of the dependent variable 
which unll satisfy the equation. 
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For if all the terms of the given equation are transposed to the first mem- 
ber, the Btibstitution of the first-named value must reduce that member to 
zero; substituting the second value is equivalent to multiplying each term of 
the result of the first substitution by the same constant factor, which there 
fore may be taken out as a factor of the whole first member. The remaining 
factor being zero, the product is zero and the equation is satisfied. 

If several values of the dependent variable have been found each of which 
satisfies the given differential equation, their sum ivUl satisfy the equation ; for 
if the sum of the values in question is substituted in the equation each term 
of the sum will give rise to a set of terms which must be equal to zero, and 
therefore the sum of these sets must be zero. 

6. It is generally possible to get by some simple device particular solutions 
of such differential equations as those we have collected in Art. 1. The 
object of the branch of mathematics with which we are about to deal is to 
find methods of so combining these particular solutions as to satisfy any given 
conditions which are consistent with the nature of the problem in question. 

This often requires us to be able to develop any given function of the varia- 
bles which enter into the expression of these conditions in terms of normal 
forms suited to the problem with which we happen to be dealing, and sug- 
gested by the form of particular solution that we are able to obtain for the 
differential equation. 

These normal forms are frequently sines and cosines, but they are often 
much more complicated functions known as Legendre^s Coefficients, or Zonal 
Harmonics ; Laplace's Coefficients, or Spherical Harmonics ; BesseVs Functions, 
or Cylindrical Harmonics ; Lame's Functions, or Ellipsoidal Harmonics, &c. 

7. As an illustration, let us take Fourier's problem of the permanent state 
of temperatures in a thin rectangular plate of breadth tt and of infinite length 
whose faces are impervious to heat. We shall suppose that the two long 
edges of the plate are kept at the constant temperature zero, that one of the 
short edges, which we shall call the base of the plate, is kept at the tempera- 
ture unity, and that the temperatures of points in the plate decrease indefi- 
nitely as we recede from the base; we shall attempt to find the temperature 
at any point of the plate. 

Let us take the base as the axis of X and one end of the base as the origin. 
Then to solve the problem we are to find the temperature u of any point from 
the equation j,,^ ^ j,,^ ^ ^ ^^^^^ ^^ j 

subject to the conditions u = when x = (1) 

W = " X = TT (2) 

M = " y = 00 (3) 

w = l " y = 0. (4) 
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We shall begin by getting a x)articular solution of [m]) and we shall use 
a device which always succeeds when the equation is linear and homogeneous 
and has constant coefficients. 

Assume * w = e*>''''^', where a and p are constants, substitute in [iii] and 
divide by e*>' + ^', and we have a* + jS* = 0. If, then, this condition is satis- 
fied w = e*>' + ^ is a solution. 

Hence w = e*'' * *** f is a solution of [m], no matter what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take w = e*>'e*^, a solution of [m], and. tt = e**'^"*', another solution 
of [hi]; add these values of u and divide the sum by 2 and we have 
ei^y cos ax, (v. Int Cal. Art. 35, [1].) Therefore by Art. 6 

w = e**' cos oM (5) 

is a solution of [m]. Take w = e*>' e*^ and uz=zef^v e~^ subtract the 
second value of m from the first and divide by 2i and we have e**' sin ox. 
(v. Int. Cal. Art. 35, [2]). Therefore by Art 6 

u = e^^ sin ax (6) 

is a solution of [m]. 

Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (3), and (4). 

Consider w = e*'' sin oa; . (6) 

It is zero when cc = for all values of a. It is zero when a; = tt if a is a 
whole number. It is zero when y = oo if a is negative. If, then, we write 
u equal to a sum of terms of the form Ae^"^ sin mx, where m is a positive 
integer, we shall have a solution of [iii] which satisfies conditions (1), (2) 
and (3). Let this solution be 

u ^=Aie~^ sinx •\- A^e~^ sin 2x -^-A^e^^ sin3a;+-^«"^ sin 4a; + • • • (7) 

Aij A^^ A^y A^, &c., being undetermined constants. 
When y = (7) reduces to 

u=^Ai sin X '\-Ai sin 2a; + A^ sin 3a; + -^4 sin 4a5 + • • • . (8) 

If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 
Ai, As, Aa, &c. in (7). 

* This assomption mnst be regarded as ponly tentative. It muat be tested I7 substi* 
tating in the equation, and is justified if it le ads to a sohition. 
t We shall regularly use the symbol i for ^ — 1. 
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It will be proved later that 

1 = —/sin aj + o 8U1 3aj + 5 sin 6a; + ^ sin 7a; + • • • 1 
for all values of x between and tt; hence our required solution is 

u = - 6"" sin a; + o e"*' sin 3a; + f c"*' sin 6a; + =r «'"'"' sin 7a; + • • • (9) 

for this satisfies the differential equation and all the given conditions. 

If the given temperature of the base of the plate instead of being unity 
is a function of x, we can solve the problem as before if we can express the 
given function of a; as a sum of terms of the form A sin m x, where m is a 
whole number. 

The problem of finding the value of the potential function at any point of 

a long, thin, rectangular conducting sheet, of breadth tt, through which an 

electric current is flowing, when the two long edges are kept at potential zero, 

and one short edge at potential unity, is mathematically identical with the 

problem we have just solved. 

Example. 

Taking the temperature of the base of the plate described above as 100^ 
centigrade, and that of the sides of the plate as 0^, compute the temperatures 
of the points 

(«)(|.l);(*)(|.2); (c)(|,3), 
correct to the nearest degree. Ans. (a) 26**; (h) 16**; (c) 6^ 

8. As another illustration, we shall take the problem of the transverse 
vibrations of a stretched string fastened at the ends, initially distorted into 
some given curve and then allowed to swing. 

Let the length of the string be L Take the position of equilibrium of the 
string as the axis of X, and one of the ends as the origin, and suppose the 
string initially distorted into a curve whose equation y =/(a;) is given. 

We have then to find an expression for y which will be a solution of tlit^ 

equation 

B.^y = a^D]ly [viii] Art. 1, 

while satisfying the conditions 

y = when a; = (1) 

y = " a; = Z (2) 

y=f{x) " ^ = (3) 

D,y = a t = 0, (4> 

the last condition meaning merely that the string starts from rest. 
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As in the last problem let* y = e"+^ and substitute in [vin]. Divide 
by e""*"^ and we have p^^^^a^a^ as the condition that our assumed value of 
y shall satisfy the equation. y^^^^aut /cn 

is, then, a solution of (viii) whatever the value of a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we can readily obtain one by using an imaginary value for a in (6). 
Replace a by ai and (5) becomes y = e^* *«*>»', a solution of [viii]. Replace 
a by — a* and (5) becomes y := e~^**'^>*»', another solution of [viii]. Add 
these values of y and divide by 2 and we have cos a(x ± a£). Subtract the 
second value of y from the first and divide by 2i and we have sin a(x ± at), 

y = cos a(x + at) 
y = cos a(x — at) 
y = sin a(x + ot) 
y = sin a(x — at) 

are, then, solutions of [vin]. Writing y successively equal to half the sum 

of the first pair of values, half their difference, half the sum of the last 

pair of values, and half their difference, we get the very convenient particular 

solutions of [viii]. 

y = cos QM cos oat 

y = sin oa; sin aat 

y = sin oa; cos aai 

y = cos oo; sin aat . 
If we take the third form 

y = sin oa; cos aai 

it will satisfy conditions (1) and (4), no matter what value may be given to 

a, and it will satisfy (2) if a = -y- where m is an integer. 

If then we take 

. . irx irat , . . 27ra; 2irat , , . Sirx Birat , 
y = ^1 sin -J- cos -T — h ^% sm —j— cos —: — h -4, sin — r— cos — j — f- ' * • (6) 

where Aj, A«, As • • • are undetermined constants, we shall have a solution of 
[viii] which satisfies (1), (2), and (4). When ^ = it reduces to 

y = ^1 sm — + A^ sm — — \- A^ sm — — h ' ' * (7) 

If now it is possible to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coefficients of this 
series as values of Ai, Aq, Ag . . . in (6), and we shall have a solution ot 
[vm] which satisfies all our given conditions. 

* See note on page 6. 
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In each of the preceding problems the normal ftinctixm, in terms of which a 
given function has to be expressed, is the sine of a simple multiple of the 
variable. It would be easy to modify the problem so that the normal form 
should be a cosine. 

We shall now take a couple of problems which are much more complicated 
and where the normal function is an unfamiliar one. 

9. Let it be required to find the potential function dtte to a circular wire 
ring of small cross section and of given radius c, supposing the matter of the 
ring to attract according to the law of nature. 

We can readily find, by direct integration, the value of the potential function 
at any point of the axis of the ring. We get for it 

where M is the mass of the ring, and x the distance of the point from the 
centre of . the ring. 

Let us use spherical coordinates, taking the centre of the ring as origin and 
the axis of the ring as the polar axis. 

To obtain the value of the potential function at any point in space, we must 
satisfy the equation 

ri>«(rF) + -^^A(sindAn +iiH2l^^'^=^> [™i] ^^t 1, 

subject to the condition 

M 
^= (^a 4- ^) \ when ^ = 0. (1) 

From the symmetry of the ring, it is clear that the value of the potential 
function must be independent of ^, so that [xiii] will reduce to 

r2);(rr) + ^A(8indAn=0. (2> 

We must now try to get particular solutions of (2), and as the coefficients 
are not constant, we are driven to a new device. 

Let ♦ V^= r^Py where P is a function of 6 only, and m is a positive integer, 
and substitute in (2), which becomes 

m(m + l)r«P + ^ i>,(8indAP) =0. 

♦ See note on page 6 . 
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Divide by r*» and use the notation of ordinary derivatives since P depends 
upon 6 only, and we have the equation 

1 ''("^''^ 

m(mH-l)P+^g ^ de ^Q' (3) 

from which to obtain P. 

Equation (3) can be simplified by changing the independent variable. Let 
X = cos 6 and (3) becomes 

i\_(^--')'~\^rn(rn + l)P=^. (4) 

Assume * now that P can be expressed as a sum or as a series of terms 
involving whole powers of x multiplied by constant coefficients. 
Let P ^ 2 a^ a:" and substitute this value of P in (4). We get 

2 [n (n — 1) a^aj''-^ — n (n +l)a„x'' + m(m + 1) a^x*'] = , (6) 

where the symbol 2 indicates that we are to form all the terms we can by 
taking successive whole numbers for n. 

As (5) must be true no matter what the value of x, the coefficient of any 
given power of x, as for instance ar*, must vanish. Hence 

(k + 2)(k + l)at^, - k(k + l)at+ //i(m +!)«*= (6) 

7n(m + l) — k(k + l) ^ 

and a,^, = ^j^^r^j^ppY) ^*- (^ 

If now any set of coefficients satisfying the relation (7) be taken, P ^ 2 a^a^ 
will be a solution of (4). 

If A; ^ m, a^_|_j = 0, ^^4+4 = 0, &c. 

Since it will answer our purpose if we pick out the simplest set of ooefficients 
that will obey the condition (7), we can take a set including a^. 
Let us rewrite (7) in the form 

_ (A: + 2)(^+l) ^ ,^. 

^*"" (m--k)(m + k+l)^-^*' W 

We get from (8), beginning with k^=m — 2, 

m(m — 1) 
*•- « "■ "" 2. (2m — 1) ^« 

__ ?ii(w — 1) (m — 2) (m — 3) 
*•-* "■ 2. 4. (2m — 1) (2m — 3) ^« 

m (m — 1) (m — 2) (m — 3) (m — 4) (m — 5) 

*— •■" 2.4.6. (2m - 1) (2m - 3)(2w -• 6) *•' ^ 

* See note on page 6. 
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If m is even we see that the set will end with Aq , if m is odd, with o^ . • 

Cm(m — 1) . . m (m — 1) (m — 2) Cm — 3) H 

* 2.(2m — 1)^ ^ 2. 4. (2m -1) (2m — 3) ^ J 

where a^ is entirely arbitrary, is, then, a solution of (4). It is found con- 
venient to take a^ equal to 

(2m — 1) (2m — 3) ' - 1 

m! 
and it can be shown that with this value of a^ P = 1 when a; = 1. 

P is a function of x and contains no higher powers of x than x^. It is 
usual to write it as P^ (x). 

We proceed to compute a few values of P^ (x) from the formula 

(2m— l)(2m — 3) •••! r m(m — 1) 

^mW— ^j L« 2.(2m — 1)* 

m(m — l)(m — 2)(m — 3) ^_^ n 

+ 2.4.(2m-l)(2m-3) ^"* J ' ^^^ 

We have: 

Pq(x) = 1 or Po(co8 0)=1 

p^(x) =x " Pi (cos 0) = cosd 

Pj(a;) = i (Sx^ — 1) " P2(cos ff) = i(S cos^d — 1) 

P,(a;) = J (ox* — 3x) « P8(cos ^) = i (5 cos» ^ — 3 cos ^) 

P^(a;) = ^ (35x* — 30a;« + 3) or 

P4(cos 0)=if (35 co8*d — 30 cos«^ + 3) 
p^(x) = i (63a;« — 70x« + 15a;) or 

P5(cos e) = i (63 cos*^ — 70 cos»^ + 15 cos 0) . 

We have obtained F = P^(x) as a particular solution of (4) and 
P = P^(cos^) as a particular solution of (3). P,„(a;) or P^(co8 d) is a 
new function, known as a Legendre^s Coefficient, or as a Surface Zonal Har* 
moniCf and occurs as a normal form in many important problems. 

y=zr^P^(QOS 6) is a particular solution of (2) and r'^P^ (cos 6) is some- 
times called a Solid Zonal Harmonic, 

We can now proceed to the solution of our original problem. 

r=^r^Po(cos ^) +^xrPi(cos 6) + ^2r»P2(cos 0) +A^f^P^ (cos 0)^ (11) 

where A^, Ai, A^, &c., are entirely arbitrary, is a solution of (2) (v. Art. 6) 
When ^ = (11) reduces to 

r= A + A^r + A.r' + A,f^ + • - • , 

since, as we have said, P^ (t) = 1 when a; = 1, or P^ (cos d) = 1 when ^ = 0. 
By our condition (1) ,, 

when^ = 0. ^ ^' ^ 



(10) 
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By the Binomial Theorem 

M Mr If^ 1,3 f^ 1.3.5 r^ "1 

(c» + r^* "" T L 2 c«"*" 2.4 c* 2.4.6 ? "^ J 

provided r < c. Hence 

^=7[^.(COB<>)-i^i'.(C08«)+||5P«(C08tf)-g|5P.(C08 (?) + •.. ](12) 

is our required solution if r < c ; for it is a solution of equation (2) and satis- 
fies condition (1). 

Example. 

Taking the mass of the ring as one pound and the radius of the ring as one 
foot, compute to two decimal places the value of the potential function due to 
the ring at the points 

(a) (r = .2,d = 0); (d) (r = .6,d = 0); (/)(r = .6, ^ = g); 

(6) (r = .6,^ = g); (g) (r = .6,d=^); 

Ans. (a) .98; (b) .99; (c) 1.01; (d) .86; 
(6) .90; (/) 1.00; (g) 1.10. 

The unit used is the potential due to a pound of mass concentrated at a point 
and attracting a second pound of mass concentrated at a point, the two points 
being a foot apart. 

10. A slightly different problem calling for development in terms of Zonal 
Harmonics is the following: 

Required the permanent temperatures within a solid sphere of radius 1, 
one half of the surface being kept at the constant temperature zero, and the 
other half at the constant temperature unity. 

Let us take the diameter perpendicular to the plane separating the unequally 
heated surfaces as our axis and let us use spherical coordinates. As in the 
last problem, we must solve the equation 

rD?(ru) + ^^ A (sin Deu) + ^ D}u = [xiii] Art. 1 

which as before reduces to 

rD,\ru) + ^j^ A(sin ODeu) = (1) 

from the consideration that the temperatures must be independent of ^. 
Our equation of condition is 

W IT 

u = l from ^ = to ^ = s ^^^ u = from ds=2tod = 7r, (2) 
when r = 1. 
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As we have seen u ^ r*P^ (cos tf) is a x)articular solution of (1), m being 
any positive whole nnmber, and 

w = ^/^Po(cos 6) +^irPi(cos d) +^r«P,(co8 6) +^ar»P,(cos 0)^ (3) 

where ^, ^i, ^, ^ • • • are undetermined constants^ is a solution of (1). 
When r = 1 (3) reduces to 

u = Jo-Po(cosd) + ^iPi(cosd) + AiP^(Qo%«) + ^,Pg(cosd) H (4) 

If then we can develop our function of $ which enters into equation (2) in 
a series of the form (4), we have only to take the coefficients of that series 
as the values oi A^, Ai, A^^ &c., in (3) and we shall have our required solution. 

11. As a last example we shall take the problem of the vibration of a stretched 
circular membrane fastened at the circumference, that is, of an ordinary drum- 
head. We shall suppose the membrane initially distorted into any given form 
which has circular symmetry ♦ about an axis through the centre perpendicular 
to the plane of the boimdary, and then allowed to vibrate. 

Here we have to solve 

D?z = c» (dJz + Ji>,« +^2)^««) [XI] Art. 1 

subject to the conditions 

z =^f(r) when t = (1) 

i>,« = " t = (2) 

« = « r = a. (3) 

From the symmetry of the supposed initial distortion z must be independ- 
ent of <!>, therefore [xi] reduces to 

and this is the equation for which we wish to Rnd a particular solution. 

We shall employ a device not unlike that used in Art. 9. 

Assume t z = B.T where -B is a function of r alone and T is a function of 
t alone. Substitute this value of ;;; in (4) and we get 

ED,*T = c^T (d^R + ^ D^R\ 

1 ^_1/^ , 1^\ ^ 

^^ (^T dt^ ^ R\dr^ "^ r dr) ' W 

The second member of (5) does not involve t, therefore its equal the first 
member must be independent of t The first member of (5) does not involve 

* A fanction of the coordinates of a point has circular symmetry about an axis when its 
value is not affected by rotating the point through any angle about the axis. A surface haft 
circular symmetry about an axis when it is a surface of revolution about the axis. 

t See note on page 5. 
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r, and oonseqtiently since it contains neither t nor r, it must be oonstant Let 
it equal — /x', where /t of course is an undetermined constant 
Then (5) breaks up into the two differential. equations 

cPT 

-^ + ^VT=0 (6) 

cPR 1 dR 

(6) can be solved by familiar methods, and we get T ^ cos fict and T^msin, fAct 
as simple particular solutions (v. Int. Cal. p. 319, § 21). 

To solve (7) is not so easy. We shall first simplify it by a change of inde- 

pendent variable. Let r = - • (7) becomes 

€PB IdE ^ ^ ^ 

Assume, as in Art 9, that E can be expressed in terms of whole powers of 
X. Let B = 2 a^aj" and substitute in (8). We get 

2 [n(n — l)a„a;'»~* + na^^x^-^ + «iia;*] = , 

an equation which must be true no matter what the value of x. The coeffi- 
cient of any given power of as, as a:*"*, must, then, vanish, and 

k(k — l)a^ + kttf. + njfc_j = 
or k^a^ + ^t-2 ^ ^ 

whence we obtain at_2 = — k^^k (9) 

as the only relation that need be satisfied by the coefficients in order that 
R = lta^a^ shall be a solution of (8). 

If A; = 0, Ctk-i = ^j ^*-4 = ^y &<5. 

We can then begin with A; = as our lowest subscript 

From (9) 
Then 

do 



<h = 




a,= 


^2* 



a4 = 



29.42 



"^ = ""253^' *^ 



1— 2^ + ^rj: "* ^.4« 6' "* J 

where do may be taken at pleasurei is a solution of (8), provided the series is 
convergent 
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Take a© = 1> and then B = Jo(x) where 

t7o(«) = 1 — 22 + 2^ ■" 2^4*6* "^ 2*.4*.6*.8' (*^^ 

is a solution of (8). 

Jq (x) is easily shown to be convergent for all values real or imaginary of a^ 
since the series made up of the moduli of the terms of Jo(x) (v. Int. CaL 
Art. 30) 

1 + 28 + 2535 + 2« 4« 6* "I ' 

where r is the modulus of «, is convergent for all values of r. For the ratio 

of the n -j~ 1 st term of this series to the n th term is — — and approaches 

4»* 

zero as its limit as n is indefinitely increased, no matter what the value of r. 
Therefore J^ (x) is absolutely convergent, 

Jq (x) is a new and important form. It is called a BessePs Function of the 
zero th order, or a Cylindrical Harmonic. 

Equation (8) was obtained from (7) by the substitution of a; = /xr, therefore 

p_r/ N_1 (M*-)' (M^* (/*»•)' . 

-"' — <^ov/*v — ■*• 2* "• 2^.4' 2* 4*. 6* -|- • • • 

is a solution of (7), no matter what the value of /x, and z = Jo(fir) cos fu^ 
or « = c7o (/*»•) sin ^u?^ is a solution of (4). 

z =^ Jo (^fir) cos fict satisfies condition (2) whatever the value of /a. In 
order that it should also satisfy condition (3) fi must be so taken that 

e7oM=0; (11) 

that is, fi must be a root of (11) regarded as an equation in fi. 

It can be shown that Jq (x) ^ has an infinite number of real positive 
roots, any one of which can be obtained to any required degree of approxima- 
tion without serious difiiculty. Let x^ Xg, x,, • • • be these roots. Then if 

a?i X2 x^ 

a=^i' a=^' a=^' ^'> 

z=AiJo(fiir)coBfiiCt + A2Jo(fi2r)cosfi2Ci + AiJo(fi9r)cos fiz^t."^ • (12) 

where Ai, A^, A^, &c., are any constants, is a solution of (4) which satisfies 
conditions (2) and (3). 

When t = (12) reduces to 

z^A^jQ(fiir) +^3Ji(^r) + A9Jo(fizr) -\ . (13) 

If then f(r) can be expressed as a series of the form iust given, the solution 
of our problem can be obtained by substituting the coefficients of that series 
for Aij At, -4,, &c., in (12). 
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Example. 

The temperature of a long cylinder is at first unity throughout. The convex 
surface is then kept at the constant temperature zero. Show that the tem- 
perature of any point in the cylinder at the expiration of the time t is 

where /*!, /i^, &c., are the roots of JqQjlc) = 0, and where 

1 =AiJo(ji.xr) + A^J^Qi^r) + A^J^(jt^r) H , 

c being the radius of the cylinder. 

12. Each of the five problems which we have taken up forces upon us the 
consideration of the development of a given function in terms of some normal 
form^ and in two of them the normal form suggested is an unfamiliar fimction. 
It is clear, then, that a complete treatment of our subject will require the inves- 
tigation of the properties and relations of certain new and important fimctions, 
as well as the consideration of methods of developing in terms of them. 

13. In each of the problems just taken up we have to deal with a homo- 
geneous linear partial differential equation involving two independent vari- 
ables, and we are content if we can obtain particular solutions. In each case 
the assiimption made in the last problem, that there exists a solution of the 
equation in which the dependent variable is the product of two factors each of 
which involves but one of the independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device used in problems 3 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be , expressed as a 
sum or series of terms involving whole powers of the independent variable, 
and then determining the coeflBcients. 

Let us consider again the equations used in the first, second and third 
problems. 

(«) I>^n + Dlu = (1) 

Assume w = X F where X involves x but not y, and Y involves y but not x» 

Substitute in (1), YD^^X + XD; F = 0, 

or, since we are now dealing with functions of a single variable, 

1 rf«X 1 (PY __ 
Xd^'^Ydi/ ""^' 

1 (PY 1 fX 

°' Y'df~~X'<Jb»- <*J 
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Since the first member of (2) does not contain x, and the second member 
does not contain y, and the two members must be identically equal, neither of 
them can contain either x or y, and each must be equal to a constant, say a^. 

Then ^--'^=0 (3) 

and -^r + a«X=0; (4) 

and if (3) and (4) can be solved, we can solve (1). They have for their com- 
plete solutions Y = J^v -f- Be- -^ 

and X= C sin ax +D cos ax» (v. Int. Cal. p. 319, § 21.) 

Hence Y=^ei^^sjid F= «"""«' are particulftr solutions of (3), X as sin oa; 
and X = cos ax are particular solutions of (1), and consequently 

u^=^e^y sin ax ^ u = ^^ cos ax , w = e"*^ sin cur , and u = e~*v cos ax 

are particular solutions of (1). These agree with the results of Art. 7. 

(h) D^y = a^Dly (1) 

Assume y ^ T,X where T is a function of t only and X a function of x 
only; substitute in (1) and divide by a^TX. We get 

1 d^X 
hence as in the last case ;^~^r ^^ ^ constant; call it — a?^ and (2) breaks 

up into d^X , ^^^ 

-^ + aVr-=0. (4) 

The complete solutions of (3) and (4) are 

A''= -4 sin ax '\- B cos oos 
and T = C sin aa^ + ^ cos ao^, (v. Int. CaL p. 319, § 21). 

y^sinoiBOOBaa^, ^ ^ sin oo? sin aa^, ^ = cos oo? cos ao^, ^ = cos oo; sin oci^ 

are particular solutions of (1), and agree with the results of Art. 8. 

(c) TDiirY) + ^^ A(8indAr) = . (1) 

Assume F= -B.0 where R involves r alone, and involTes fl alone; aub- 
stitute in (l), divide by 22.0, and transpose; we get 

(d%\ 
"^^^•^; 

R dr" " 0sind cW ' <^ 
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Since by the reasoning used in (a) and (b) each member of (2) must be a con- 
stant, say a\ we have 



r 



cP(rE) _ 



dr" 



= a^R (8) 



d®\ 



and 1 ^(^^''^de} 

(3) can be expanded into 

^d^R , ^ dR 

(6) can be solved (v. Int. Cal. p. 321, § 23), and has for its complete solution 

E = Ar^ + Br*" , 

where m = — ■J' + ^a^+i and n = — ^ — Va^+i- 

Hence n^ — m — 1, and a* may be written m(m + 1), m being wholly 

arbitrary; and 

E = ^r^ + ^r-'"-^ . 

^ = r«, and ^=^:^tl 
are, then, particular solutions of 

d^E dE 

With the new value of a* (4) becomes 

1 H^'^'^de) 

^e^-dO + m(m + l)0 = O. (7) 

which has been treated in Art. 9 for the case where m is a positive integer, 
and the particular solution = F^ (cos0) has been obtained. 

Hence V = r^P^ (cos 0) 

and ^=;:^i[^m(cosd), 

m being a positive integer, are particular solutions of (1). The first of these 
was obtained in Art. 9, but the second is new and exceedingly important. 

14. The method of obtaining a particular solution of an ordinary linear 
differential equation, which we have used in Articles 9 aud 11, is of very 
extensive application, and often leads to the general solution of the equation 
in question. 
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As a Yety simple example, let us take the equation Art 13 (a) (4), which 
we shall write 

^« + «'* = o- (1) 

Assiune that there is a solution which can be expressed in terms of x>owers 
of x; that is, let ;s = S a^x* , where the coefficients are to be determined. 
Substitute this value for z in (1) and we get 

S [n(n — l)a,,x"-* + a^a^x'''] = . 

Since this equation must be true from its form, without reference to the value 
of X, that is, since it must be an identical equation, the coefficient of each 
power of X must equal zero, and we have 

(n + l)(n + 2)a,^, + aX = 0; 

(71. + l)(n + 2) 
whence a„ = ^a <^n+i 

is the only relation that need hold between the coefficients in order that 
« = S a«a;" should be a solution of (1). 

Ifw + 2 = or n + l = 0,a^ will be zero and a^_a , a„_4 , &c., will be 
zero. In the first case the series will begin with Aq, in the second with o^ . 



o« 






^i.+»— (;i4-i)(^ + 2)^"- 




If we begin with Oq we have 






Os — 2!^' ^* — 4f^> ^« — ""6!^^' 


&0.9 * • • 




/ a*x^ d*x^ a^x^ \ 
and « = ao(l 2! + 4! 6! + ' * 7 




(2) 


or « = ao cos ax 




(3) 



is a particular solution of (1). 
If we begin with ai we have 

a* a* a* 

a, =• — ^ ai , ttg = g-j Oi , a^ =1 — i^j Oi , &c, . . . 

y £ji2/j,8 ^4/«>6 n^mH 

and 
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is a solution of (1); o^ can be taken at pleasure. Let o^ =s a, (4) becomes 

ijM aV aV 

or z^ sin ax 

wbicli, then, is a particular solution of (1). 

« = -4 sin ax '\'B cos ax (6) 

is, then, a solution of (1), and since it contains two arbitrary constants it is 
the general solution. 

15. As another example we will take the equation 

d^z dz 

aj» ^, + 2a; ^ - m{m + 1)« = , (1) 

which is in effect equation (6), Art. 13 (c), and let m be a positive integer. 
Assume z^=^^a^x^ and substitute in (1). We get 

S \n(n + 1) — m(m + 1)] a^aj* = . 

This is an identical equation, therefore 

\n{n + 1) — Tftiim + !)]«« = . 

Hence a, s=s for all values of n except those which make 

n{n + 1) — m{m -f- 1) = , 

that is, for all values of n except n^=m and n = — m — 1 . Then 

z = Ax"^ + Bx""^ (2) 

is the general solution of (1) and 

z = x^ and z = 



a;m + i 



are particular solutions. If m is not a positive integer this method will not 
lead to a result, and we are driven back to that employed in Art 13 (c). 



16. Let us now take the equation 

d r dz"! 



which is in effect equation (4), Art. 9, and is known as Legendre^s Equation. 
(1) may be written 

(^ ■" ^ ^« "^^ ~ + m(m + 1)« = . (2) 
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Aflsume zs=s^ q^q^ and substitute in (2). We get 

S {n(n — l)a, a— « + [m(m + 1) — n{n + l)]a«aJ»} — . 

Henoe (w + l)(n + 2)a^^^+ [m(m + 1) — »(n +l)]aj|»»0, 

(n + l)(n + 2) 
®^ ^ m(m + l) — w(w + l) ^» + »- W 

If a,«»0, then a»-2=*0, a^_4 = 0, &c.; buta^ = if iii« — 2 or i»a« — 1. 

For the first case we have the sequence of coefficients 

m(m + 1) 
ai = 2i ^ 

wi(m — 2)(m +l)(m + 3) 
««" 4] «o 

m(m ''2)(m^ 4) (m + 1) (m + 3) (m + 5) 
«•"= gl — «i» *0» 

Let us take Oq, which is arbitrary, as 1. Then »^p^ (x) where 

^ 4r- -• 

is a solution of Legendre's Equation if p^ (x) is a finite sum or a convergent 
series. 
For the second case we have the sequence of coefficients . 

(m — l)(m + 2) 
(m — l)(m — 3)(w + 2)(m + 4) 

«t-^^ SI ^ ^ 

( m— l)(m — 3 ) (m — 5)(m + 2)(m + 4) ( m + 6) 
«t^ 71 ^ €h,&C. 

Let us take Oi , which is arbitrary, as 1. Then » == q^(x) where 

is a solution of Legendre's Equation if q^ (x) is a finite sum or a convergent 
series. 
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If m is a positive even whole number, Pn(x) will terminate with the temi 
containing a^, and is easily seen to be identical with 






T(m + 1) 



[▼. Art 9 (9)] 



For all other values of m, Pn(x) is a series. 

The ratio of the (n + l)st term of p^ (x) to the nth, when m is not a posi- 
tive even integer, is 

( 2n — 2 — m)(2n — 1 +m) 

(2n — 1) (2n) ^• 

Its limiting value, as n is increased, is x^, and the series is therefore con- 
vergent if — 1 < X < 1. It is divergent for all other values of x. 

If m is a positive odd whole number ^^(a;) will terminate with the term 
containing af*, and is easily seen to be identical with 



wl 



2*- 



(-1) « 



■C^mT 



r (m + 1) 



i*.(«). 



Tot all other values of m, q^(x) is a series, and can be shown to be ooik> 
vergent if — 1 < a; < 1, and divergent for all other valoes of x. 

z = Ajp^ (x) + Bq„ (x) (6) 

is the general solution of Legendre's Equation if — !<«<!, no matter 
what the value of m. From Art. 13 (c) it follows that 



F=»-?„(C08tf) 



(J) 



are particular solutions of 



ri>;(rr)+— ^A(sindAF) = 0, 

no matter what the value of m, provided cos is neither one nor minus one. 

In the work we shall have to do with Laplace's and Legendre's Equations, 
it is generally possible to restrict m to being a positive integer, and hereafter 
we shall usually confine our attention to that case. 
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With this understanding let ns return to (3), which may be rewritten 



(m — w) (w -|- n -{- 1) 
^• + »^ (n + l)(n + 2) ^-- 



If a^ + 2 = 0, then a^^4 = 0, a^^, = 0, &o.; 

but 0.%'^%'=^^ if w = m, or w = — m — 1. 

If in (3) we begin with n=^m — 2, we get the sequence of coefficients already 
obtained in Art. 9, and we have z = Pfn(x), where 

(2m-l)(2m-3) ' " i r - K^-l) ^,_. 



m(m-l)(;yi-2)(m-3) 
■^ 2.4. (2;n — 1) (2m — 3) ^ 



m(/>i - l)(m - 2)(m - 3)(m - 4)(m - 5) ^ , ^ "1 

2.4.6.(2m — l)(2m-3)(2m — 6) ^ "*" * J' t^' 

as a particular solution of Legendre's Equation. 
If, however, we begin with n = — m — 3, we have 

_ (m + l)(m + 2) 
a-«-8— 2(2 m + 3) ^- — i 

_ (m + l)(fn. + 2) (?/i + 3) (m + 4) 
*-«-» "" 2.4.(2//t + 3) (2fir+T) ^-m-i 

_ (m + 1)0^ + 2)(m + 3)(7n + 4)(m + 5)(m + 6) 
«-«-7— 2.4.6.(2m + 3)(2m + o)(27w. + 7) «-m-i, «» 

a_„_^ may be taken at pleasure, and is usually taken as i q 5 ... /o^w 4- 1 \ ' 

and z =• ^„,(x) where 

,,, ^^ r ^ . (^ + 1) (^^ + -0 ^_ 

Vm W "" (27^t + 1) (2m — 1) • • • 1 L X" + ^ "^ 2.(2m + 3) i?^^^*^ 

(;^. + 1) (m. + 2) (m + 3) (m + 4) 1 n 

'*" 2.4.(2m + 3) (2m + 5) af» + » "^ ' J *^' 

is a second particular solution of Legendre's Equation, provided the series is 
convergent. Qmi?^) is called a Surface Zonal Harmonic of the second kind. 
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It is easily seen to be convergent ifa5< — 1 ora5>l, and divergient if 
- 1< a: < 1. 

Hence if m is a positive integer, 

z=AP^(x) + BQ^(x) (10) 

is the general solution of Legendre's Equation if x <. — 1 or x>l. 
We have seen that for — 1 < ar < 1 

? T(m+1) 

if m is an even integer, and 

»"~i r (m + V) 
P.(.=r) = (-!)« r I + Kn' ^-^^^ (^2> 

2-.[r(-^)] 

if m is an odd integer. 

If now we define Q„ (x) as follows when — 1 < a- < 1 

;^^-.[r(n±i)]- - <,„ 

«-W = <-') r(„. + i) ^-W 

if m is an odd integer, and 

if m is an even integer, then (10) will be the general solution of Legendre's 
Equation if m is a positive integer when — 1 < a: < 1, as well as when .r < — 1 
or ar > 1. 

17. Let us last consider the equation 



1 (iz / m^\ 

+ x^ + (i-:?)= = « (1) 



(Pz 1 dz 
dx^ 



which is known as Bessel's Equation, and which reduces to (8) Art. 11, 
that is, to 

d^z 1 dz ^ 

when m = 0;* (1) (»n be simplified by a changie of the dependent variable. 

• This equation was first studied by Fourier in considering the cooling of a cylinder. We 
shall designate it as *' Fourier^s Equation." 
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Let X = aj*v and we get 

d^v . 2m + 1 dv . 

^« + -T-^ + « = (2) 

to determine v. 

Assume v = S a^ic*, and substitute in (2). We get 

whence a^_, = — ^(2 m + n)a^. 

If we begin with w = 0, then a^_, = 0, a^_4 = 0, &c., and we have the 
set of values 



a,= — 



a4 = 



2(2m + 2) "" 2«(m + 1) 



2.4(2m + 2)(2m + 4) "" 2*.2!(m + l)(m + 2) 



^ "" 2.4.6(2m + 2)(2m + 4)(2m + 6) "" 2«.3 1(m + l)(m + 2)(m + 8) ' 
whence « = a^x^ |^1 - 2«(m + 1) + 2*.2I(m + l)(m + 2) 



«• 



+ • • ] (3) 



2«.3!(m + l)(m + 2)(m + 3) 

is a solution of Bessel's Equation, a^ is usually taken as ^^ — j if m is a pos- 
itive integer, or as om-r (m 4- Vi ^ ^ ^® unrestricted in value, and the second 

member of (3) is represented by J^ (x) and is called a BessePs Function of the 
mth order, or a Cylindrical Harmonic of the mth order. 

If m = , Jfn(^) becomes Jq (x) and is the value of z obtained in Art. 11 
as the solution of equation (8) of that article. 

If in equation (1) we substitute ar^v in place of x^v for «, we get in place 

of (2) the equation 

d'v 1 — 2m dv 

dx^ ' X cte ' 
and in place of (8) 



M = Oo^T"' 



L"^ 2«(1 — m) "^ 2*.2!(1 — m)(2 — m) 



x« 



2«.3!(l-m)(2— m)(3 



^^+-] (*) 
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If Uo is taken equal to 7 the second member of (4) is the same 

^ 2-«r(l— m) ^ ^ 

function of — m and x that J^ (x) is of + m and x and may be written 

Therefore z=^ AJ„(x) + BJ^^ (x) (6) 

is the general solution of (1) unless J'„(a) and JL^C*) should prove not to be 

independent. 

It is easily seen that when m = 0, e7L„(«) and J„^(x) become identical 

and (5) reduces to 

z = (A+B)Jo(x) 

and contains but a single arbitrary constant and is not the general solution of 
Fourier's Equation (8) Art. (11). 

It can be shown that J^^{x) = (— l)^J^(x) whenever m is an integer, 
and consequently that the solution (5) is general only when m if real is frac- 
tional or incommensurable. 

The general solution for the important case where m = is, however, easily 
obtained. Let F(m,x) be the vaiue which the second member of (3) assumes 
when tto = 1 ; then the value which the second member of (4) assumes 
when ao = 1 will be F{— m,x), and it has been shown that z = F(m,x) and 
z = F(— niyx) are solutions of Bessel's Equation; z = F(m,x) — F(— ni,x) 
is, then, a solution, as is also 

F(m,x)-F(''m,x) 
^ = 2Si^ ' (^^ 

but the limiting value which — ^ — ^ ~^~^^ approaches as m approaches 

zero is [i^m-^(^>*)]m-o and consequently 

^ = lD„,F(m,x):\^ (7) 

is a solution of the equation 

cPz , Idz . 

^ + 5^ + ^ = 0^ («) 

and the general solution of (8) is 

z = A Jo(x) +BIJ)„F (m, a;)]^, . 

F(m, X) = x"[l - 2«(^ + 1) + 2«.2!(mA)(m4-5) 



a;' 



2«.3!(m + l)(m + 2)(»t + 3) 



+ •••] 



26 INTKODUCTION. [AjtT. 17. 



S . ^4 



D^F(m, x) = X' log a; [l - g^^J^ ^^ + 2^.2\(m + l)(m + 2) ] 



9 />.4 



+ «~^m 1^1 — 2\m + 1) + 2*.2!(m + l)(m + 2) "* J 

The general term of the last parenthesis can be written 

'^ ^ 2^Kk\{m + l)(m + 2) • • • (»i + *) ' . 
and its partial derivative with respect to m is 

r^ 1 

^ ^ 2*. A;! ^-» (wi + l)(»i + 2) • • • (m + A;) * 

^^g (m + l)(m + V»>(^ + ^) = ""^^^^^" + ^^"^^"^^^+^^+''' 

+ log (wi + A;) J . 

Take the i>^ of both members and we have 

1 

^•^ (m + 1) (?;i 4- 2) • • • (;/t + A;) 

1 r 1 , 1 , 1 n 

"" (m + l)(m+2) ••• (711 + A^) L^ + l'^w + 2'' m + A:J' 

.2 ^4 ^6 



-^"» L"^ "" 22(m + 1) + 2*.2!(m + l)(w+2) "" 2«.3!(7/i + l)(w + 2)(m + 3) 

, n_^^ 1 1 r 3 . 1 1 

■^ " J ■"2^ (m + 1)2 2*.2! (VI + l)(m + 2) Lm + l'^ m + 2J 

._^ 1 r 1 + 1 , JLl . 

"^2«.3! (m+l)(m + 2)(m + 3) Lm + 1 7ai + 2 "^ w. + 3j "" 

and w(* have 

x^ 1 a-* /I 1\ x« /I 1 1\ 

[^m ^(w> »)] m- = ^o(a?) log a; + 22^2 J — 2*(2 !p 

2»(4!)2 \i "»■ 2 "^ 3 "^ 4/ "^ ' 

and « = ^ Ji (x) + ^^0 (ic) , (9) 

X* a;* /I 1\ a;' /I 1 1\ 

where ^(a;) = Ji(a;) loga; + ga - 2\2l)^ U +2/ +2\3lp U + 2 +3/ 

jr® /I 1 1 1\ 

-2*(4!y»(l+2+3+4H--- (10) 

is the general solution of Fourier's Equation (8). 

Kq(x) is known as a BesseVs Function of the Secatid Kind. 
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18. It is worth while to confirm the results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familiar method. 

The general solution of any ordinary linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. Int. Cal. p. 321, § 24 (a)]. 

Tli(> most general form of a homogeneous ordinary linear differential equa- 
tion of the second order is 

where P and Q are functions of x. Suppose that 

y^v (2) 

is a particular solution of (1). Substitute y = vz in (1) and we get 

<Pz / dv , \ dz 

dz 
Call -r- = z\ Then (3) becomes 

dz' / du , \ 

a differential equation of the first order in which the variables can be separ 
rated. Multiply by dx and divide by vz' and (4) reduces to 



dz' dv , 

-r + 2 — + Pdx = . 



V 



Integrate and we have 



or 



log z' + log v« + CPdx =s C 

z'v^ = e^ -A^' = Be-/"^ , 

dz e -f^^ 

dx v^ 



and 



/%p-J Pdx 

y =. V (a + Bp^ dx) (5) 



is the general solution of (1), the only arbitrary constants in the second mem- 
ber of (5) being those explicitly written, namely, A and B. 

(a) Apply this formula to (1) Art. 14, 

dh 

j-, + a'z = 0; (1) 
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given: z=^oos€aRf as a particular solutioiL Substituting in (6) we have 
since P=sO 



z ss COS ax 



\ J cos'ox/ 



B 



= cos ax (A-] — tan axj 

= A cos ax-^ Bi sin ax , (2) 

as the general solution of (1), and this agrees perfectly with (5) Art 14. 

(h) Take equation (1) Art. 15. 

d^z dz 

x«^ + 2x^ — m(m + l)«=rO ; (1) 

g^yen: z^s^x^^ as a particular solution. 

2 n "fp^ 1 

Here P = - , | Pdx = 2 log x = log a^ , and e = -^^ Hence by (5) 

X J X ^ 

that is « = ^•» + -J—, (2) 

is the general solution of (1), and agrees with (2) Art. 18. 

(c) Take Legendre's Equation, (2) Art. 16. 

d^z dz 

(^ ~ ^ ^» ^^^ ^ + ^(^ + 1> -0 5 (1) 

given: z = P,n(x) , as a particular solution. 

— 2a; /• ^1 

Here P = ^ _ g , I Tdx = log (1 — a:^ , and e^f^^ = ^ __ ^ ' 

Hence by (6) ^ = P^ (a:) (^ + ^f ^i , ^.f'^p^ (^)3 .) (2) 

is the general solution of (1) and must agree with (10) Art. 16, if m is an 
integer, and therefore 

Q„(a.) = CP„(^)^-^^—^-^ (3) 

where C is as yet undetermined, and no constant term is to be understood with 
the integral in the second member. 

{d) Take Bessel's Equation, (1) Art. 17. 

d^ , ^ dz ^ /^ m\ ^ ^^ 

^«+i;s + (i-x«>=o-' (I) 

given: z^J^(x)y as a particular solution. 
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1 r /• 1 

Here P s= - , I Pdx = log a; , and e"v ^^ = - . Henoe by (6) 

. = ^„(.)(^ + ^/-^) (2) 

is the general solution of Bessel's Equation. 
If m = (2) becomes 

, = j,^^)^A+Bf^^:) (8) 

and must agree with (9) Art. 17. Therefore 

is;(»)-0Ji(x)/^^.. (4) 

where C is at present undetermined, and no constant term is to be taken 
with the integral. 

The first considerable subject suggested by the problems which we have 
taken up in this introductory chapter is that of development in Trigonometrio 
Series (v. Arts. 7 and 8). 



CHAPTER II. 

DEVELOPMENT IN TRIGONOMETRIC SERIES. 

19. We have seen in Chapter I. that it is sometimes important to be able 
to express a given function of a variable x, in terms of the sines or of the 
cosines of multiples of x. The problem in its general form was first solved 
by Fourier in his "Analytic Theory of Heat'* (1822), and its solution plays a 
very important part in most branches of modern Physics. Series involving 
only sines and cosines of whole multiples of x, that is series of the form 

^0 + ^1 cos x + ftjcos 2x 4" • • • ^(H sin a; + «» sin 2a; + • • • 
are generally known as Fourier's series. 

Let us endeavor to develop a given function of x in terms of sin a;, ain 2a;, 
sin 3a;, &c., in such a way that the function and the series shall be equal for 
all values of x between a; = and a; = tt. 

To fix our ideas let us suppose that we have a curve, 

given, and that we wish to form the equation, 

y = Oi sin X -{- a^ sin 2a; + Og sin 3a; + • • • , 

of a curve which shall coincide with so much of the given curve as lies between 
the points corresponding to a; = and a; = tt. 
It is clear that in the equation 

y = tti sin X (1) 

Oi n^ay be determined so that the curve represented shall pass .through any 
given point. For if we substitute in (1) the coordinates of the point in ques- 
tion we shall have an equation of the first degree in which a^ is the only 
unknown quantity and which will therefore give us one and only one value 
for rt 1 . 

In like manner the curve 

X y =z ai sin a; + a^ sin 2a; 

may be made to pass through any two arbitrarily chosen points whose abscissas 
lie between and ir provided that the abscissas are not equal; and 

y = tti sin X + «3 sin 2x + a, sin 3a; + • • • + «« sin nx 
may be made to pass through any 7i arbitrarily chosen points whose abscissas 
lie between and tt provided as before that their abscissas are all different. 

If, then, the given function f(x) is of such a character that for each value of x 
between x = and a; = tt it has one and only one value, and if between 
X = and x = tt it is finite and continuous, or if discontinuous has only 
finite discontmuities (v. Int. Cal. Art. 83, p. 78), the coefiiclents in 

y z=. ai sin X + ^2 sin 2x + <'« sin 3a; {-••• + «„ sin nx (2) 
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can be determined so that the curve represented by (2) will pass through any 
n arbitrarily chosen*^ points of the curve 

y=/(*) (3) 

whose abscissas lie between and tt and are all different, and these coefficients 
will have but one set of values. 

For the sake of simplicity suppose that the n points are so chosen that their 
projections on the axis of Xare equidistant. 

TT 

Call —XT = ^* ; then the coordinates of the n points will be [Ax,/(Aj')], 

[2Aa;,/(2Ax)], [3 Ax, /(3 Ax)], • • • [nAa;,/(fiAx)]. Substitute them in (2) and 
we have 

/(Ax) = Oi sin Aa; + ttj sin 2Ax -j- a, sin 3Aa5 4* 
f(2^x) = ai sin 2Aa; + a^ sin 4Aa: + a, sin 6Aa; + 

f(SAx) = ai sin 3Aa; + aj sin 6Aic + «$ sin 9Aa; + 

• ■ • • 

• • • • 

• ■ • ■ 

/(nAx) = ai sin wAa; + a^ sin 27iAa; + a^ sin SnAx -f- 

n equations of the first degree to determine the n coefficients a^, a,, a,, 

Not only can equations (4) be solved in theory, but tliey can be actually 

solved in any given case by a very simple and ingenious method due to 

Lagrange. 

Let us take as an example the simple problem to determine the coefficients 

^9 <h} <H} ^4y ^^d ^6 9 SO that 

y = Ox sin x '\- a^ sin 2x -{- a^ sin 3x + a^ sin 4a; + «» sin 5x (5) 

shall pass through the five points of the line 

which have the abscissas "g' "g"' ~^' "a"' "a"» "g "®^® being Arc. 

We must now solve the equations 



• • • + a» sin wAx'' 




• • • + a^ sin 27iAa; 

• • • -f- fl^n sin 3wAa; 

• 


.(4) 


• 

\- Ug^ sin 7i*Aar, ^ 




ients aif a,, a,, • • 


•«»• 



TT . *"" , . ^^ 1 . ^^ • . 47r , . 57r 

^ = aj 8in w + cti sin -j, — f- a, sm -j» — f- a^ sm -^ — f- a, sm -tt- 

27r . 27r , . 47r , . Btt . . Stt . . lO.r 

-7.- = Oi Sin -g — [- ffj sm -V, — h a, sm -t,- + ^4 sm -a — \- a^ sm -/. - 

Sir , Stt . Btt . Ott . 127r . I^tt 

— = a^ sm -p- + a, sm -w- + ^'s sin "f» ' + ^4 sm — , — |- a^ sm — . - 

47r . 47r , . Stt , . 127r , . IGtt , . 207r 

-- =s^ ai sm -p- + rta sm -7, + a^ sm — « — |- «4 sm — p — |- aj sm - ^- 

57r . ^TT , . IOtt , . loTT , . 207r , . 257r 

-^- •= «! sin -g- + «a sm - .. — h a, sm —^7 — h a^ sm — ,. — h a, sm -,.-• 



"N 



(6i 
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Multiply the first equation by 2 sin -g , the second by 2 sin -g- , the third 
by 2 sin -^ , the fourth by 2 sin -g-, the fifth by 2 sin -g- and add the 

equations. 

The coefficient of a, is 

_ . TT . 27r . ^ . 27r . 47r . ^ . 37r . Gtt j^ o «:« 4^ . Sir 
2 sin -g sin — -|- 2 sin -g- sin -g- + 2 sin -g- sin -g- T" ^ sin — sin -g- 

Stt . IOtt 
H- 2 sin -g- sin -g- ; 

, TT . 27r TT oTT 

but 2 sm g- sin -g- = cos g- — cos -g- , &o. 

Hence the coefficient of a^ becomes 



TT , 27r 37r , 47r , 5ir ^ 

cos g- + cos -g- + cos -g- + cos -g- + cos -g- 

Stt Ctt 97r 12w IStt 

— cos -g — cos -g cos -g cos ~g cos — g- 



(J) 



and this may be reduced by the aid of an important Trigonometrio formula 
which we proceed to establish. 

20. Lemma. 

^ J sin(2» + 1) 2 

cos ^ + cos 2^ + cos 3^ + • • • + cos w^ = — H + 2 Z • 0) 

sin — • 
2 

For let S= cos + cos 20 + cos 3d + • • • + cos nO and multiply by 2 cos $. 

2/Scos d = 2 cos^ d + 2 cos d cos 2d + 2 cos d cos 3d H h 2 cos tf cos ntf 

= 1 + cos d + cos 2d + • • • + cos (n — 1) d 

+ cos 2d + cos 3d + cos 4d H h cos (n + 1)$ 

«s 2^ + 1 + cos (71 + 1)0 — cos d — cos nO . Hence 

1 cos wd — cos (n + 1) d 

"^"■""2^ 2(1 — cos d) 

^ sm(2n + l)^ 

^ ^ 2 + 2 —0 Q.E.D. 

SlUi^ 
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21. Applying (1) Art 20 to (7) Art 19 the coefficient of o^ leduoes to 

. Il9r . 337r 



28mj2 28mj2 

IItt tt 337r 8w 

but IF"^^"" 12» ^^ T2'==^'^'"r2» 



tliere£oce 



8in(,r-§) 8in(3,r-g) ^ ^ 
28mj2 28in^ 



and a, vanishes. 

In like manner it may be shown that the coefficients of a^^ a^, and Og 
vanish. 

The coefficient of Oi is 

2sin«J+2 8in»^ + 2sin^^ + 2sin«^ + 2sin»^ 

-1 + 1 + 1 + 1 + 1 

27r 47r Gtt Stt l(hr 

— cos -^ cos -T cos -T cos -z cos -T- 

o o 6 6 D 

2 Sin — 2 sm — 

D O 

The first member of the final equation is 

27r . 9r , rt 27r . 27r , ^ 39r . 37r , ^ 47r . 47r , ^ ftir . Stt „ 
— sin g + 2 — sm — + 2 -g- sm — + 2 — sin — + 2 — sin— . Henoe 

ai = g5/"6"®"^'6'~6 (2 + \/3) = 2 approximately. 

kwml 

If we multiply the first equation of (6) Art. 19 by 2 sin — , the second by 

2 sin -^ , the third by 2 sin -^ , the fourth by 2 sin -^ , the fifth 

. IOtt 
by 2 sin -^ , add and reduce as before we shall find 

2 ^ kw . 2k7r TT ^ 
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and in like manner we get 

2 ^-\ Jar Skir ir ^ ^ 

ifc>5 






Therefore 

y = 2 sin a; — 0.9 sin 2x + 0.6 sin 3a; — 0.3 sin 4x + 0.1 sin 5» (1) 

cuts the curve y = a at the five points whose abscissas are g" > -^ > -g- > 

47r J Stt 
-T- • and -r- • 
6 ' 6 

22. The equations (4) Art. 19 can be solved by exactly the same device. 
To find auy coefficient a^ multiply the first equation by 2sinmAXy the 
second by 2 sin 2mAa; , the third by 2 sin 377tAa;, &c. and add. 

The coefficient of any other a as a^ in the resulting equation will be 

2 sin k^ sin mAo; -{~ ^ si^ 2A;Aa; sin 2mAa; -|- 2 sin 3A;Aa; sin SmAx -(-••• 
•\- 2 sin nk^x sin nm^x 

= cos(wi — A;)Ax+cos2(m — A;)Aa;+cos3(m — A;)Ax+*"+cosn(m — A;)Afl; 
— cos(//i+A:)Aa:— cos2(»i + A:)Ac — C08 3(w + A;)Ar cosn(if»-:f-ik)A2 

sin — - — (m — A:)Aaj sm — - — (w + A;)Aa5 

= ^ m ; — XTw J by (1) Art '20. 

2 sin ^^ r-^ — 2 sm ^^ -^ — 

2W. -pi ,^ 1 1rl-*N 

— 2 — = ^ + 1 — ^"^^ (n + l)Aap = 7r. 
Hence the coefficient of a^ may be written 

8m[(m-;fc),r- ("-/>^ ] sin [(rn + A)^- ("^ + *)^] 

. . (m — A-) Ac ^ . (w + ^)Ab 
2 sm ^^ ^ - 2 sin ^ =-^-<^ — 

but this is equal to o'~2^^""2'^2 ^^^^^^8 as m — A; is odd or even 
and so is zero in either case. 
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The coefficient of a^ will be 

2 sin'mAo; + 2 sin' 2mAa; + 2 sin* Sm^x + • • • + 2 sin* nm^x 

= 1 + 1 + 1 + ..• + 1 

— cos 2mAx — cos 4mAa; — cos 6m Ao; — • • • — cos 2nni^x 

= » + o ^ . , , by (1) Art. 20. 

'2 2 sm wAaj » ^ v / 

But (2n + l)mAx = 2m(w + 1) Aaj — mAo; = 2m7r — mAa;, 

, , - sin (2n -}- l)mAa; sin (2m7r — m Aa;) 1 

2 sin mAa; 2 sin wAa; 2 * 

and the coefficient of a„ is w + 1 . 

The first member of our final equation will be 



2 y/(A;Aa;) sin km^x . 



Hence 

2 *""• 

^m = ^-:j73 X /(^^) ^^ ^^^1 (1) 

and the curve 

y = tti sin a; -p Oj sin 2x + • * • + a„ sin no; , (2) 

where the coefficients are given by (1) will pass through the n points of the 

curve y =/(a;) whose abscissas are Ax, 2Aap, 3Aaj, • • • fiAa;. Ax being — j-r* 

It should be noted that since the n equations (4) Art. 19 are all of the first 
degree there will exist only one set of values for the n quantities a^, azj Oz, 
' ' ' a^ that can satisfy these equations. Consequently the solution which we 
have obtained is the only solution possible. 

23. The result just obtained obviously holds good no matter how great a 
value of n may be taken. 

If now we suppose n indefinitely increased the two curves (2) Art. 22 and 
y =/(x) will come nearer and nearer to coinciding throughout the whole of 
their portions between x = and x = tt , and consequently the limiting 
form that equation (2) Art. 22 approaches as w is indefinitely increased will 
represent a curve absolutely coinciding between the values of x in question 
with y=/(x). 
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Let US see what limiting value a^ approaches as n is indefinitely incieased. 

2 *°" 

a„ = — p-T 5) f{^^ sin km^x (1) Art 22. 

= ^^^^ — 2) fQc^x) sin A;mAa; 

= — /(Aap)8inmAx.Ax+/(2Ax)8in2mAa;.Aa-H h/(^Aa;)sinnmAa^Aa; I 

2 r/(Ax) sin mAa;. Aa; +/(2Aa;) sin 2mAa;. Ax -\ n 

"" ttL +/(^ — Ax)sinm(9r — Aa).AcJ 

since Aaj = — r-r • 
;i + 1 

As n is increased indefinitely Aa; approaches zero as a limit. Hence the 

limiting value of a^ as n increases indefinitely is 

2 limit r/(Ax) sinmAa;.Aa; +/(2Aa:) sin277iAa;. Ar + • * * "1 # 

TT Aa;== OL H-ZC^r — Ac) sin ??i(w — Aaj).AajJ 



2 



V 



= - r/(x) sin mx.dx . [v. Int. CaL Arts. 80, 81.] 



Hence f(x) = Oi sin a; + a, sin 2ic + (H sin 3a; + • • •, (2) 

where any coefficient a^ is given by the formula 

2 r 

ttm = - J /(^) sin maj.cte , (3) 



is a true development of f(x) for all values of x between a: =: and « = tt 
provided that the series (2) w convergent, for it is in that case only that we can 
assume that the limiting value of the second member of (2) Art. 22 can be ob- 
tained by adding the limiting values of the several terms. 

When ar = and when x = tt every term in the second member of (2) 
is zero, and the second member is zero and will not be equal tof(x) unless /(a;) 
is itself zero when a? = and a: = tt ; but even when f(x) is not zero for 
a; = and x = 7r the development given above holds good for any value 
of X between zero and tt no matter how near it may be taken to either of these 

values. 

* 

24. Instead of actually performing the elimination in eniations (4) Art. 
19 and getting a formula for a^ in terms of n, and then letting n increase 
indefinitely, we might have saved labor by the following method. 

* We shall use the sign = for approaches. Ax = is read Ac approaches sero. 
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Eetum to equations (4) Art. 19 and multiply the first bj Ax sin m^x, 
the second by Ax sin 2m£ix, and so on, that is multiply each equation by Aa; 
times the coefficient of a^ in that equation, and then add the equations. 

We get as the coefficient of a^ 

sin k^x sin mAx. Ax + sin 2/:Ax sin 2mAx. Ar H [- sin nk^x sin nmAx, Ax . 

Let US find its limiting value as n is indefinitely increased. It may be 
written, since (n + 1) Ax = tt , 

limit FsinAjAxsinmAx. Ax+sin2A;Axsin2»iAx. Ax+'*" "| 

Ax = L +sinA;(7r — Ax)sinm(7r — Aa5).Aa5j 

ir 

= I sin kx sin mx, dx ; 



but j sin kx sin mx.dx = i ( [cos (m — k)x — cos (m + k)x'\dx 



= if m and k are not equal. 
The coefficient of a^ is 

Ax (sin* mAx + sin* 2mAx + sin* 3mAx + * • * + sin* nmAx) . 

Its limiting value 



j_ ^ sin* mAx. Ax + sin* 2mAx. Ax + • * • + sin* m(ir — Ax)Ax I 



limit 
Ax ^ 

9 









The first member is 
/(Ax) sin mAx. Ax +y^^2Ax) sin 2mAx.Ax -]-••• +/(nAx) sin mnAolAo? 
and its limiting value is 

9 

j /(x) sin mx,dx . 



Hence the limiting form approached by the final equation as n is increased is 

9 

f(x) sin mx,dx = o «m • 



2 r 
Whence <*«• = "" I f(p) ^in ma5.c2sc as before. 



This method is practically the same as multiplying the equaiiam 

f(x) = tti sin X + a, sin 2x + a, sin 3x + • • • (1) 

by sin mx. dx and integrating both m^embersfrom zero to ir • 
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It is exceedingly important to realize that the short method of determining 
any coefficient a^ of the series (1) which has just been described in the italic 
cized paragraph, is essentially the same as that of obtaining a„ by actual 
elimination from the equations (4) Art. 19, and then supposing n to increase 
indefinitely, thus making the curves (3) Art. 19 and (2) Art 19 absolutely 
coincide between the values of x which are taken as the limits of the 
definite integration. 

25. We see, then, that any function of x which is single-valued, finite, and 
continuous between x = and a: = tt, or if discontinuous has only finite 
discontinuities each of which is preceded and succeeded by continuous por- 
tions, can probably be developed into a series of the form 

f(x) = tti sin a; + a, sin 2x + a, sin 3* + • • • (1) 

2 /• 2 /• 

where ^m = "" 1 /(^) sin mx.dx = — I /(«) sin ma.da ; (2) 



and the series and the fimction will be identical for all values of x between 
X = and x = tt, not including the values x = and a; = 9r unless 
the given function is equal to zero for those values. 

An elaborate investigation of the question of the convergence of the series 
(1), for which we have not space, entirely confirms the result formulated 
above * and shows in addition that at a point of finite discontinuity the series 
has a value equal to half the sum of the two values which the function 
approaches as we approach the point in question from opposite sides. 

The investigation which we have made in the preceding sections establishes 
the fact that the curve represented by ?/ =^f(x) need not follow the same 
mathematical law throughout i£s length, but may be made up of portions of 
entirely different curves. For example, a broken line or a locus consisting of 
finite parts of several different and disconnected straight lines can be 
represented perfectly well by y = a sine series. 

26. Let us obtain a few sine developments. 

(a) Let f(x)=X' (1) 

. We have x = ai sin x + «2 sin 2x + a^ sin 3a; + • • • (2) 

2 r 

where ^m^^~ ( ^ sin mx.dx /3) 

u 

♦ Provided the function ha« not an infinite number of maxima and minima in the neigh- 
borhood of a point, v. Arts. 37—38. 
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/I 
X sin mx.dx =^ — ^ (sin mx — mx cos wa), 



w 

f 



X sin inx.dx 



_ (— l)'»7r 



m 



and 

(b) Let 



8in2x . sinSx sin4x 



( sing ^ ».^^^ . „^^^^ __ »>^^w , 
1 2 ■•■ 3 ^ "*" 



•••) 



f(x) = 1 . 



2 /• 
a^i = — I sin mx,dx ; 



(4) 
(1) 

(2) 



/ 



COS 7?ta; 
sin mx.dx = > 



w 

f 



sin 77ta^(2a; = - n — cos mir) = - [1 — (— !)•] 
= if m is even 



Hence 



= — if m is odd. 
m 

4 /sin X , sin3g , sin 5a; , sin 7a; , \ 

"";;^l"T"'^""3"'^~5"'^ 7 +"7- 



(3) 



[t is to be noticed that (3) gives at once a sine development for any constant 

c. It is, 

4c /sin X , sin 3a; , sinSx . \ ,.. 

(— + -3- + -5-+--). (4) 






TT 
TT . 



If we substitute x = — in (4) (a) or (3) (h) we get a familiar result, namely 



4 ■" 1 3^5 7^ 



(5) 



a formula usually derived by substituting a; = 1 in the power series for 
tan-^a;. (v. Dif. Cal. Art. 135.) 

(4) (a) does not hold good when a; = tt, and (3) (h) fails when « = and 
when a; = TT, for in all these cases the series reduces to zero. 

TT 

(c) Let f(x) := X from a; = to a; = -^ 



TT 



and f(x) = TT — X from a; = -^ to a; = tt . 

to 

That is, let y =f(x) represent the broken 
line in the figure. 

As the mathematical expression for 
/(x) is different in the two halves of the 
curve we must break up 
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Cf(x) sin mx^dx into Ij 



We have, then, 



w 



0;^ = — j X Bin mx.€lx -\ — j (tt — «) sin wwccto (1) 



ir 

S 

4 TT 

Sin m-7z' 



mrTT 2 

But 8inm~ = l if m = l or 4A; + 1 

= " w = 2 " 4:k + 2 
= — 1 « ;/i = 3 " 4* + 3 
= " ^/?=4 " 4*. 
Hence if y ^f(x) represents our broken line , 

^, . 4 /sin jr sin Sj* , sin 5x sin 7a; . \ ^ 

When a? = ^ /(x) = — and we have 

^ = 1 ,1 ,1,1. iSv 

((Q As a ease where the function has a finite discontinuity, let 

TT 

/(ir) = 1 from x = to x= — and 

/(«) = () « x = '^ '* x = 7r. 

y = /(x) will in this case represent the locus in the figure. 
Y As before 



o 



IT t 

C f(x) An,mx.dx = T /![«) sin mx,dx 



Vc « 



t 



9 

+ //(») Sin «a.i.. 



i^ = - j sin mx,dx + —J 0. sin mx^dx . 



(1) 
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2 r . - 2 1/, nr\ 

^ — I sin 7nx.dx = ( 1 ^ C08 m ;r I * 



But C08ffi^== if m = l or Ak + 1 

= — 1 " w = 2 " 4Aj + 2 

Henoe 
-, . 2 /sinx , 28m2a; , sinSx , sin5x , 2sin6a; , sin7a? , \ ^«. 

IT 1 

If « ^ o *^® second member of (2) reduces to - , for 

and we aee that the series represents the function completely for all Talues ,of 
X between a; = and x = ir except for ^ = o ^^^ there it has a 
value which is the mean of the values approached by the fonotioa as a 

TT 

approaches -^ from opposite sides. 

EXAMPLES. 

Obtain the following developments: — 

^^ a^-|[(Y--f.)8ina;- j8m2a! + (y-3,)8iil8»--j-8m4« 

rAN ^ V 2 rsina; , tt . ^ sin 3a; 27r . . , sin&r 
(3) y|[«)-.-[^^5- + -,8m2a;--^--p.8m4« + -gr 

+ -|^ sin 6a; J , 
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IT IT 

if f(x) ^ X from « = to « = « and /(«) = from « = o to a; = tt. 
,.. . 2 . r sina; 28in2x , SsinSor 48in4a; , "1 

if /A is a fraction. 

(5) c* "I fi (1 + «») sin a; + 1 (1 — e») sin 2aj + ^ (1 + «») sin 3« 

4 -| 

+'t» (1 — e») sin 4a; + • • • • 

fa\ • V 2sinh7r rl. 2.^,3.^ ^.^il 

(6) sum X = - sm a; — - sm2x +— sin3a; — — sm4a;H . 

2 n 2 

(7) cosh « = — o (^ "!■ ®^^^ tt) sin X + T (1 — cosh tt) sin 2x 

3 -I 

+ Tjr (1 + cosh tt) sin 3a; + • • • . 

27. Let OS now try to develop a given function of a; in a series of cosines. 

As before suppose that f(x) has a single value for each value of x between 
X = and a; = tt, that it does not become infinite between x = and 
a; = TT, and that if discontinuous it has only finite discontinuities. 

Assume 

f(x) = ft^ + ^1 cos a? + ^2 cos 2x + ^s cos 3x + • • • (1) 

To determine any coefficient h^ multiply (1) by cos mx.dx and integrate 
each term from to tt. 

«r 

j ^0 cos mx.dx =« 0. 



ihjg cos kx cos mx,dx = ^ j [cos (in — k)x + cos (m + k)x'\d3& 

= if m and k are not equal. 
h^ cos^ tnx.dx = ^ (mx + cos mx sin ma;), 

ir 

/TT 
^^ cos* mx,dx = — ft^ , if m is not zero. 





2 ' ■ ■ ' 



Hence ^m = "" I /(^) cos mx.dx = ~ j /(a) cos ma,da , (2) 



if m is not ;eero. 
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To get ^0 multiply (1) by dx and integrate from zero to ir. 





ji&^.COS Axr.fAr = 0. 







Hence 



*•= ^ff(=t)dx = ^f(a)da, (3) 



which is just half the value that would be given by formula (2) if zero w^re 
substituted for m. 

To save a separate formula (1) is usually written 

f(x) = ^^0 + ^ cos X + ^a cos 2x + ^» cos 3a: + • • • (4) 

and then the formula 

2 /• 2 /• 

^,^ = — j f(x) cos mxjix = — I /(o) cos ma^ (2) 



will give ^0 ^ ^cil as the other coefficients. 

It is important to see clearly that what we have just done in deter- 
mining the coefficients of (1) is equivalent to taking n + 1 terms of (4), 
substituting in 

y = i*o + ^1 cos X -{- bz cos 2ic + • • • + ^» cos nx (5) 

in turn the coordinates of the w + 1 points of the curve 

y=f(x) 

whose projections on the axis of Xare equidistant, determining bo, biy b^, * " b^^ 
by elimination from the n -{- 1 resulting equations, and then taking the limit- 
ing values they approach as n is indefinitely increased, (v. Art. 24.) 

— -j^ the abscissas of the n + 1 points used are 0, Ax, 2 Ax, 

3Ax, • • • nAx, so that we should expect our cosine development to hold for 
X = as well as for values of x between zero and tt. 

28. Let us take one or two examples : 

(a) Let f(^)=x. (1) 

2 /J , 271^ 



If Ax = 



fto = -Jxe^ = -- = 



TT. 



/ 



6a, = — I X COS mx.dx = —J- (cos mir — 1) = —r- [(— 1) "• — 1]. 



IT ^ . TttHr tnrir 
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T- IT 4 / . COS 3a; , COS fo . 006 7a? , \ ^, 

Hence aj-- - - ^cos a; + -35- + -^5- + -^ + • • •^. (2) 

(2) holds good not only for values of x between zero and w but for a; = 
and x^v aa well, since for these values we have 

2 ^ TT r ^ 3* ^ 5« ^ 7« ^ / ^ 



and IT 



which are true by Art. 26 (c)(3). 
(6) Let /(«)=a;8ina;. (1) 

2 /• 2 

^0 = — I :r 8inar.(to = — 7r^2, 
ttJ tt 



4i = — I a? sin x cos x,dx'=^— \x sin 2x.<£e ^ ^ s f 





IT 



j^, ^ — Cx sin « cos 7nx.dx = — j [a: sin (w + l)a; — x sin («i — lyxytx 



{m - l)(m. + 1) 



(m — 1) (7/1 + 1) 



if 7/1 is odd 



if m is even. 



cos a; 2008 20- , 2cos3x 2cos4x , ^. 

«8maj=rl--- — - +-7J-J QK- + --- (2) 



2 1.3 ' 2.4 as 



If « = o we have 



4 2 ^ 1.3 3.5 ^5.7 ^ 



EXAMPLES. 
Obtain the following developments : 

^v .., V ^ 2 rco8 2a; , eos6j: , cos 10a; , cos 14» , T 
(1) /(*)=4-;;L^^ + '3^+"l^"'"~75-+***J 

if /(x)^x from a; = to « = ? and /(a;) = 9r— a; from »""5 to ««» 
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w»v ^ V 1 • 2 roosa? eosSx , cosSx gobTx , T 

(2) >i:«)-2+;;Li""~3- + -6 7-+ J' 

if f(x) = 1 from a; = to « = « and /(^) = from a; = 75 to « «= tt. 

ro\ • TT* ^ rcosa; cos 2a: , cos 3a; cos 4a: . "1 

(3) ^ = -^-^\_—. 2^ + -3i--nF- + "-J- 

(4) x» = ^-^[(^-i)co8a;-:jco3 2x + (3;-i)co83« 

— -J5 cos 4* + (^ - gi) cos 6a; J. 

(6) X«)-|+|[(f-l)co8x-|co82x-|,(|!: + l)co83x 

+ gi (y ~ ^) <'*^ 6a! — gi cos 6a; J , 

if j^a?) " X bom a; = to « = o ^^^ /(*) ^ ^ ^^^°^ ^ ^ 2 *o ^ =" ^« 
(«) ••-|[|(^'-l)-f^.(«'fl)<508a: + j^,(6'-l)^ 

" 1+32 (^'+ ^) ^^® ^^ "^ — T 

-^ , 2 sinh TT rl 1 , 1 ^ 1 ^ 

(7) cosh X « ;r — - cos X + - cos 2a: — — cos 3a5 

TT L^ ^ O 10 

+ 77; cos 4a: — • • • 
' 17 J 

2 rl 1 

(8) sinh a; ^ — - (cosh ir — 1) "~ o (coshTr + 1) cos x 

+ r (coshTT — 1) COS 2a: — — (coshTr + l) cos 3a: + * * * • 

^. 2/i sin fiir r_l cos x . cos 2a: ^ cos 3a; 

(y; cos/iaj— ^ ^—3 ^a_p + ^a_2« /i«-3* 

, cos 4a; "1 

+ -;jzri^ J' 

if /A is a fraction. 

29. Although any function can be expressed both as a sine series and as a 
cosine series, and the function and either series will be equal for all values of 
X between zero and tt, there is a decided difference in the two series for other 
▼alues of X. 

Both series are periodic functions of x having the period 27r. If then we 
let y equal the series in question and construct the portion of the correspond- 
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ing curve which lies between the Values a; = — ir and x =^ the whole 
curve will consist of repetitions of this portion. 

Since sin mx = — sin ( — mx) the ordinate corresponding to any value of 
X between — ir and zero in the sine curve will be the negative of the ordinate 
corresponding to the same value of x with the positive sign. In other words 
the curve 

yz=,ax sin a; + Oj sin 2x + a^ sin 3x -}- • • • (1) 

is symmetrical with respect to the origin. 

Since cos mx = cos ( — wiaj) the ordinate corresponding to any value of % 
between — ir and zero in the cosine curve will be the same as the ordinate 
belonging to the corresponding positive value of x. In other words the curve 

y = ^h^ + hx cos a; + ^2 cos 2x + ft, cos 3x + • • • " (2) 

is symmetrical with respect to the axis of Y, 

If then fix) = — /(— X) , that is if f(x) is an oM function the sine series 
corresponding to it will be equal to it for all values of x between — ir and tt, 
except perhaps for the value a; = for which the series will necessarily be 
zero. 

If f{x) =/(•— a;), that is if f(x) is an even function the cosine series oo^ 
responding to it will be equal to it for Sll values of x between a? = — ir and 
35 = TT, not excepting the value x = 0. 

As an example of the difference between the sine and cosine developments 
of the same function let us take the series f or a; . 



y = 2 sin x — 



sin 2a; , sin 3a: sin 4a; , T 

H -^ -A h • • • J 



TT 4r , 



2 ' 3 4 

cos3x . cos5x . cos 7a; 



+ 



+ 



3" ' 5* ■ 7* 
[v. Art. 26(a) and Art. 28(a)]. (3) represents the curve 



+ 



] 



(3) 
(4) 




and (4) the curve 

r 




Chap. IL] POUBIBB's SERIES. 47 

Both coincide with y = a; from x = to « r= w, (3) coincides with 
y = x from a; = — tt to aj = 7r, and neither coincides with t/ = x for 
values of x less than — tt or greater than tt. Moreover (3), in addition to 
the continuous portions of the locus represented in the figure, gives the iso- 
lated points (— 7r,0) (7r,0) (37r,0) &c. 

30. We have seen that if f(x) is an odd function its development in sine 
series holds for all values of x from — tt to tt, as does the development of 
f(x) in cosine series if f(x) is an even function. 

Thus the developments of Art. 26(a), Art. 26 Exs. (2), (4), (6); Art. 2S(b) 
Art. 28 Exs. (3), (7), (9) are valid for all values^ of x between — ir and tt. 

Any function of x can be developed into a Trigonometric series to which it 
is equal for all values of x between — ir and tt. 

Let f(x) be the given function of x. It can be expressed as the sum of an 
i*ven function of x and an odd function of x by the following device. 

identically; but ^^^ — -^ is not changed by reversing the sign of x and 

is therefore an even function of x\ and when we reverse the sign of a?, 

'^-^^ — ^ is affected only to the extent of having its sign reversed and 

is consequently an odd function of a;. 

Therefore for all values of x between — tt and ir 

2 = 2 *o + *i ^^^ ^ + *« ^8 2^ + *» ^^ 3aj H 



where ft^ = — Ci^^ — -^ f cos ima^,dx ; 



•ii-^ — ^ 1 = ai sin a; + Of sin 2a; + a, sin 3a; + • • • 

, 2 r/(a;)-/(— a;) . 
where ^m = — I ^^-^-^^ — -^ sin mx,dx , 

TT J 2 . 



and 





b^ and a^ can be simplified a little. 

«r 



IT J Ii 



ir «r 

= — I /(a;) cos mx,dx + \f{ — x) cos mx.dx , 

^0 
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but if we replace x by — x, we get 

j /(— aj) cos mx.dx = — \ f(^ cos mx,dx = | /(«) cos mx.d3R , 

— » 

and we have ^« = - | /(aj) cos mx.dx . 



TT 

— ir 



In the same way we can reduce the value of a^ to 



^//(a:) si 



sin mx.dx . 



— 9 



Hence 



Sf^x) = ^ ^0 + ^1 cos a; + b^ cos 2a; + ^» cos 3a; +••• ) ^. 

+ «! sin X -{• a^ sin 2a; + a^ sin 3a; + ' ' * ) 



where ^m = ~ j /(x) cos ??Mc.d!a; = - j /(a) cos 7?ta.da. (3) 



— » — w 



and <*m = ~ I /(^) ^^ mx.dx = — j /(a) sin ma.da . (4) 



— IT 



and this development holds for all values of x between — ir and w. 
The second member of (2) is known as a Fourier's Series. 

EXAMPLES. 

1. Obtain the following developments, all of which are valid from a? = — ir 
to X = tt: — 

^. ^ 2sinh7rrl 1 ,!« 1 oil ^iT 

(1) e* = ^ — ^ cos a; + - cos 2a; — — cos 3a; + — cos 4a; +•• • I 

, 2 sinhTT rl. 2.^,3.„ ^-..i "1 

H ^ sin a; — ^ sin 2a; + — sin 3x — — sm 4a; + • • • j . 

^x ^/ \ w 2 r , cos 3a; , cos 5a; , cos Ix . H 

(2) /(*)=4--Lco8a; + -^5- + -g5- + -^r" + --J 

, sinx sin 2a; , sin 3a; sin 4x , 

where /(a?) = from a; = — tt to aj=:0 and f(x) = a; from a? = to x^sir. 
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(3) /(*) ~ — ll^" i^ Ip ^^® * + 2^ ^^^ ^* + 32 ^^^ ^^ + 52 ®^^ ^* 

+ ^2 COS 6a: + • • • I 

+ ^ [(t ■" '^^ "^ - T '^^ ^"^ + (t + i)'^^ ^^ 

TT 

where /(«) = z from x = — tt to a: = 0, /(ar) = from x = to a: = - , 
and /(x) = a; — — from a^ = -75 to x = tt . 

2. Show that formula (2) Art. 30 can be written 

/(ar) = ^Cq cos )8o + Ci cos (x — fii) + c^ cos (2a; — ^2) + c, cos (3a: — i^j) H 

where c^^(a^ + b^)^ and ^^ = tan-^f^. 

3. Show that formula (2) Art. 30 can be written 

f(x) = ^Co sin ^0 + Ci sin (x + A) + Cj sin (2a; + /?,) + c, sin (3a; + /?,) H 



where ^« = («JI + *i)* and /J^ = taji-^^. 

31. In developing a function of a; into a Trigonometric series it is often 
inconvenient to be held within the narrow boundaries x = — tt and a; = tt . 
Let us see if we cannot widen them. 

Let it be required to develop a function of x into a Trigonometric series 
which shall be equal to f(x) for all values of x between a; = — c and a; = c . 

Introduce a new variable 

TT 

« =: — a;, 
c 

which is equal to — tt when x = ^ c and to tt when x=zc, 

/(^) ^^f(~ *) ^^^ ^ developed in terms of z by Art. 30 (2), (3), and (4). 

We have 

//— «) = H ^0 + ^1 cos « -I- ftj cos 2« + ^8 cos 3« + • • • f /^x 

+ tti sin « + ^2 sin 2« + as sin 3« + • • * ) 

where ft^ = — ( ./t — «) cos 7/i«.flte . (2) 



— n 
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and <'^m==- CA" ^) ^^ mz.d». (3) 



— » 



and (1) holds good from z = — ir to « = 7r, 
Replace z by its value in terms of x and (1) becomes 

. 1 j^ irx , - 2'irx , Swas , ^ 

y^a?) = 5 ^0 + *i cos h ^a cos 1- o, cos h • * * 

, irx , 27rsD , Sttx , 

+ Oi sin [- ^ sin h ^ sin .+ • • • 

c c c 



(4) 



The coefficients in (4) are the same as in (1), and (4) holds good from 
05 = — c to a; = c. 

Formulas (2) and (3) can be put into more conyenient shape. 



^^ = — j yi — « ) cos mz,dz = — J f(^) cos 






*.= i//(.)co825f^e& = l//(X)co82^*l. (6) 



— c — c 



In like manner we can transf onn (3) into 



<^^ = \ff{^)^^^'^d. = \ff(X)^ra'!^dX. (6) 



— c — c 



By treating in like fashion formulas (1) and (2) Art. 25 and formulas (4) 
and (2) Art. 27 we get 

j», \ ^"^ I 2irX , . OTTX , ^_. 

f^x) = «! sm [- ^ sui r <^ sm r * • ' (7) 

c c c 

where «», = "" j /(*) sin dx=- Cf(\) sin ^^ dk. (8) 



and f(x) == - ^0 + *i cos [- ft^ cos h fta cos h • • • (9) 

L C C C ^ 



where 



-^ /• y.^ V mTTx , 2 /• ^, . rmrk 



b^ = lff(x)cos^dx = ^f/(X)cos^dX. (10) 





and (7) and (9) hold good from x = to a; = c . 
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EXAliFLES. 
1. Obtain the following deyelopments: 

(1) 1 = - sin ho 81^ f- p sin h • • • 

^ ttL c S CO c J 

from X = to x = c , 

/ON 2c r , TTX 1 . 27nB , 1 . Sirx 1 . 4irx , T 

(2) a: = — sm sin h - sm 7 sin h • • • 

^ ^ 7rLc2 (j3 (j4 cJ 

from aj = — ctoa; = c. 
c Ac r TTX . 1 Sttx , 1 67ra; . 1 Tttx , "1 



a? 

from X = to a = c . 






Sirx 
e 



TT* . 47r.r 

T sin 

4 c 

from x^=0 to » = c . 



, c* 4c* r TTX 1 27ra; , 1 Sirx 1 47ra5 , T 

«» = ^-^[_C08--2iC08 — + giC08 — -pCOS — + .--J 



from a; = — c to x^= e. 

27rx 






sin 



c 



, 3(1 + «^) . 37ra; , 4(1 — 6^) . Airx , 1 
-4- — ^^ — —^ sin •+• — ^ ■ ■ sin 1- • • • I* 



-G 



6^ — 1 e* + l Tnr, c*'— 1 27nB 

5 cos — + -j-r-T-^ cos 



+ •••] 



6*^ + 1 Sttot 

cos 



from a; = to a; = c . 
/rx ^ \ 4c r . Tra; 1 . Sirx , 1 . Sine , T 

from a; = to x = c , 

where /(«)=« from aj ^ to a; == 5 and f{x) = c^x from 25 = *^ 
05 = c. 



52 DEVELOPMENT IN TBI60N0METBIG 8EBIBB. [AbT. Si 

2. Show that formula (4) Art. 31 can be written 
^(«) = V'o COS /Jo + ci cos (y^— a) + <JiC08 (-^ — a) 



3m; 



+ CtC08^-^^ A)+- 



where <?m"(«i + and i8« = tan-^r* 

3. Show that formula (4) Art. 31 can be written 



+ Ct8in(-^ + A) + 



• • • 



where «« = (''« + *JD and )8^ = tan-i;f. 

32. In the formulas of Art. 31 c may have as gieat a Yalue as we pleise, 
so that we can obtain a Trigonometric Series for /(x) that will represent the 
giv(*n function through as great an interval as we may choose to take. If» 
tlicMi, we <^an obtain tlie limiting form approached by the series (4) Art 31 ai 
r is indefinitely increased tlie expression in question ought to be equal to the 
given function of x for all values of x. Equation (4) Art. 31 can be written 
:is follows if we replace h^j bi, ^a, • • • ai, ««,••• by their Talues given in 
Art. 31 (5) and (6). 



/(^) = ; [^ J!/W dX 



' c 



\-ff(\) COS ^ COS ^ d\ + C/(X.) oos^coa^dk+"- 

— c — c 

+J>(X) sin ^ sin ^ d\ +ff(X) sin ^ sin ?22 ^ + . . . J 



— e — « 



- I t(X) d\\ - + cos — cos h sm — sin — 

c J'^ {_2 c c c c 



— c 



, 27rX 27n» , . 27rX . 2irx . T 

+ cos —^ cos 1- sin sin 1- • * • I 

c c /• ^ J 
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A^)=lfA^)^ [I + C08 J (X-X) + C08^ (X-«) + • • -l 



— e 
c 



'^hS^^^ [l + C08| (A-X) + C08 ^ (A-*) + • • • 

+ COS / — ~) (X — a) + cos I j (A. — a) + ' • ' I 

since cos (— 4*) = ^^^ 4^ • 

c 

— c 

H COS (X — X) H COS — (X — 05) 

c c ^ ^ e e ^ ^ 

+ 7 cos ^ (X - aj) + • • •] (1) 

As <; is indefinitely increased the limiting value approached by the 
parenthesis in (1) is 

00 

j COS a(X — x).da. 

— OB 

Hence the limiting form approached by (1) is 

00 OD 

/(x) = ^ j'f(\)d\j'cos a(X - x).da , (2) 



OB 



and the second member of (2) must be equal to f(x) for all values of x. 

The double integral in (2) is known as Fourier^s IntegraZy and since it is a 
limiting form of Fouriei's Series it is subject to the same limitations as the 
series. 

That is, in order that (2) should be true f(x) must be finite, continuous, and 
single valued for all values of a, or if discontinuous, must have only finite 
discontinuities.* 

(2) is sometimes given in a slightly different form. 

OB OD 

Since j cos a(X — x),da = Icos a(X — x),da + j cos a(X — x).da 
and 



I cos a(X — x).da = j cos ( — a)(X — x).d( — a) = — | cos a(X — x).da 



— 00 



«B go 

j COS a(X — x).da ^ 2 Icos a(X — x).da 



_oo 

* See note on page 38. 
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and (2) may be written 

00 c: 

f(x) = ^ Cf{\)d\ fcos a(X — x).da . (3) 

— a» 

If f(x) is an even function or an odd function (3) can be still further simpli- 
fied. 

Let /(aj) =-/(-«). 

Since the limits of integration in (3) do not contain a or X the integrations 
may be performed in whichever order we choose. That is 

I 
00 Ofr 00 QD 

CfQ)d\ Tcos a(X — x),da = Cda Cf(X) cos a(\ — x).dX . 

— • — <o 

Now 

OB 0» 

ff(\) COS a(A — x),dk = Cf(\) cos a(X — x^dk + Cf(k) cos a(X — aj).dX . 



— OB —OB 



ff(\) COS a(X — a;).(iA = Cf(— k) cos a(— \ — x).^— X) 



— OB OB 

OB 



= — J/(X) COS a(X + «). A 



and (3) becomes 

OB OB 

f(x) = - Cda |/(X) [cos a(X — «) — cos a(X + a;)].ciX 





OB OB 



=— ( da (/(A) sin a\ sin oo^.c^X 



OB OB 

2 



or /(x) = — j /(X)c?X j sin aX sin ax.da . (4) 



If f(x) =/(— ar) (3) can be reduced in like manner to 

OB OB ' 

f(x) = — Cf(\)d\ j cos aX cos ax.da . (6) 



Although (4) holds for all values of x only in case f(x) is an odd function, 
and (5) only in case f(x) is an even function, both (4) and (5) hold for all 
positive values of x in the case of any function. 

EXAMPLE. 

(1) Obtain formulas (4) and (5) directly from (7) and (9) Art 31. 



CHAPTER III. 

OONVEBGENCB OF FOURIEB'S SERIBS. 

33. The qaestion of the convergence of a Fourier's Series is altogether too 
large to be completely handled in an elementary treatise. We will, however, 
consider at some length one of the most important of the series we have 
obtained, namely 

4r . , sin 3aj , sin 5a; , sin 7a; , "i r ,ox a ^ r./.,,Nn 

-Lsma; + -3- + -5- + -^r-+-- J, [v. (3) Art. 26(5).] 

and prove that for all values of x between zero and ir its sum is absolutely 
equal to unity; that is, that the limit approached by the sum of n terms of the 
series 

or"' ' ' 

— I sin X j sin a,da + sin 2x I sin 2a.da + sin 3a; j sin Za,da + • • • I , 



as n is indefinitely increased, is 1, provided that x lies between zero and ir. 
Let 

jSI, = — sin X j sin a,da + sin 2x j sin 2a.da + sin 3a; j sin Sa.da + • • • 



+ sin nx j sin na,da . (1) 

Then 

2 ' 

<S^ =— j [sin a sin a; + sin 2a sin 2a; + sin 3a sin 3a; + • — f- sin na sin no; j(^ 



1 ' 
= — r[cos (a^x)^ cos (a'\'x)']r cos 2(a — a;) — cos 2(a + a;)+ • • • 

+ cos n(a — x) — cos n(a + xy\da 

^ — r[cos (a'-x)-\' cos 2(a — a;) + cos 3(a — ar) + • • • -f cos n(a — x)']da 

1 ' 
r[co8 (a'\'x)'\- cos 2(a + a;) + cos 3(a + a;) + • • • + cos w(a + x)']da . 
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Therefore by Art. 20 (1) 

sin 



^" tJL 2'*'2 . a-a; J 



a — X 



~^J L~2+2 — rrq:^ — J**- 

sin — r — 

^ ,8m(2n + l)^ .^ ir8m(2n + l)^ 

"""27rJ . a — x 29rJ . a + x 

sin — ^ — sin — - — 

In the first integral substitute p for — - — , and in the second integral sab- 
stitute p for —5 — . 

We get 

i ysin(2n + l)^ l' ;L(2n + l)^ 

" ttJ smij '^ wJ siniJ '^ ^' 



X « 



P tJ sin /J 

It remains to find the limit approached b j /S^ as n is indefinitely increased. 

34. I 

rsin^2n + l)p jr (1) 

J 8inp '^2 

For 

2i^i^±l^===^ + cos2)8 + cos4)8+--- + oos2ni8, by Art 20. 






rcos2A;)8.(i/J=0 
Let us construct the curve 



and 





sin (2n + l)x 

^ smx 



We have only to draw the curve y =: sin (2n + l)x and then to divide 
the length of each ordinate by the value of the sine of the corresponding 
abscissa. 

In y = sin (2n + l)x the successive arches into which the curve is 
divided by the axis of X are equal, and consequently their areas are equaL 
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Eacti arch has for its altitude unity aud for its base 
u — . -T and is symmetrical with respect to the ordi- 
nate of its highest or lowest point. 

If now we form the corve y= ^ — from 

the curve y = sin (2n + 1)3; , it is clear that, since 



1^ 



nate of any point of the new curve will be shorter 
than the ordinate of the corresponding point in the 
preceding axch, and that consequently the area of 

each arch of w = — ^ ^ will be leas than 

•' ainx 

that of the arch before it. 

If a„ a,, oi, ' ■ ■ «■_! are the areas of the suo- 

cesaive arches and a. that of the incomplete arch term^ 

nated by the ordinate corresponding to x = -^ 

/' sin (2n + l)a , j_ j_ 

Binx 



^e±itf./.=i^a). 



Hence 
- = o,— a, + a, — a, + 0(4 - 



■ + a, if » is even. 




- = ao— a, + a, — a,-|-o,— ■ o, ifiiis odd. 

These equations can be written 

+(-".+«.)+■■•+(-<•.-. +»j 

if n is even, and 

+ (-«■ + •.) + ■•■+(-«.-, + «.-0 + (- 'J 
if n is odd. 
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In either case eaeh parenthesis is a negative quantity sinoe 
and it follows that Oq is greater than -^ • 



Again 



TT 

2 = ^ "~ ^ + (^ "" «») + (<^4 — as) H h (ttn-i — an-i) + «• 

if n is even and 

TT 

2 = «o — «! + (oj — tta) + K — as) H h (a«~i — «•) 

if n is odd. 

In either case each parenthesis is positive and it follows that Oq -~- Oi is 

less than ~ . 



Since 



tto > 2 -^ ^0 — «! , 



TT 

tto and flfo — «! differ from -r by less than they differ from each other, that 

is, by less than a^ . 

In like manner we can show that a© — a^ and a^ — ^i + Oj differ from 

TT by less than a^\ and in general that a^ — ^i + ^a — Oj-j-'^'ia^ differs 

"^ TT 

from — by less than o^; or even that 

flfo — «! + ^2 "" ^8 + • • • =t "~* 
TT ^ 

differs from -^ by less than a^^ no matter what the value of p, provided |> is 
greater than unity. 

35. From what has been proved in the last article it follows that 



pin (2. + !):. ^ 
J sm a 



where h is some value between 7: — tt and -^r , differs from — by less than 

2w + 1 2 Z 

the area of the arch in which the ordinate of v = ^ ^ correspond- 

^ sina; ^ 

ing to X'=zh falls if this ordinate divides an arch, or by less thac the area 

of the arch next beyond the point (6, 0) if the curve crosses the axis of Xat 

that point. 
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ir 



The area of the arch in qiiestiDn is less than "^ ■ ■ , ■ , its base, mnltiplied by 

Zn + 1 

a value greater than the length of its longest ordinate. 



Therefore pin(2n + l)x ^ 

J Sin a; 





differs from rr by less than ,; — -r-. — 

sin 



(*""2;n^i) 



TT 



If now n is indefinitely increased , ; r- approaches 



2n + l . 



sm 



(* ~ ^\f 



zero as its limit, and we get the very important result 



limit r f 8in(2n + l)a; . -] ^v .j) 

n=ool_J sin a; J 8 



if 0<6<|. 



8"8 l*! 



3g 1 pin(2n + l)^ 1 pin<2n+l)^ 33 

• wJ sin/J ^ ttJ sin/J '^ "• ^ "* 



s s 



1 f 8in(2»+l)^ 1 r sin(2n+l)ff 

s 

W X 

_ 1 A 8in(2n+l)ff j^| 1 pin(2» + l)ff 
TT^ 8in^ tJ 8inj8 ^ 



2+2 

1 *« 



_i pin(2n + l)^ 
w./ siniS '^ 



s 



This last value for S^ can be somewhat simplified. 
Substituting y = — p we get 

X 

pin(2» + l)ff pin(2n + l)Y , _f8in(2n+l)ff 

J sinjS J siny '^ J sin)8 



i i 
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Sxibstitating y as ^r — )3 in 



s ^1 



pin(2n + l)^ we have 



8m)3 
i 



• at » « 



J sinjS '^ J silly '^ J sinjS ^^ 



s s 

» 9 



_ /» 8in(2« + l)ff /• 8m(2« + l)^ 

J siiijS ^ J sinjS ^ 



Hence 



9 f ""s i 






i 



i 



pj»^±li^^_, ^^^^^3, 



sinfl 
'^ 



S 

limit 



and 



-tLf^^i^^i^^^]-! « •<-<' *rO)A^» 



s i 

limit 



itC/'^^^l^*]-! " »<•<' '^w^^' 



"0 



Therefore limit r,<j ] = i + i _i = i if 0<«<» and 

4 r . , sin 3a: , sin 5a; , sin 7a; , T ^ 

for all values of x between zero and tt. 

37. By a somewhat long but not especially difficult extension of the rea- 
soning just given it can be shown that if f{x) is single-vcUued and Jinite 
between a; = — tt and a- = tt, and has only a Jinite number of r/iVon- 
tinuities and of maxima and minimu between a; = — w and xz=.ir tiie 
Fourier^s Series 

o ^0 + ^1 cos x-^ho cos 23" + />8 cos 3a; + • • • 
+ (ti sin J* + Oa sin 2x + a^ sin Sx + • • • 
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where a. = — i f(a) sin ma.da 



= ij/(a) 8ii 

— W 

and 6^ := — I f(a) cos ma.da , 

and that Fourier^s Series only is equal to f(x) for all values of x between 
X = — TT and a = TT , excepting the values of x corresponding to the discon- 
tinuities of /(flc), and the values ir and — tt if /(tt) is not equal to /(— tt) ; 
and that if c is a value of x corresponding to a discontinuity of f(x)f the value 
of the series when a; = c is 

and that if f(ir) is not equal to /(— tt) the value of the series when a »■ — m 
and when a; = tt is 

|i/(-t)+/(t)]. 

If f(x) while satisfying the conditions named in the preceding paragraph 
except for a finite number of values of 05, becomes infinite for those values, the 
series is equal to the function except for the values of x in question provided 

w 

that \f{x)dx is finite and determinate, (v. Int. CaL Arts. 83 and 84.) 

38. The question of the convergency of a Fourier's Series and the condi- 
tions under which a function may be developed in such a series was first 
attacked successfully by Dirichlet in 1829, and his conclusions have been 
criticised and extended by later mathematicians, notably by Riemann, Heine, 
Lipschitz, and du Bois Keymond. It may be noted that the criticisms relate 
not to the sufficiency but to the necessity of Dirichlet's conditions. 

An excellent r^sum^ of the literature of the subject is given by Arnold 
Sachse in a short dissertation published by Grauthier-Villars, Paris, 1880, 
entitled "Essai Historique sur la Representation d'une Fonction Arbitraire 
d'une seule variable par une Sdrie Trigonom^trique." 

39. A good deal of light is thrown on the peculiarities of trigonometric 
series by the attempt to construct approximately the curves corresponding to 
them. 

If we construct y =. a^ sin x and y =. a^ sin 2x and add the ordinates 
of the points having the same abscissas we shall obtain points on the curve 
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y = Oj sin 05 + Oj sin 2x . 

If now we construct y^^a^ sin 3x and add the ordinates to those of 
y = Oi sin a; + Of sin 2x we shall get the curve 

y = Oi sin x-^- a^ sin 2x'jr ^ sin 3x. 

By continuing this process we get successive approximations to 

y = Oj sin X -jr (h sin 2a; + Oj sin Sx + ^4 sin 4« + • • • 

Let us apply this method to a few of the series which we have obtained in 
Chapter IL 
Take 

1 1 

y := sin a; + - sin 3a5 + - sin 6a5 + • • • (1) 

o o 

TT 

= when a; = 0, ^ ^roni a; = to x^ir^ and when o^sstTi 
V. Art. 26 [ft](3). 

y = 2 /sin a; — ^ sin 2a; + - sin 3a; — j sin 4a; + • • • ) (2) 

= a; from a; = to x^=7r, and when a; = w, 
Art. 26[a](4). 

y = - I p sin a; — ^j sin 3a; + gj sin 5a; — -^ sin 7a; H J (3) 

= a; from a; = to a; = -^, and w — a; from «= o to a5 = w, 

Art. 26 [c](2). 

12 112 1 

y = T sin a; + ^ sin 2a; + ^ sin 3a; + - sin 5a; — - sin 6a; + ^ sin 7*+ •• • (4) 

= when a; = 0, 7; from a; = to a; = 7; , and from a; = ^r to x=ir. 

Z Z Z 

V. Art. 26 [ef](2). 

It must be borne in mind that each of these curves is periodic having the 
period 27r, and is symmetrical with respect to the origin. 

The following figures I, II, III, and FV represent the first four approxima- 
tions to each of these curves. 

In each figure the curve y = the series, and the approximation in question 
are drawn in continuous lines, and the preceding approximation and the curve 
corresponding to the term to be added are drawn in dotted lines. 
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[Abt. 39. 
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Figs. I, II, in, and IV immediately suggest the following facts: 

(a) The curve representing each approximation is continuous even when 
the curve representing the series is discontinuous. 

(b) When the curve representing the series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
abscissa is a value of x for which the series curve is discontinuous approaches 
more and more nearly a straight line perpendicular to the axis of X and con- 
necting the separate portions of the series curve. 

(c) The curves representing successive approximations do not necessarily 
tend to lose their wavy character, since each is obtained from the preceding 
one by superposing upon it a wave line whose waves are shorter each time but 
do not necessarily lose their sharpness of pitch. This is the case in Figures 
I, II, and IV. In Fig. Ill the waves of the superposed curves grow rapidly 
flatter. 

It follows from this that in such cases as those represented in Figures I, II, 
and IV the direction of the approximate curve at a point having a given 
abscissa does not in general approach the direction of the series curve at the 
corresponding point, or indeed, approach any limiting value, as the approxima- 
tion is made closer and closer; and that the length of any portion of the 
approximate curve will not in general approach the length of the correspond- 
ing portion of the series curve. 

Analytically this amounts to saying that the derivative of a function of x 
cannot in general be obtained by differentiating term by term the Fourier's 
Series which represents the function. 

(d) The area bounded by a given ordinate, the approximate curve, the axis of 
Xy and any second ordinate will approach as its limit the corresponding area of 
the series curve if the series curve is continuous between the ordinates in 
question; and will approach the area bounded by the given ordinate, the series 
curve, the axis of X, any second ordinate, and a line perpendicular to the axis 
of X, and joining the separate portions of the series curve if the latter has a 
discontinuity between the ordinates in question. 

Analytically this amounts to saying that the Fourier's Series corresponding 
to any given function can be integrated term by term and the resulting series 
will represent the integral of the function even when the function is 
discontinuous (v. Int. Cal. Art. 83). 

We may note in passing that if the function curve is continuous a curve 
representing the integral of the function will be continuous and will not 
change its direction abruptly at any point; while if the function curve is dis- 
continuous the curve representing the integral will still be continuous but will 
change its direction abruptly at points corresponding to the discontinuities of 
the given function. 
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40. The facts that the deriyatiye of a Fourier's Series cannot in general be 
obtained by differentiating the series term by term and that its integral can be 
obtained by integrating the series term by term are so important that it is 
worth while to look at the matter a little more closely. Let us consider the 
differentiation of the series represented in Art. 39 Figure I. 

Let 

iSi. = sin « + - sin 3a; + - sin 6* H h » i ^ sin (2n + l)x. 

JO 

Then ~ = cos x + cos 3a! + cos 6x + • • • + cos (2» + l)x. 



dx 






ax 



and the curve is parallel to the axis of X for a; bb ^ no matter what the 

value of n. 

Ifa;=s0ora; = 7r 

^•=1+1+1+1+ •••+i=«+i 

and the curve 2^ = ^» becomes more nearly perpendicular to the axis of X 
at the origin and for a; = tt as we increase n. 

dS^ 1 ^ 4.^_ui 1 j.ij. 

That is ^= \ if n = or n = 3Aj 

ox Z 



1 



- " n = l « n = 3A; + l 



= « n = 2 " n = 3A; + 2. 

Consequently when a; = tj -t"" does not approach any limiting value as ft is 

•o dx 

indefinitely increased. Indeed, in the successive approximations the point 

TT 

whose abscissa is — is successively on the rear, on the front, and on the crest 

or in the trough of a wave, and although the waves are getting smaller they do 
not lose their sharpness of pitch. 

If X has any other vahie between and tt — " will change abruptly as n is 
changed and will not approach any limiting value as n is increased. 
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41. In general if we differentiate a Fourier's Series 

S^Bs-^bo + bi cos x + bi cos 2x + b^ cos 3a; + • • • 



• • • 



+ «! sin a; + a, sin 2a; + a, sin Sx + 
we get 

— bi sin X — 25, sin 2x — 3^8 sin Sa; — • • • 

+ fli cos X "jr 2a^ cos 2a; + So, cos 3x+ • • • . 
Differentiate again and we get 

— ^1 cos X — 2V>^ cos 2x — 3*^8 cos 3a; — • • • 

— aisina; — 2'a2 sin 2a; — 3*^8 sin 3a; — • •. 

We see that each time we differentiate we multiply the coefficient of sin kx 
and of cos kxhj k while the term still involves cos kx or sin kx . 
Since the series 

cos X + cos 2a; + cos 3a; -[- • • • 
+ sin X + sin 2x + sin 3a; + * * ' 

is not convergent, and a Fourier's Series converges only because its coefficients 
decrease as we advance in the series, the differentiation of a Fourier's Series 
must make its convergence less rapid if it does not actually destroy it, and 
repetitions of the process will usually eventually make the derived series 
diverge. 

It is to be observed that the derived series are Fourier's Series, but of some- 
what special form, that is they lack the constant term. (v. Art. 30.) 

If now we integrate a Fourier's Series 

9 ^0 + ^1 cos a; + 6, cos 2x + ^8 cos 3a; + • • • 

• + tti sin x-^d^ sin 2x + a^ sin 3a; + • • • 

we get C+ 5 ^oX + ^1 sin a; + 5 ^1 sin 2a; + o ^8 sin 3a; + 



• • • 



— Oi cos X — — aj cos 2a; — -ra^ cos 3a; — • • • , 

a Trigonometric Series which converges more rapidly than the given series. 

It is to be observed that the series obtained by integrating a Fourier's 
Series is not in general a Fourier's Series owing to the presence of the term 
\b^. (V. Art. 30.) 

42. We are now ready to consider the conditions under which a function of 
X can be developed into a Fourier's Series whose term by term derivative shali 
be equal to the derivative of the function. 
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Let the function f(x) satisfy the conditions stated in Art 37. Then there 
is one Fourier's Series and but one which is equal to it. Call this series S. 

Let the derivative f{x)* of the given function also satisfy the conditions 
stated in Art. 37. Then f(x) can be expressed as a Fourier's Series. By Art 
39 (d) the integral of this latter series will be equal to the integral of /'(a*), 
that is to f(x) plus a constant, and one integral will be equal to f(x) . 

If this integral which is necessarily a Trigonometric Series is a Fourier's 
Series it must be identical with S, It will be a Fourier's Series only in case 
the Fourier's Series for /'(a) lacks the constant term ^ h^. 



But 



w 

6o = - Cf(x)dx by (3) Art 30. 



— w 



Therefore fto = ^ [/(w-) — /(— w-)]; 

and will be zero if f(ir) =/( — tt) . 

In order that f\x) shall satisfy the conditions stated in Art. 37 f(x) while 
satisfying the same conditions must in addition be finite ..and continuous 
between x = — tt and x = ir. 

If, then, f(x) is sinffle^alued, finite, and continuous, and has only a finite 
number of maxima and minima, between x = — ir and x = Wf (the values 
aj = — TT and a; = tt being included), and if /(tt) =f{ — w) f(x) can be 
developed into a Fourier's Series whose term by term derivative will be equal 
to the derivative of the function. 

It will be observed that in this case the periodic curve y^=Sia continuous 
throughout its whole extent. 

43. Since a Fourier's Integral is a limiting case of a Fourier's Series the 
conclusions stated in this chapter hold, mutatis mutandis for a Fourier's 
Integral. 

For example if a function of x is finite and single-valued for all values of x 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of x it will be equal to the Fourier's Integral 



^ OB 00 

— Cda j/(X) cos a(X — x).d\ 



— 00 



and to that Fourier's Integral only, and the integral with respect to ^c of this 
Fourier's Integral will be equal to Cf(x)dx, 

If in addition f(x) is finite and continuous for all values of x the derivative 

df(x) 
of the Fourier's Integral with respect to x will be equal to "^^f""^' 

• We Bhall regularly use the notation f{x) for ^^ . v. Dit Cal. Art. 124, 



CHAPTER IV. 

SOLUTION OF PBOBLEMS IN PHYSICS BY THE AID OF FOUBIBB'S 

INTE6BALS AND FOUBIEB'S SEBIBS. 

44. In Art. 7 we have already considered at some length a problem in 
Heat Conduction which required the use of a Fourier's Series. We shall begin 
the present chapter with a problem closely analogous in its treatment to that 
of Art 7, but ogling for the use of a Fourier's Integral. 

Suppose that electricity is flowing in a thin plane sheet of infinite extent 
and that the value of the potential function is given for every point in some 
straight line in the sheet, required the value of the potential function at any 
point of the sheet. 

Let us take the line as the axis of Xand consider at first only those points 
for which y is positive: 

We have, then, to satisfy the equation 

2>jr+2>;r=0 (1) 

subject to the conditions 

r= when y = oo (2) 

V=f(x) « y = (3) 

where f(x) is a given function, and we are not concerned with negative 
values of y. 

As in Art. 7 we have e~'^ sin ax and ^"•''cos ax as particular values of F 
which satisfy (1) and (2). We must multiply them by constant coefficients 
and so combine them as to satisfy condition (3). 

By (3) Art 32 

f(x) = - Cda Cf{\) cos a(X —x).dX. (4) 



—00 



We wish to build up a value of T which will reduce to (4) when y=0 
This requires a little care but not much ingenuity. 
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Take ^~*'oo6 oo? and e'^'smax and mnltiplj the first hy oosaXf and 
the second by sinoX; thej are still yalnes of V which satisfy (1). Add 
these and we get 

^•>'coea(X— x), 

still a value of Fwhich satisfies (1), no matter what the YalneB of a and X. 
Multiply by f(X)d\ and we have 

e—^fQC) cos a(X — x).dk (6) 

as a Yalue of Fwhich satisfies (1). 

F= Ce—9f(X) COB a(X — x).dX (6) 

— at 

is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5); and finally 

F= zT^«r<^*'/(^) COB «(^ — «). A (7) 

—at 

is a solution of (1) as it is — multiplied by the limit of the sum of terms 

IT 

formed by multiplying the second member of (6) by da and giving different 
values to a. 

But (7) must be our required solution since while it satisfies (1) and (2), it 
reduces to (4) when y = and therefore satisfies condition (3). 

If f(x) is an even function we can reduce (7) to the form 

r=-CdaC(r*^f(X)co8axco8aXMk (8) 



and if f(x) is an odd function to the form 

F= - Cda Ce-*^f(X) sin ax sin ak.dk. (9) 



(7), (8), and (9) are valid only for positive values of y, but as the problem is 
obviously symmetrical with respect to the axis of X, (7), (8), and (9) enable 

us to get the value of the potential function at any point of the plane. 

« 

EXAMPLES. 

1. Obtain forms (8) and (9) directly by the aid of (6) and (4) Art 32. 

2. State a problem in statical electricity of which the solution given in 
Art. 44 is the solution. 
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45. As a special case under Art. 44 let us consider the problem: — To find 
the value of the potential function at any point of a thin plane sheet of infinite 
extent where all points of a given line which lie to the left of the origin are 
kept at potential zero, and all points which lie to the right of the origin are 
kept at potential unity. 

Here /(a;)=0 if x<0 and /(«) = ! if x>0. 

(7) Art. 44 gives us the required solution. It is 

F=- Cda Ce-*^coa a(X — a;).dX; (1) 



but this can be much simplified. 
We have 

r=- Cdk ier^^GOsa(k—x).da. 



-i/*/ 



OD 



Now I e""*" cos mx.dx = -r-. — ; 



if a>0. (Int. Cal. Art. 82, Ex. 8.) 

Hence I e~ ••^ cos a(X^x),da= ^ . .f _ x^ » 

tan (I - tan-> p = ctn (tan-i p = ^ ; 

and consequently 

r=- ("^ + tan-i-) = 1 - - tan-i ?^ . (2) 

, 7r\2 y/ IT X 

Since log « = log (aj + yi) = - log («*+ y*) + 1 tan"" * «^ , 

[Int. Cal. Art 33 (2)], 

t — -log« = t Iog(a5 + y0 = — 5-log(x*+y«) + t(l tan"^-) 

TT TT ZIT \ IT X/ 

1 V 1 

and 1 tan-*^ and — o~ ^^^C^'+y") Bxe conjugate fimcHona, (v. Int 

Cal. Arts. 209 and 210.) Hence 

^i = -^log(«'+y*) (3) 

is a solution of the equation 

-D.»ri + 2);r. = 0; (4) 
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[Abt. 45. 



and the curyes 



1 /^ 

7rV2 



+ tan 






and 



-^log(a5« + y»)=* 



(6) 



(6) 



cut each other at right angles. 

If we construct the curves obtained by giving different values to a in (6) we 
get a set of equipotential lines for the conducting sheet described at the begin- 
ning of this article, and the curves obtained by giving different values to (b) in 
(6) will be the lines of flow. 



Moreover since 



ri=-2^1og(«« + y*) 



(3) 



is a solution of Laplace's Equation (4), tlic' lines of flow just mentioned will be 
equipotential lines for a certain distribution of potential, for which the equi- 
potential lines above mentioned will be lines of flow. 
V=^a, that is 



reduces to 



i(|+..-.s)-.. 



y = — X tan air. 



(6) 
(7) 



If now we give to a values differing by a constant amount we get a set of 
straight lines radiating from the origin and at equal angular intervals. 
Fi = 6, that is 

-^log(a.» + 2^ = *> (6) 



reduces to 



27r 
ar» + y2 = e-*'^ 



(8) 



If we give to 5 a set of values differing by a constant amount we get a set 
of circles whose centres are at the origin and whose radii form a geometrical 
progression. They are the equipotential lines for a thin plane sheet of infinite 
extent where the potential function is kept equal to given different constant 
values on the circumferences of two given concentric circles or where we have 

a source at the origin; and for this 
- 4 system the lines (7) are lines of flow, 

and (3) is the complete solution. 

The figure gives the equipotential 
lines and lines of flow for either sys- 
tem, but only for positive values of y. 
The complete figure has the axis of X 
v=\ as an axis of symmetry. 
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EXAMPLES. 

1. Solve the problem of Art. 44 for the ease where 

/(a:)= — 1 if x<^ and /(a;) = l if a;>0. 

Arts,. Ks — tan"*-- 
TT y 

2. Solve the problem of Art. 44 for the case where 

f(x)^a if x<0 and f(x) = b if x>0, 

2 ^ TT^ '^ y 

3. Reduce (7), (8), and (9) Art. 44 to the forms 

respectively. 

46. An especially interesting case of Art. 44 is the following where 
f(x) = if aj< — 1, f(x)=l if — l<a:<l, and /(aj)=0 if x>l. 

Here r= - ftan- ^ ^^-^ + tan" ^ ^^=^1 . (1) 

Now - log [(1 — z)i] = - log [(1 — X — yOt] = - log [y + (1 — x)t] 



= ^log[(l-x)«+y«] + itan->^, 



and 



— -log [(—1 — «>*] = — -log[(—l— a; — yO»]= — =: log [?/ — (! +^>'] 

TT TT TT 

= -ilog [(1 +^r + y^] + ^tan-> ?^'. 

-log— ^j =--log)r-i — so o +- tan-^ — ' htau"^ ~ . 

ir ®— 1 — « 2ir (1+xy + y^ tt L y 1/ J 
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Hence 

are conQugate functions;* and 

l(tan-«i±5 + tan->i:^ = « (2) 

is any equipotential line, and 

any line of flow for the system described at the beginning of this article; and 

is the solution of a new problem for which (3) represents any equipotential 
line and (2) any line of flow. 

* Tlie function conjugate to 

- tan-i + tan-> I 

«• L y y A 

might have been found as follows. If is the required function and ^ the giyen fonction we 
have by Int. Cal. Arts. 211, 212, and 213 the relations 

D^ = Tt,-\, and T>,^ = — Dx/- . 
«*"* ^'^^-\ [(1 + xf^ + 1^ + (1 - x7« + J 

If now we integrate D^'\t with respect to x treating ^ as a constant and add an arbitrary 
function of y we shall have . So that 

= -55^|log[(l+x)a + ya]-log[(l-x)2 + y«]j+/(y). 

Comparing this with its equal — D^ above we find ^^ = and /(y) = C a oonstaat 

therefore §;log|rn^;?+P+ C, 

where C may be taken at pleasure, is our required conjugate function. 
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(2) reduces to 



2y ^ 

a . o — 7 = tan air 
x^+if — l 



or 



aiid (3) to 



or 



or 



5C* + (y — ctn airy = csc^aTT ; 



(aj + ctnh bwy + 2^ = csch'^Tr. 



(6) 



(«) 



(5) and (6) are circles. The circles (6) have their centres in the axis of Y, 
and pass through the points (—1,0) and (1,0); and the circles (6) have their 
centres in the axis of X. 

(4) is the complete solution, (6) is any equipotential line and (6) any line of 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose centres are further apart than the sum of their raoii are kept at 
different constant potentials, or where a source and a sink of equal intensity 
are placed at the points (— 1, 0) and (1, 0). An important practical ex- 
ample is where two wires connected with the poles of a battery are placed 
with their free ends in contact with a thin plane sheet of conducting material. 
The figure shows the equipotential lines and lines of flow of either system. 

The complete figure would have the axis of X for an axis of symmetry. 




r-o 



lf=« K=l P^-, 



EXAMPLES. 



F-0 



1. Show that if /(«) = «! when «< — 5, /(a:)=a, when — 6<a:<^, 
f(x) = at when x>b, 

F= 2l±i^ + 1 [(a, - a.) tan-> ^ + («.-«.) tan-» ^] . 
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V= — «! tan""* - + («! — (h) tan"'* — f- (aj — a,) tan" 

Lb *f If 



2. Show that if /(a;) = if x < , f(x) = a^^ if <x<biy f(x) = a^ if 
bi<.x < bz, f(x) = a, if ^2 < ^ "< ^8 > &C., 

+ (os — a*) tan"* -^ 1 . 

3. Show that if f(x) = — 1 if a; < — 1, /(«) =a; if — l<aj<l, 
f(x) = l if a:>l, 

4. Show that if f(x) = — 1 if «< — 1, /(a;) =0 if — !<«<!, 
r(ir) = 1 if x>l, 



= irtan-*l±^-tan-*^-^l. 



Show that the equipotential lines are equilateral hyperbolas passing through 
the points (—1, 0) and (1, 0), and that the lines of flow are Cassinian ovals 
having ( — 1,0) and (1, 0) as foci. The lines of flow are equipotential lines 
and tlie equipotential lines are lines of flow for the case where the points 
( — 1, 0) and (1, 0) are kept at the same infinite potential, or where very small 
ovals surrounding these points are kept at the same finite potential. The ca.se 
is approximately that of a pair of wires connected with the same pole ot a 
battery whose other pole is grounded, and then placed with their ends in run- 
tact with a thin plane conducting sheet. 

6. Show that if f(x)=0 if x<0, /(ar)= — 1 if 0<'x<a, f(x)=0 
if « < a: < 6, and f(x) = 1 if ar > />, 

r=- - — tan * tan-* tan *- . 

7rL2 y y yj 

The conjugate function 

r=i.og - + "- 



27r ^ [(<. - xf + 7/^[(/; - xy + /] 

is the solution for the case wliere a sink and two sources of equal intensity lie 
on the axis of -V, the sink at the origin and the sources at the distances a and 
b to the right of the origin. One of the lines of flow is easily seen to be the 
circle x^ + t/^ = ab. 

47. If the plane conducting sheet has two straight edges at right angles 
with each other and one is kept at potential zero while the value of the poten- 
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tial function is given at each point of the second, that is if V=0 when 

x = and F=/(ar) when y = 0, the sohition is readily obtained. It is 

F= - Cda re-*y/(X) sin ax sin aX.rfX . (1) 



V. (9) Art. 44. 
This reduces to 



''=ip(^H^T^--7+i+W^- <=" 



V. Ex. 3 Art. 45. 

EXAMPLES. 



1. If r=0 when y = and V^F(i/) when x = show that 



Q • • 



F= - j r/a j/?-** jP(X) sin ay sin aX.rfX 







T^ ^C^)*^^ L^. + (^ _ y^i r» + (X + ;,yj ' 

2. If V=f(x) when y = and V=F(i/) when j- = show that 

^^ V L'^^^^ (.'/•■' + (A - x? ~ f + (A + x)^) 

"^ '^^^^ C» + (X - //)» ~ x*+(I + y)Jx^ • 

3. If FQ/) = b the result of Ex. 2 reduces to 

4. If F(f/) = 1 for 0<//<l and F(i/)=0 for .y> 1 while /(ir) = l 
for 0<x<l and f(x) = for at>l 

r= -ftan-i i^=^ ^ tan-i i^ + 2 tan-^ ^ 
ttL y y ' a: 

+ tan-^ ?-:ii^ - tan- ^-+^^ + 2 tan- ^1 . 
.r X //J 
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5. If one edge of the conducting sheet treated in Art. 47 is insulated, so that 
D^V=0 if x = and V=f(x) when y = 



V=- I (Li I e~*»'/(X) cos ax cos aX.dX 



u u 



QB 



- ^//(^)<^|_y. + (X + x)» + y« + (A - x)«] • 

48. If the conducting sheet is a long strip with parallel edges one of which 
is at potential zero while the value of the potential function is given at all 
points of the other, that is if r=0 when y = and V=^F(x) when 
y = 6 the problem is not a very difficult one. 

Since we are no longer concerned with the value of V when .v = oo 
V= e*y sin ax and F= e**' cos ax are available as particular solutions of the 
equation 

2>,«r+Z>/r=0 (1) 

as well as F= er*^ sin ax and F'= e~**' cos ax . 

f^v -U ^— «y 
Consequently sin ax = cosh ay sin ax [Int. Cal. Art 43 (2)] 

and j: sin ax = sinh ay sin ax [Int. CaL Art 43 (1)] 

and cosh ay cos ox and sinh ay cos oa; 

are now available values of V and can be used precisely as ^•■^ cos ax and 

e~*"' sin air are used in Art. 44. 

Following the same course as in Art. 44 we get 

—OB 

as a solution of (1) which will reduce to V= F(x) when* y = ^ 

and to F= when y = , since sinh = — - — = , 

and (2) is therefore our required solution. 

If V is to be equal to zero when // = h and to f(x) when y = we have 
only to replace y by h — y and F(x) by f{jr) in (2). We get 

^'^■^/'■^^^^^^VW —(.-.).*. (3) 
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If Vs=^f(x) when y = and V=F(x) when y = b then 

This can be considerably simplified by the aid of the formula 

» . , sm^-- 

/smhpx , TT q 
. , cos rar.cKc := ;: * 
sinh qx 2q pir . , nr 
^ ^ cos ^- — h cosh — 

if /^< y*. [Bierens de Haan, Tables of Del Int. (7) 265] and becomes 

dX 



r=l.u>f(»-„/,r*)-^32 



IT 



COS T + cosh — (X — a:) 

+ 1 sin S?ri.(x) ^^^ 

-» cos -p- + cosh 7- (X — aj) 

p=i.8in!Q?rT ^3^^^ + ^ >. (6) 

'^'^ ^ -. cosh - (X — x) — cos -T^ cosh - (X — «) + cos -^ 



EXAMPLES. 
1. Given the formula 



— n IT = / tan-' ( \/ 7— i — tanli o I if 6 > a , 

a + ^ cosher y^aZT^ V\6 + « 2/ ' 

show that if V^ 1 when y = and r= when y = 6 ^=-(6 — y). 

2. Show that if r==0 when y=/>, F= — 1 when y = and 
a: < , and F= 1 when y = and x > 



= - tan-i r 



TTJC 

tanh -rr. 



F=-tan 



L ^. TTV J 



TT L , TT// 

tan -^ 
2/> 

The solution for the coniu2:at*> system, that is, for a strip having a source at 
(0, 0) and an infinitely distant sink is 



F=-ilog[cosh»g-cos»5]. 
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3. Show that if r= — 1 when y = and x<0, F=l when y = 
and a:>0, F= — 1 when j/ = h and a:<0, and V=l when 
y ^ /> and .r > , 

^ = ^ *a"- ' (ta^ J (* - y) te^ S) + ;;: ta°-' (tan 5 y tanh g) 



=— tan~M 

TT L . TT// . 

sin —r 




The solution for the conjugate system, that is, for a strip having a source and a 
sink at tlie points (0, 0) and (0, h) is 

, TTx , ' Try 

. r-COSh -r- + COS -^ _ 

r=iiog[ ^ '-1. 

TT *- , TTJr 7r//J 

eOSll -; COS -f- 



4. If V=0 when a- = 0, r = /(a;) when y = and z>0, and r=0 
when i/ = b and jj > , 

V= - (da rsM^Q(^>-//) [cos a(A - a;) - cos a(X + x)'\fQC)d\ 
irJ «/ sinh a/> 

= h «- x/T ^ -^^ >W''^ 

" cosh —Ck — x) — cos -r- cosh — (A + J*) — cos -r- -* 
h^ b b ^ h 

for positive values of a; and for values of y betweeen and b, 

5. If Fi = when x = 0, Vi = F(x) when y =b and x > , and 
Vi = when ^ = and a* > 

X 

Fi = 1 sin ^ f r I I ']F(X)d\ 

^ cosh T (A. — x) + COS -y^ cosh - (X + ar) + cos -^ 

for positive values of x and values of y between and b, 

6. If V2=0 when a- = 0, ^2 =/(a;) when y = and a->0, and 
Fi = i^(a:) when ^ = i and x>0 

V^=V+V, for a:>0 and 0<y<b. (v. Exs. 4 and 5) 

7. If one edge of the strip described in Art. 48 is insulated so that we have 
V=f(x) when y = and D^V=0 when y = b show that 



_ 



QB 
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By the aid of the formula 

- nr pTT 
» , cosh — cos 77- 

f2£!L^cos n.:<fo = ^ ^^ ^ if i'<?, 

J cosh qx q pir , . i-tt 
cos \- cosh — 

[Bierens de Haan, Def. Int. Tables (6) 265] . 
reduce this to 

TT 

. » /(A) cosh :77 (X — x) 

^^ 1 . Try /• -^^ ^ 2^^ ^ 

_^ cosh y (X — 0-) — cos -r- 

8. If ^=0 when y = or ft and a-< — //, J'=l when y = or h 
and — a<aj<a, and F=0 when 2/ = ^ or ft and u->a 

• 1 ^(^' — ^) -1 ^('^ + ^) 
smh — ^— r ^ sinh —^ 

r= - Itan-i h tan- ^ ' | • 

TT L . TT// . TT// J 

Sm -7^ Sill -r- 

ft ft 

9. If F=0 when // = or ft and x< — a, F==l when y = and 
— a<ar<a, F'=0 when y = or ft and a:>a, and F'= — 1 when 
y = ft and — aK.xK.a 



V 



= i [tan-* 5 + tan-> ^— 1 

TT L TT// Try J 



Try ^ Try 

tan -7^ tan -7^ 

ft ft 



10. A system conjugate to that of Ex. 9 is ^=+00 when y ^ or ft 
and x = — a, F= — 00 when y = or ft and .r = (/. In this case 

sin»^ + sinh«^^^^ 

F=: A. log ^! ^— . 

2Tr . aTT// . ^^Tr(a +x) 

sm^ "V" + sinh* ^ . — ' 
ft ft 

49. Let us take now a problem in the flow of heat. Suppose we have an 
infinite solid in which heat flows only in one direction, and that at the start the 
temperature of each point of the solid is given. Let it l)e required to find the 
temperature of any point of the solid at the end of the time t. 

Here we have to solve the equation 

D,u = aW^*u (1) 

fv'. Art. 1 (11)] subject to the condition 

u=f(x) when ^ = 0. (2) 
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As the equation (1) is linear with constant coefficients we can get a particu- 
lar solution by the device used in Arts. 7 and 8. 
Let w = c^'+" and substitute in (1). We get 

P = a V 

as the only relation which need hold between p and a. 

Hence u = e-*+ -^ = e"»^ e" (3) 

is a solution of (1) no matter what value is given to a. 
To get a trigonometric form replace ahj ai. 

Then tt = e-^*«e*». 

If in (3) we replace a by — ai we get 

As in Arts. 7 and 8 we get from these values 

u = e"****^ sin ax and u = e~""^ cos ax 

as particular solutions of (1), a being wholly unrestricted. 

From these values we wish to build up a value of u which shall reduce to 
f(x) when t = and shall still be a solution of (1). 

We have f(x) = 1 Cda Cf(\) cos a(X — x).d\ (4) 

— OD 

V. Art. 32 (3), and by proceeding as in Art. 44 we get 



00 * 



u = ^da Ce-'^'fQC) cos a(X — x).dK (5) 



_ 



00 



as our required value of u. 

This can be considerably simplified. 
Changing the order of integration 



OD 00 

w = 1 Cf(K)d\ Ce-"^ cos a(X — x).da . (6) 

— 00 
00 

fe- '^^ cos a(\-'x).da = l-Jl. e' ^^^ (7) 





by the formula 



00 



__\/^ _J^ 



fe-'^ cos bx.dx = ^ e-^ [Int. Cal. Art. 94 (2)] 





OD 



Hence 



«=i;bP<^>'^^'^- ('> 
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Let now B = jr , 

2a>ft 

then X = as + 2ayftP 



and u = ^Ca^ + 2a^tp)^^dp. 



(9) 



EXAMPLES. 



1. Let the solid be of infinite extent and let the temperature be equal tc a 
constant e at the time f = . 



2c. 



Then u = 4=(^^^P = ^S"^'^^^ ^ *' 



V. Int CaL Art. 92 (2). 

2. Let u=zx when ^ = 0. 



X 

Then ^ ~ 7= A^ + 2a>ftp)e-'^dp = a. 

" — » 



3. Let tts=aj* when ^ = 0. 

Then w = x« + 2a«^. 

4. Let w = if x< — hf w=l if — 6<a:<ft, and w = if x>^, 
when ^ = 0. 

Then 

6-aF 

5. Let w = if 35 <0 and t«s=sl if x>0 when ^ = 0. 
Then 

X X 

jp 

^1 1 r a a^ g* x' "I 

2 "^ V^ L2av^ S,{2a^ty 5,2 \(2as[ty 7.3 :(2a>//;^ J ' 

6. An iron slab 10 c. m. thick is placed between and in contact with two 
very thick iron slabs. The initial temperature of the middle slab is 100®, and 
of each of the outer slabs 0°. Required the temperature of a ])oint in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given a« = 0.186 in C.G.S. units. ^n«., 2r.6. 
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7. Two very thick iron slabs one of which is at the temperature 0** and the 
other at the temperature 100° throughout are placed together face to face. 
Find the temperature of each slab 10 c. m. from their common face fifteen 
minutes after they have been placed together. Ans., 70^.8, 29^.2. 

8. Find a particular solution of DfU = (ju^D^u-- on the assumption that it 
is of the form u = T,X where jT is a function of t alone and JT is a function 
of X alone. 

50. If our solid has one plane face which is kept at the constant tem- 
perature zero, and we start with any given distribution of heat, the problem is 
somewhat modified. 

Take the origin of coordinates in the plane face. Then we have as before 

the equation 

D,u = aW^Uy (1) 

but our conditions are 

w = when x=.0 (2) 

u=f(x) " ^ = 6 (3) 

and we are concerned only with positive values of x. 
We may then use the form (4) Art. 32 



00 



f(x) =— ( da J y(A) sin ax sin a\,€lX,, (4) 



and proceeding as in the last section we get 



00 



M = - P^a re-«^/(A) sin aa; sin aX.dX . (6) 



as our required solution. This may be reduced considerably. 



* • 



u = - Cf(\)dk Ce"^' [cos a{\ — a;) — cos a(X + «)]*», 



00 

or u= ._?_ r/(X)(e-n^- e-^^)d\ ' (6) 

2a)h^V 
by (7) Art. 49, and this may be reduced to the form 



u 



QC 00 

= ;^[/«~ V(a; + 2ayft.p)dfi -f<rff{- x + 2ayft.P)df\ . (7) 



X X 



EXAMPLES. 

1. Let the initial temperature be constant and equal to c. 
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Then 



"=^[/"'''^-/^"'''^] 






2c 



-s/--"'^ 



_2c^r__x aj» -* -' 



5.2 .V2tf \/"^^* 7.3 .V2aAA#V J ' 



V^L2rtV^ 3.(2aV^)» 5.2!(2tfv/"^)* 7.3!(2av^0' 

2. AssTiming that the earth was originally at the temperature 7000° Fahren- 
heit throughout, and that the surface was kept at the constant temperature 0°, 
find (1) the temperature 10 miles below the surface 10,000,000 years after the 
cooling began; (2) the temperature 1 mile below the surface at the same 
epoch; (3) the temperature 10 miles below the surface 100,000,000 years after 
the cooling began; (4) the temperature 1 mile below the surface at the same 
epoch; (5) the rate at which the temperature was increasing with the distance 
from the surface at each point at each epoch. 

Neglect the convexity of the earth's surface and take Sir Wm. Thomson's 
value of a^ (400) the foot, the Fahrenheit degree, and the year being taken as 
units. (Thomson and Tait's Nat. Phil. Vol. II. Appendix.) 

Am., (1) 3114°; (2) 329°.5; (3) 1036°; (4) 103°; (o) 1° for every 20 feet, 3° 
for every 50 feet, 1° for every 50 feet, 1° for every 50 feet. 

3. Let the initial temperature be constant and equal to — h, then by Ex. 1 



4. Let the temperature of the plane face be h instead of zero, and let the 
initial temperature be zero. 

Then we have only to add h to the second member of the solution in Ex. 3, 
as we may since w = ^ is a solution of (1) Art. 49, and we get 



5. Let u = b when x = and u=f(x) when ^ = 0. 
Then 



X 



iWi « ^(A-x)' _ (A + x)« 



' 

by (6) Art. 50. 
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6. Let u = b when x = and u = e when ^ = 0. 

Then u=:b+ (c — b) j=^ Cer^dfi. 

7. If the earth has been cooling for 200,000,000 years from a uniform tern 
peratnre, prove that the rate of cooling is greatest at a depth of about 76 
miles, and that at a depth of about 130 miles the rate of cooling has reached 
its maximum value for all time. Let a* = 400. 

8. Show that if the plane face of the solid considered in Art. 50 instead of 
being kept at temperature zero is impervious to heat 

j-rjf(^X^ "^ +e "^ )dX. V. (6) Art, 50. 

51. K the temperature of the plane face of the solid described in Art. 50 
is a given function of the time and the initial temperature is zero, the solution 
of the problem can be obtained by a very ingenious method due to Riemann. 

Here we have to solve the equation 

D,u=:aWiu * (1) 

subject to the conditions 



2a>flrW 



u = F(t) when a; = 
tt = 



hen 05 = i 

" e = o.> 



We know that 



2 



is a solution of (1), v. Ex. 1 Art. 50. It is easily shown that 

X 

« = ^ferl^dfi, (3 



where c is any constant, is a solution of (1). 
For 

Dj,u = -= . e 

S'rr2aSt — c 

Vtt 2a^t^^c 4«'(^ - c) 2aV^ 

and D,u = a^D^u. 



Chap. IY.] TEMPBSAXUBE OF FAGB A FUNCTION OF THE TOIB. 87 

Let ^(x, ^) be a function of x and t which shall be equal to zero if ^ is 
negative and shall be equal to 

O 

si 



' - if^"^ 



if f is equal to or greater than zero; so that if os^O i^(x,t)=il and if 

We shall now attack the following problem, to solve equation (1) subject to 
the conditions 

M = if t = 

u=^F(0) « x = and 0<f<T 

m = JP'(A:t)« x = « A:t<^<(A; + 1)t, 

where k is any whole number and r is any arbitrarily chosen interval of time. 
If we form the value 

u = F(kT)lif>(x, t—kr) — 4^(x, t—(k + 1)t)] (4) 

u will satisfy equation (1) since zero, unity and 



are values of u which satisfy (1). u will be zero if tK.hr by the definition 
of the function 4^(x,t)\ if a; = w = if t>(k'\'l)r and u^^FQcr) if 
kT<t<(k + l)r. 
Therefore 

ifc-OD 

« = 2) F(kr) [<^(a;, e — A;t) — ^(x, t—Qc^ 1)t)] (5) 

4r-0 

is the solution of the problem stated above. 

(5) can be simplified somewhat from the consideration that for a given value 
of t ^(x, t — kr) =0 if A:t > ^. If, then, nr is the greatest whole multiple 
of T not exceeding t, 

it-. 

w = 2) F(kT)l^{x,t-kr) - 4,{x, t-{k + 1)t)]. (6) 

If now we decrease r indefinitely the limiting form of (6) will be the solu- 
tion of the problem stated at the beginning of this article. 

(6) may be written 
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aud if T is indefinitely decreased the limiting form of (7) is 

t 
M = — C F(\)Di,ifi(x,t — \)dK . (8) 



Since t — X is positive between the limits of integration 



9 



4,(x,t - X) = 1 - -^ fe-f^dfi, 







8 



and A*(a:,^"-A)=--^e "^^ ^^t-k) i; 

2aV7r 

and (8) may be written 



u^-^^F(\)e '^'-^'\t^xfldk, (9) 





X 



or if we let fi = 



2aV^ — A 



• = if'-'^('-4^)*- <'•" 



_ X 

8a^ 



EXAMPLES. 
1. If u = nt when a!; = and m=0 when ^ = 

X 



-!?5^^^^-=. 



6 

TT 





2. A thick iron slab is at the temperature zero throughout, one of its plane 
faces is then kept at the temperature 100® Centigrade for 5 minutes, then at 
the temperature zero for the next 5 minutes, then at the temperature 100® for 
the next 5 minutes, and then at the temperature zero. Required the tem- 
perature of a point in the slab 5 cm. from the face at the expiration of 18 
minutes. Given; a* = .185. -4n«., 20M. 

3. If u = F(t) when x = and u =f(x) when ^ = , tiien 

X 

V. (6) Art. 60. 
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4. If in Art. (51) F(t) is a periodic function of the time of period T it can 
be expressed by a Fourier's series of the form 



m = ac 



1 . 0-_ 

F(t) = ;; ^0 + X [^»» ^"^ '^^^ "I" ^"» ^^^ ^'"^^^ ' where a = — , 



Msl 



MSB 00 



or F{t) = 2 ^0 + 2) />m sin (wa^ + \J , 

where p^ cos A^ ^ «« and p^ sin \^ = ^^ . v. Art. 31 Ex. 3. 

Show that with this value of F(t) (10) Art 51 becomes 

00 BI = OD OC 

X Mmi 1 X 



30 

2 



— cos (mat + K)f^'~ ^ sin ^^ dp'^ 



and that as t increases u approaches the value 



w = i> *o + X Pm «" « ^'f sin (mat — ^ \/^ + O • 
Given that 

00 

Ce"^ sin - e/x = -^ «^^* 8in^V2 ; j e-'* cos -^dx = -^ e"*^* cos ^ V2, 

V. Biemann, Lin, par, dif, gl, § 54. 

5. If we are dealing with a bar of small cross-section where the heat not 
only flows along the bar but at the same time escapes at the surface of the 
bar into air at the temperature zero we have to solve the differential 
equation 

2),w = aW^u — b^u . V. Fourier, Heat § iOiJ. 

Show that for this case 

M = «-(*• + *'^>* sin ax and // = /?- ^ + "**'>' cos ax 
are particular solutions, and that if n =f(j') when ^ = 

00 00 

« = 1-^ Ce--^f(k)d\ = fl^' Ce-^f(x + 2a>ft.p)dfi . 



— 00 



ef. (8) and (9) Art. 49. 
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If M = when a; = and u=^f(x) when ^ = 

00 OD 

u = ^' [ J'e-^/(« + 2a^t.p)dfi -fe-P'/(— x + 2a'{t.p)dp\, 

of. (7) Art. 50. 

If M = — e~7 when ^ = and tt = when a; = 

00 00 






X * 



and if u = l when a: ^ and w = when ^ = we have only to add 
e" 7 to the second member of the last equation, since u = e""ir satisfies the 
equation 

•If u = F(t) when 05^0 and u = when ^ = we can employ the 
method of Art. 51. 

X - X 

_3 

and u = ~=C(t-X)~l^'^'-*^>-^;^zX)F(X)dK, 



cf. (9) Art. 51, 



or u 



2 /• - Ma* / X* \ 



X 

2oV^r 



cf. (10) Art. 51. 

If F(f) is periodic and has the value taken in Ex. 4, show that the value 
approached by w as ^ increases is 



HlBOO 






u = ^boe-a+2^p„,e'' ia^sini mat — — q + \„,) 



where p^(b^-\->Jb^-\-vi'a^)^ and y = (— ^»* + V<^* + w'o*)* • 
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Given I ef"**-5rfaj = -^ e"*" 









and 
where 



ef"**- ;s cos — J cia; = — e"*' cos 2rf , 



c = ^(a« + Va* + ft*)* and rf = ^ (— «»+ Va* + ^*)*. 



Angstrom's method of determining the conductivity of a metal is based on 
the result just given (v. Phil. Mag. Feb. 1863), and is described by Sir Wm. 
Thomson (Encyc. Brit. Article " Heat ") as by far the best that has yet been 
devised. 

52. If u is a periodic function of the time when a; = as in Art. 51 Ex. 4 
and we are concerned with the limiting value approached by w as ^ increases 
we can avoid evaluating a complicated definite integral if we take the following 
course. 

Since as we have seen in Art. 49 m ^ e^+«* is a solution of 

D,u = aW*u (1) 

provided only that fiz=a^a* we have 

as a solution. 

Replacing fihj ±fii this becomes 

^ — ^^PH^lVp^rTi 
or t« = e*^'**^>^<^**> 

since ^i = ±^)/2 (1 +{) 

and V^"=±^\/2(l — i). 

Hence 

« = ^?^.8in(^-^Vi)' « = e-a^?co8(^-^^), (2) 

« = ei^,8m(^ + 5^|), « = elV^,co8(^* + ^^|), (3) 

are particular solutions of (1). 
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From these we get readily 

^* = pm «"" ^ sin [mat — ^\^ + Kn) (4) 

as a solution. (4) reduces to 

u = p^ sin (wa^ + \i») when x = 

and to «=pm^'"« asin/X^ \—-) ^^®^ ^ = 0. 

If we add a term which satisfies (1) and which is equal to zero when x = (\ 

and to — p„, ^~a ^^' s"M A„, — - -v/^ j when t = (v. Art. 50) we shall 

have a solution of (1) which is zero when t^O and which is 

n^ sin (mat + A^) when x = 0. 

The term in question approaches zero as f increases [v. (7) Art. 50] and we 
have at once the solution given in Art. 51 Ex. 4, as our required result. 

EXAMPLE. 

Show that u = eP'-*-"^ is a solution of DtH = aW^u — b*u if p = nW—b^ 
and hence that 



u = e 
where 



av'2 sin ( fif ± -^ ) , and M = e*^cos (^± -^) 



7> = [V/J^HM* + ^^']* and q = [y^+T^'-b^i, 
are solutions. Hence 



" = /Om''";y.s"^(/^^-;^ + M 



V2 
is a solution. 

If )3 = 7//a til is last result reduces to h = p^ sin (tfiat + A^) when y = 

and by the reasoning of Art. 52 it nnist be the value u approaches as t increases 

if we have the same conditions as in the last part of Art. 51 Ex. 5. 

53. The whole problem of the flow of heat is treated by Sir William Thom- 
son (v. Math, and Phys. Papers, Vol. II), and other recent writers from a dif- 
ferent and decidedly interesting point of view, which we shall briefly sketch 
in connection with the problem of Linear Flow, 

Suppose we are dealing with a bar having a small cross-section and an adia- 
thermanous surface, and take as our unit of heat the amount required to raise by 
a unit the temperature of a unit of length of the bar. If at a \iomt of the bar a 
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quantity Q of heat is suddenly generated the point is called an instantarieous 
hent source of strength Q. 

If the heat instead of being suddenly generated is generated gradually and 
at a rate that would give Q units of heat per unit of time the point is called a 
2)ermanent hent source of strength Q. 

The teuii)erature at any point of the bar at any time due to an instantaneous 
source of strength Q at the point x = k is easily found by the aid of formula 
(8) Art. 49 as follows: — 

If a quantity of heat Q is suddenly generated along the portion of the bar 
from x = X to a- = X + ^^' where AX is any arbitrary length, the tem- 

l>erature of that portion will be suddenly raised to --^, and we shall have by 
(8) Art. 49 

A + AA 

e~ i;^ d\ (1) 




as the temperature of any point of the bar at any time t thereafter. 

If now we write u equal to the limiting value approached by the second 
member of (1) as AX is made to approach zero we get 

Q (A-x)« 

as the solution for the case where we have an instantaneous source at the 
point a; = X . 

It is to be observed that in (2) u = when t^=0 and u = — 7= 

^ 2n)/7rt 

when .r = X and ^^O. 

If we have several sources we liave only to add the temperatures due to the 
sei)arate sources. 

Formula (8) Art. 49 may now be regarded as the solution for the case where 
we start with an instantaneous heat source of strength f(k)dX in every 
element of length of the bar. 

A source of strength — (? is called a sink of strength Q] and (6) Ai*t. 50 
may be regarded as the solution for the case where we have at the start an 
instantaneous source of strength f(\)d\ in every element of the bar whose dis- 
tance to the right of the origin is X , and an instantaneous sink of strength 
/(X)^/X in every element of the bar whose distance to the left of the origin is X. 

If we have an instantaneous source at the origin (2) reduces to 

2a>h7t 
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For a permanent source of constant strength Q at the origin (3) gives 
and for a permanent source of variable strength f(t) 



u = — ^ re-i5(73;) {t — r)'kf(r)dr . 



(5) 



In (4) and (5) u obviously reduces to zero when ^ = and a: > 0, but its 
value when a = is not easily determined. We can avoid the difficulty by 
introducing the conception of a doublet, 

54. If a source and a sink of equal strength Q are made to approach each 
other while Q multiplied by their distance apart is kept equal to a constant P 
the limiting state of things is said to be due to a doublet of strength P whose 
axis is tangent to the line of approach and points from sink to source. A 
doublet of strength — F differs from a doublet of strength P only in that its 
axis has the opposite direction. 

Let us find the temperature due to an instantaneous doublet of strength P 
placed at the origin. For a source of strength Q at x=^rj and an equal sink 
at x = — rf we have 



or if 2riQ = P, 



U ■==. (e 4a»t e AoM ) 9 



w = -=e 4ast (eta«< — e %m) 

4:arfy7rt 



= - — 7= e 4aif Sinn r^ . 
2arffjrt 2a»^ 

If 77 is made to approach zero 

limit[isinh^]=2|^, 

A PX a* 

ana u = ■==^ e~ ;5< fl) 

4aV^ ^ 

is the solution for the temperature at any time and place due to an instantane- 
ous doublet of strength P placed at the origin. For a doublet at any other 
point X ^ X we have 

P(X — X) (t-A)« ^. 

4aV^ 
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For a permanent doublet of constant strength P placed at the origin we 

have 

t 

Px /• ^ —2. 



and for a permanent doublet of variable strength f(t) 

e-;?J^j {t - r)-*/(r)dr , (4) 



X /• 

M= — T= I i 



00 



or 



'-wJ'^'fk-m'^ ' <'^ 






if x>Oj and 



— 00 



« = a-^/^"M'-4^>^ <'> 



X 



if a;<0, ifwelet Q = - , 

From (5) and (6) we see readily that w = when ^ = and that 

f(t) 
u = Tpj when 05 = if we approach the origin from the right and that 

n = — -^ when a = if we approach the origin from the left. 

If the point a; = is kept at the constant temperature h and we are con- 
cerned only with positive values of x we can get from (5) the solution given in 
Art. 50 Ex. 4 by supposing a permanent doublet of strength 2a^b placed at 
the origin. 

To solve the problem treated in Art. 51 we have only to suppose a permanent 
doublet of strength 2a*F(t) placed at x = and from (5) we get at once 
(10) Art. 51. 

EXAMPLE. 

Show that if 2),m = aW^u — b*u and an instantaneous source of strength 
Q is placed at x = X 

u = V" er^-^^^T^ V. Art. 51, Ex. 5. 

2ay7rt 

Show that if an instantaneous doublet of strength P is placed at the point 
x = 



Px 



4aV^ 



— w<— 



j« 



W = — r7==«" iSJ 
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if a permanent doublet of strength f({) is placed at a; asO 

< 

« = 7^ re-«'-->-i5^, (t - r)-i/(r)dr 
4rf*V7r«/ 



u 

±oe. 






2a^ 



/TO 

whence w = when ^ = and a:>0 or x<,0 and v = ±'^M 



2^/^ 



when 



x = 0. 

Hence if we place at x = a permanent doublet of strength 2a^F(t) we 
get the solution given in Art. 51 Ex. 5 for the case where v = F(t) when 
ar = and u = when f = provided we are concerned only with positive 
values of x . 

If F(t) = c this reduces to 

\7rJ 

X 

55. As another example of the use of Fourier's Integral we shall consider 
the transmission of a disturbance along a stretched elastic string. 

Suppose we have a stretched elastic string so long that we need not consider 
what happens at its ends, that is so long that we may treat its length as 
infinite. Let the string be initially distorted into some given form and then 
released ; to investigate its subset^uent motion. 

Let us take the position of equilibrium of the string as the axis of X and 
any given point as origin. 

We have, then, to solve the differential equation 

l)f,f = a^Dly (1) 

[v. (viii) Art. 1] subject to the conditions 

// =f{r) when ^ = (2) 

D,i/ = " t = 0. (3) 

As in Art. 8 we find 

// == cos a(x± at) and t/ = sin a(x±(U') 

as particular scdutions of (1). 

From these we nuist buihl up a value that will reduce to 

f(^) = - p^« ff(^) cos a(\ — x).d\ (4) 

-» 
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when ^ ^ and will at the same time satisfy (3). 

y = cos a\ cos a(x + cU) + sin aX sin a(x + €t£) 
or y = cos a(\ — x — at) 

is a solution of (1). 

Hence y = — j c?a j /(X) cos a(X — x — at),dX (5) 

is also a solution of (1). 

(5) reduces to y =f(x) when ^ = but it gives 



00 



Dty= — j ada j /(X) sin a(X — a5).rfX 

—00 ^ 

when t=0 and consequently does not satisfy equation (3). 

If in forming (5) we use cos a(x — cU) and sin a(x — at) instead of 
cos a(x']- at) and sin a(x + at) we get 



00 00 



y = — { dai /(X) cos a(X — ar + at).d\ (6) 

which is a solution of (1), and reduces to y =f(^) when ^ = , but it gives 

OD 00 

D^y=^^ Coda Cf{\) sin a (X — x),d\ 

— OD 

when ^ = and does not satisfy (3). 

If, however, we take one-half the sum of the values of y in (5) and (6) we 
get 



00 OD 



y = ^ — i da j /(X) cos a(X — x — at).d\ 



-00 

0» 00 



'{'-CdaCf{\)QO^a{\'-X'\-at).dk\, (7) 

_x 

a solution of (1) which satisfies both (2) and (3), and, is, therefore, our required 
solution. 

This result can be very much simplified. 

If we substitute « = a? + a^ 



00 00 

— i da j /(X) COS a(X — x — at),d\ 



—00 

OS 00 



= — J rfa I /(X) cos a(X — z).dX, =/(«) =/(aJ + a^ > 



_. 
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and in like manner we can show tkat 

» OD 

— ( da J /(A) cos a(A — a; + at),d\ =^f(x — erf) . 
Hence our solution becomes 

y=^[/(^ + «^)+/(^-«0]. (8) 

This result is of great importance in the theory of elastic strings and it 
shows that the initial disturbance splits into two equal waves which run along 
the string, one to the right and the other to the left, with a uniform velocity a, 
and that there is nothing like a periodic motion or vibration of any sort imless 
the ends of the string produce some effect. 

56. If the string is not initially distorted but starts from its position of 
equilibrium with a given initial velocity impressed upon each point we have to 
solve the equation 

D}y = a^Diy (1) 

subject to the conditions 

y = when ^ = (2) 

D^y = F(x)'' t = 0. (3) 

We get by the process used in Art. 55 



X 00 



= _i_P^(X)dxJ[^-i2^i^^^±^ - 8m«(X-x-a<) -j^ . 



OD 



but r sin a(k-x + at) ^^ Tsin a(X-x-at) ^^_„ 

if X — at<X<ix-\-at, and is equal to zero for all other values of X; since 






Sin mx , TT 



di= ^ifin>0 

X ^ 



= -^ if m<0 



= if m=0. 



V. Int. Cal. Art. 92 (3). 

Hence 
is our required solution. 



x + a< 



y=.^/^(^)''^ (*) 



x—at 
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EXAMPLES. 

1. If the string is initially distorted and starts with initial velocity so that 
f=f(x) and J),y = F(x) when ^ = 

x-f af 

y = 1 1/(* + at) +f(x - «<)] + i;,fn^)<i^ • 

X — of 

2. If the initial disturbance is caused by a blow, as from the hammer in a 

)iano, which impresses upon all the points in a portion of the string of length 

; an equal transverse velocity b show that the front of the wave which will be 

leen to run to the left along the string will be a straight line having a slope 

b c J 

jqual to ^ and a length equal to ^ \4a^ + ^* • Of course a wave having 

i front of the same length with a slope equal to — — will be seen to run to 

;he right along the string, and the effect of the two waves will be to lift the 

be 
string bodily and permanently to a distance ^ above its original position. 

57. We shall now take up a few examples of the use of Fourier's Series. 
In the problem of Art. 7 let the temperature of the base of the plate be a 
riven function of x, the other conditions remaining unchanged. 



m = * 



Since f(x) ^= ^ (a^ sin mx) 






vhere ««• = - P'C^) ^^^ ma.da 

TT*/ 



aiBoo 



«re have <* = "• i/ ^""**' sin mx i f(a) sin ma.da , (1) 

ms 1 



If the breadth of the plate is a instead of ir 



niBOD 



msl "^ 

58. If the temperature of the base is unity and the breadth of the plate is 
T the solution is, as we have seen in Art. 7, 

w ^ — e~' sin x + « ^~ ^ si^ 3a; + ^ ^'^^ sin 5ic + ' * ' . (1) 

This series can be summed without difficulty. We have the development 

« ■ 

l°«(l + *) = l-2 + 3-4+--- 
f the modulus of z is less than 1. Int. Cal. Art. 221 (4). 
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Hence log (1 — «) = — ^ — ^ — -^ — ;j • 

if mod. « < 1 . 

and lr^og(l+z)-log(l-z)] = \+^ + f+--' (2) 

if mod. « < 1 . 
But 

log (!+«) = log [1 + ^(cos <l>+ i sin <^) J 

= I log [(1 + r cos <l>r + (r sin *)«] + 1 tan-» j^^^^ 

= ^log(l+2rcos^+r') + »-tan-^ l^"°^t» > 
log (1 -^) = ilog(l-2rcos ,^ + r^ - e tan"' ^ ^'^^ , 



and 



[Int. Cal. Art 33 (2)], 
and (2) becomes 

iri, l + 2rcos<^ + »^ , .X ,2r8in<^"| 
2L2^"^ l-2rcos<^ + r^ + ^^^^ T:^J 

r(cos <^ + * sin <^) , r*(co8 3^ + i sin 3^) _. «. 

= -^ J 1 — 3 r • • • (^/ 

From (3) we get two equations 

1 1 + 2r cos <^ + r^ r cos <^ , r* cos 3<^ , r* cos 5^ , ..s 

4 ^^l-2rcos<^ + ^'~~l^ ^ 3 ^ 5 "*" ' " ^^ 

l.^^-i 2rsin<^ _ rsin<^ r«sin3<^ r^sin5<^ ,, .gx 

both valid for all values of <^ provided r < 1 . 
c *' is less than 1 if y is positive. 
Hence from (5) 

e" " sin .r , f»- ^ sin Sx , e" '^ sin 6aj , 1 ^ , 2e~^ sin a 

— j— + — 3— + —5 + --- = 2*»" T37^ 

1 ^ , 2 sin ic 1 ^ , sin « 
= - tan- * — = H tan- * . , , 

2 «•' — «" 2 smhy 



and (1) may be written 



2^ , smx ,/.>^ 

tt = -tan-^ T^r- . W 

TT sinh y 
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If we replace r by e"" and <^ by a in 

log [1 + r(cos <^ + t sin <^) J 

it becomes log [1 + e~^ cos x + / «"" sin x\ 

or log [1 4" cos z + i sin z\ 

V. Int. Cal. Art 35 (3) and (4) 
a function of « as a whole; and 

log [1 — r(cos <^ + * sin ^)] 

becomes log (1 — cos z — i sin z) \ 

hence by Int Cal. Arts. 212 and 213, 

1- 1 + 26"" cos X + e"*" - 1, ,2«"''8ina5 

4 ^ 1 — 26"" COS a: + «"^ 2 1 — e"*' 

1 - cosh y + oos ir , 1 ^ , sin x 

or 7 log — r-= and - tan"^ . , 

4 cosh y — cos X 2 sinh y 

are conjugate fonctions, and 

1 , cosh y 4- cos x ' ,„\ 

wi = - log — r-^^-^ (7) 

TT cosh y — cos X 

is the solution for the problem where the isothermal lines are the lines of flow 
of the present problem and the lines of flow are the isothermal lines of the 
present problem. 
For our problem, then, tha isothermal lines are given by the equation 

2 ^ , sin x 

-* tan~* -:— ; — = a 

IT smh ij 

sin X ^ air ,qx 

or . , = tan -jr- (o; 

sinhy 2 

and the lines of flow by 

1 , cosh y + cos X . 

-log — TT-^ = *» 

IT cosh y — cos X 

cosh y + cos X ^ ^v 

or — TT^-^ = e»» . (9) 

cosh y — cos X 

EXAMPLES. 

1. If D*u + I>*u ^ , and u^=l when y ^ , and u^Q when 
x^O and when x r= a , 

4 r ar . ^^05 ,1 tmv , Stht ,1 «a • •'>'^-^ ■ T 
u = -- e-tsin — +-erYsm--- + ^d-Tsin-— H 

o sin-- 

-tan-» 



^ sinh^ 
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2. If uas^x) when y = 0, u=/(y) when x^^O, and u^F{y) 
when X s= a 



- V^ 221 . mine /• , ,^ V . HMTA ^ 

= - J^c^ r sin I ^(X) Bin dX 



1 • 



H-^sm^^rr ?^ ^^ "1aa)a 

• cosh — (A — y) — cos — cosh— (X + y) — cos — ^ 

a a a a 

+ :l8m^fr ^ ^ >(X)<fil 

• "-cosh- (X — y) + 008 — cosh— fX+y) + C08 — 

Y. Art 48, £x8. 4, 5, and 6. 

59. . If three sides of a plane rectangular sheet of conducting material be 
kept at potential zero smd the value of the potential function at every point of 
the fourth side be given; to find the value of this potential function at any 
point of the sheet 

To formulate: — 

D;r+D,n =o. (i) 

r=0 when * = 0. (2) 

r=0 « x = a. (3) 

r=0 « y = *. (4) 

r=/\xX« y = 0. (5) 
Working as in Art 48 we get 

MW 

sinh {b — y) 

— T sin 

smh 



a 



as a value of T which satisfies equations (^1\ (^2), {3\ and (4) if m is an integer. 
Therefore 

'•-:,S[ ." ^• 'i-^fa)^'^^] («) 



^ . I siuh 



is our rtHiuirtnl solutii>u. 



Chap. IV.] EECT ANGULAR PLATE. 10& 

EXAMPLES. 

1. If /(«) = 1 Eq. (6) Art. 59 reduces to 

. ^sinh " (h — y) ^ sinh — (h'-y) « 

r=- 1 sin ho 5—7 — sin 

TT L . , TTO a 3 . , OTTO a 

Sinn — smh 

a a 

+ 5 .^M ""^— + -J 

smh "^ 

a 

2. If V=0 when a; = 0, r=0 when x = ay V=0 when y = 0, 
nnd V^F(x) when y^b, then 

. - miry 
mx» Sinn « ^ 

V= - 2^ r sin I FCk) sin dX . 

a -^ I . 1 W7r6 a J ^ ' a J 

■•-1 sinh 

a 

3. If F{x) = 1 the answer of Ex. 2 reduces to 

- —sinh — ^ sinh — ^ _ ^ sinh — ^ ^ _ 

__ 4 r a . TTX ,1 a . otto; ,1 a . ottx , | 

r= — r sm ho 5~T sin h f ?~1 sin . 

smh — sinh sinh 

1 , a a 

4. If r=0 when x = 0, r=0 when x = a, F=/(ic) when y = 0, 
and V=F(x) when y=-h^ then 

*-•_ sinh — C6 — v) « 



sinh 

a 



. , miry 
sinh ^ « 



+-^/'«-'»=f*)]- 



sinh 

a 



5. If /(a?) = F{x) the answer of Ex. 4 reduces to 



....cosh — (l-yj _ 



■I- 1 cosh _ — 
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6. If f(x) := F{jr) = 1 the answer of Ex. 5 reduces to 

^ 4 r ""'^^ g (2 ~ ■^) . TTx. i ^"-^''t(2--0 ,,13^ 

cosh 7— cosJi —7— 

2a — - Zfi 



eosh^^d^y) ^ 

+5" — riw^^''^~+"j- 



7. If F=/(a?) when y = 0, V=^F(x) when y = ^, V=^(y) when 
a: = 0, and V=xO/) when a* = a, then 

^=a^L^^" — ( .,..^^ J/(X)8in — dX 



sinh 

a 



smh " 



+ -^/^«"»=7^**)] 



sinh 

a 



mir 



sinh -r- Ca — r) X 

u_ - V . , 7/i7ra * J 

"•-1 smh — :— 






. , mirx ^ 
smh — : — * 



smh — ; — 
o 

8. If /(or) = <^(y) = and F(x) = x(//) = 1 the answer of Ex. 7 may be 
reduced to 

^ 2r7ry si"i'f(i-^) . „ ^ C08h^ (f-x) 

smh 777- cosh -rrr- 

^,inh ^(|-a:) . 3 i eo8h^(|-x) 

— Q n 8m-7^ + 7 J flm— r^ — ••• • 

smh ^- cosli — 



Chap. IV.] FLOW OF HEAT IN A SLAB. 105 

9. Find the temperature of the middle point of a thin square plate whose 
faces are impervious to heat; 1st, when three edges are kept at the tem- 
perature 0® and the fourth edge at the temperature 100°; 2d, when two 
opposite edges are kept at the temperature 0° and the other two at the tem- 
perature 100°; 3d, when two adjacent edges are kept at the temperature 0° 
and the other edges at the temperature l00°. See examples 3, 6, and 8. 

Ans., (1) 25°; (2) 50°; (3) 50^ 

60. Let us pass on to the consideration of the flow of heat in one dimension. 

Suppose that we have an infinite solid with two parallel plane faces whose 
distance apart is c. 

Take the origin in one face and the axis of X perpendicular to the faces. 
Let the initial temperature be any given function of x and let the two faces be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 

D,u = a^D;u (1) 

subject to the conditions 

u = when x = (2) 

u = " x^e (3) 

i,=/(x)« ^ = 0. (4) 

In Art. 49 we have found 

w^e-«***<sin ax 

and u = e-"**** cos ax 

as particular solutions of (1). 

u = e-«**"' sin oa; satisfies (2) whatever value is given to a. It satisfies (3) 

if a = — provided m is an integer. Let us try to build a value of u out of 
c 

terms of the form Ae ^T" sin which shall satisfy (4). 

We have 

i« = - V e^ c4 sm I /(X) sm d\ I , (6) 

reduces to (5) when ^ := and is our required solution. 



106 SOLUTION OF PROBLEMS IN PHYSICS. [Art. 61 - 

EXAMPLES. 

1. If /(X) = 6, a constant, (6) Art. 60 reddxses to 

u = — e — T sin h o ^ ~^ sin f- - e--^" sin • 

ttL c 3 CO c J 

•2. An iron slab 10 cm. thick is placed between and in contact with two 
other iron slabs each 10 cm. thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs 0° throughout. The outer faces 
of the outside slabs are kept at the temperature 0^. Required the temperature 
of a i)oint in the middle of the middle slab fifteen minutes after the slabs have 
been placed in contact. Given a* := 0.186 in C.G.S. units. Ans., 10°.3. 

3. Two iron slabs each 20 cm. thick one of which is at the temperature O*' 
and the other at the temperature 100** throughout, are placed together face to 
fcice, and their outer faces are kept at the temperature 0**. Find the tem- 
perature of a point in their common face and of points 10 cm. from the com- 
mon face fifteen minutes after the slabs have been put together. 

Ans., 22*».8; 15M; 17^2. 

4. One face of an iron slab 40 cm. thick is kept at the temperature O'' and 
the other face «t the temperature lOO'' until the permanent state of tem- 
peratures is set up. £Iaeh face is then kept at the temperature 0**. Required 
the temperature of a jwint in tlie middle of the slab, and of points 10 cm. from 
the faces fifteen minutes after the cooling has begun. 

^iw., 22*^.8; 15^6; 16^7. 

61. If the faces of the slab treated in Art 60 instead of being kept at tlit* 
temperature zero are rendered impervious to heat, the solution of the problem 
is easv. 

In this case we have to solve the equation 

/),« = «*/),«« 
subject to the conditions 

/>,« = when x = 

I>, II = •• X = c 

M=/\x) - f = 0. 

We have only to use the ivtrticular solution 

u^e~*^** i*os €ut 
ms wo usihI m = ^~«**^ sin ax 

in Art, t^\ We get 

- - ; [.\ j /lO^^A +Y( ^^"^ ^^^ '^fM^ ^"f^dx)!. (1) 
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EXAMPLES. 

1. Solve example 2 Art. 60 supposing that the outer surfaces are blanketed 
after t}ie slabs are placed together so that heat can neither enter nor escape. 
Find in {uldition the temperature of the outer surfaces fifteen minutes after 
the slabs are placed in contact Ans,, 33**.3; SS'^.S. 

2. Solve example 3 Art. 60 on the hypothesis just stated, getting in addition 
the temperatures of points on the outer surfaces. 

Atis,, 50°; 33^9; 66M; 27^2; 72^8. 

3. Solve example 4 Art. 60 supposing that heat neither enters nor escapes 
at the outer surfaces after the permanent state of temperatures has been set 
up. Find also the temperatures of points in the outer surfaces. 

Ans., 50^; 39^7; 60^3; 35^5; 64^5. 

4. Show that if u^O when x = 0, 2>,w = when x^=c, and u=f^x) 
when ^ = , 

2"w (9m+iWwH . (2m + iyn^ r.... . (2w + l)7rX ,\ 
u = -X{e ^ sin ^ 27^J -^(^^ '^^ 2c ^V ' 

Suggestion : Assume w = when x = 2c and /(2c — x) =/(x), and see 
(6) Art. 60. 

62. If the temperature of the right-hand face of the slab considered in Art. 
60 is a constant y instead of zero we have only to add to the second member 
of (6) Art. 60 a term Ui which shall satisfy the conditions 

D,u, = ayj^u, (1) 

t^ = when x:=0 (2) 

tti = " ^ = (3) 

Wi = y " x=^c. (4) 

Ml = ^ obviously satisfies (1), (2), and (4) ; to make it satisfy (3; as well 
we must add a term ti^ which shall be equal to zero when a; = and when 
ii = c and to — ^ when ^ = , while always satisfying (1). It is given 
immediately by (6) Art. 60 and is 



msoo c 



w, = — -jVi6~ c» sm IX sin dX) . (5) 



m-l 

e 



/ 



X sin dk = cos mir = (— l)""** ^ — > 

c mir ^ mir 
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IT ^ \ m of 



Hence ^^y^. + -^^L^^ , ^^^-t)! ^ 

If the left-hand face of the slab considered in Art. 60 is to be kept at a 
constant temperature ^ and the right-hand face at the temperature zero wp 
can get the term u^ which must be added to the second member of (6) Art. 6() 
by replacing y by ^ and « by c — a; in (7). We then have 



^Fc — x 2x-^/l nMnh . mirx\~\ 



(8) 



EXAMPLES. 

1. Show that if was/3 when aj = 0, tt = y when x^^c, and u^f(x) 
when <««0 

+ 7A(^ ^ 8in-^J[/(X)-/J]sin-^rfAJ- 

2. Show that if w = ^ when x = 0, ?/ = () wlien ^ = 0, and i>,t/=0 
when aj = <J 

63. If the temperature of the right-hand face of the slab just considered is 
a function of the time instead of a constant and the temperature of the left- 
hand face is zero the problem can be solved by a method nearly identical with 
that of Art. 51. 
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Let fl>(x,t) be a function of x and t which shall be zero if ^ is less than zero 
and shall be equal to 



- + - 2j(^ ^e — ^-sin I 



[v. (7) Art 62] if ^ is equal to or greater than zero. So that 

^(x,^)=0 if ^<0 

<l>(x,t) =0 " ^ := unless x = <j 

^(xJ) = 1 " ^ = and x = c 

ifi(x,t) =0 " X = . 
Precisely as in Art. 61 we get 

u ^ J'^'J V" rF(kr) ^*^^'^ "" ^^^ "" ^^^^^ "" ^^ + ^^""^^"" l (1) 

as the required solution of our problem, n being as in Art. 51 the largest 
integer in - where t is any given value of the time. 

T 

On our hypothesis the last term of (1), that is, — i^(7iT)<^[x,^ — (n + 1)t] = 0; 
the next to the last term F(nT)<l>(x,t — v.t) has for its limiting value 

while as in Art. 51 the limiting value of the rest of the sum is 



— 'Cf(\)D^4,(x, t — \)d\. 










IMsl 

Hence 



Lc TT-^V m c /J 



morl 

msoD I 



f S((- 1)""* «^ ^/^(^> ^" "^ ""*' *^) 



inbI 
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u^-F(t) + - S[^ sm — (Fit) 







^//'(XK^<.-^«ix)]. (2) 



If we substitute p = — -5 — (t — X) we get 



maa 1 • 



(3) 



EXAMPLES. 



1. If the temperature of the left-hand face is a function of t and the tem- 
perature of the right-hand face is zero and the initial temperature is zero 



2. If the temperature of the left-hand face is a function of ty the initial 
temiK'rature is zen>, and the right-hand face is impervious to heat 



8« If in Artsu 60-63 we are dealing with ^ bar of small cross-section and of 
length I* and heat is radiating fivMu the 5urf;uv of the bar into air at the tern- 
^vnUun* ren^ so that />, 11 = «i*/>// — '■*»', <how that: (a) the second mem- 
Ivrs of ^6^ Art. 6i> and (l'^ Art. 61 must be multiplied hj er^; (b) equation 
v^7> Art. 6- UwMues 

I sm h ~ * " V wfLrL-t «»i.^-i I 
4^ — r X ^ - -i- •^•*-.^~ J* > !>• -e ^ gin I > ; 



ll 
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(e) equation (2) Art. 63 becomes 
sinli — «— • 

sinh- «»i 

a 

64. The problem of the motion of a finite stretched elastic string of length 
/ fastened at the ends and distorted at first into some given curve y =/(ar) , 
and then allowed to swing, has been treated and partially solved in Art. 8. 

The complete solution is easily seen to be 

2^^ . mirx ''^'Tat r^.^. . mirk .^ ... 

y = j2^sm -J- cos — y- J /(A) sm —j- dk. (1) 

The second member of (1) is a periodic function of i having the period 

21 

— . The motion, then, unlike that in the case of an infinite string (Art. 55) is 

a true vibration, a periodic motion. The period — is the time it takes a dis- 
turbance to travel twice the length of the string (v. Art. 55). 

A careful examination of (1) will show that the actual motion i^ a good deal 
like that in the case considered in Art. 55, The original disturbance breaks 
up into two waves one of which runs to the right until it reaches the end of 
the string and is then reflected, and runs back to the left or the under side of 
the string, while the other wave runs to the left and is reflected at the left- 
hand end of the string and runs back to the right under the string and is 
again Reflected, runs back to the left over the string and so on indefinitely. 

If the curve into which the string is distorted at the start is of the form 

y = b sin —j- the solution is 

, . mirx mTTot ,^. 

y = b 8in —j- cos — - — • (2) 

No matter what value t may have the curve is always of the form 

. . mirx 
y = ^sin— ^; 

that is, for different values of t we have a set of sine curves differing only in 
the amplitude and not at all in the period of the curve. In this case either 
the whole string if w = 1 , or each mth of the string if m is not equal to 
one, rises and falls, and there is no apparent onward motion. When this is 
the case we are said to have a steady vibration. 
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If m =1 we get steady motion of the string as a whole and if the vibration 
is rapid enough to give a musical note the note is said to be the pure funtl* 
mental note of the string. If ni = 2 the vibration is twice as rapid as when 
?// = 1 , the middle point of the string does not move and is called a node, the 
two halves of the string are in opposite phases of vibration at any instant, and 
the note given is an octave higher than the fundamental note and is called its 
pure Jirat harmonic. 

If Tn = 3 the vibration is three times as rapid as in the first case, there are 

two nodes x = - and a* = ^ , and the note is the pure second harmonic of 

the fundamental note. 

For any value of m the vibration is m times as rapid as when m = 1, there 

I 2/ m — 1 

are 7h — 1 nodes' at the points a;:=— , ar=— ,••• a; = L and we get the 

7n m m 

m — 1st harmonic of the fundamental note. 

It is clear from (1) that no matter what the original form of the string the 
resulting vibration can be regarded as a combination of steady vibrations each 
of which alone would give the fundamental note of the string or one of its 
harmonics, and that the complex note resulting is really a concord of the fun- 
damental note and some of its harmonics. 

A finely trained ear can often recognize in a complex note the fundamental 
note of the string and some of its harmonics and is capable of analyzing a 
complex note into its component pure notes precisely as Fourier's Theorem 
enables us to analyze the complex function representing the initial form of the 
string into the simpler sine-functions which must be combined to form it. 

EXAMPLES. 

• 

1. Show that if a point whose distance from the end of a harp string is 

-th the length of the string is drawn aside by the player's finger to a distance 

b from its position of equilibrium and then released, the form of the vibrating 
string at any instant is given by the equation 



in= » 



2//W* '^ / 1 fftTT . mirx m7raf\ 
y^- 7T-^2^( -5 sin sm -7— cos — r— I- 

^ (n — l)7r^'*^\//r n I If 

Show from this that all the harmonics of the fundamental note of the 
string which correspond to forms of vibration having nodes at the \yovaX 
drawn aside by the finger will be wanting in the complex note actually 
sounded. 
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2. If a stretched string starts from its position of equilibrium^ each of its 
points having a given initial velocity, so that we have 

y = when ^ = 
y = " a: = 

y = " X = l, 

the solution of the problem of its vibration is easy and gives 

Maa OB { 

m-l 

3. Write down the solution for the case where the string is initially dis- 
torted and each point has a given initial velocity. 

65. If we do not neglect the resistance of the air in the problem of the 
vibration of a stretched string the differential equation is rather more compli- 
cated and the solution is not so easily obtained. The equation is given as (ix) 
Art. 1. 

Let us solve the problem for the case where there is no initial velocity. 

Here we have Dfy + '^kD^y = a^D]^y . (1) 

y = when a; = (2) 

y = « x — l (3) 

y^f(x) « ^ = (4) 

l>,y = " ^ = 0. (5) 

We get particular solutions of (1) in the usual way. Assume ^ = 6*"^^' 
and substitute in (1). We have 

as the only necessary relation between fi and a. This gives 



fi=^-'k±>Ja''a'+k^, 



Hence y = gax-A-f±/v^««a« + i^ ^0^ 

is a solution of (1) no matter what the value of a. 

To throw it into Trigonometric form replace a by ai, and since in actual 
problems k, which is proportional to the resistance, is very small, take — 1 
out as a factor of the radical. We have 



U 



= r~*' ^(flUib|V^a*tt» — *«)i^ 
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Since a may be positive or negative we can get 



y = 6~** sin (ax ± t ^a^a^ — A:*) 



and y = e-** cos (ax ± t >la^a^ — A:*) 

as solutions of (1), or by combining these 



y = e-** sin 005 cos t Vtt'a' — ifc* (7) 



y = «»-*< sin ooj sin ^ V^'a* — A:* (^) 

y = tf"** cos oo; cos t ^a^a^ — k^ (9) 



y =r 6-*< COS cwj sin t ^aW — k^ (10) 

(7) and (8) satisfy (1) and (2) for all values of a. They satisfy (3) if 

WITT 

a ^ — . Let us see if out of them we cannot build up a value that will satisfy 
(4) and (5) as well. 

M-l 



M-1 

reduces to (11) when ^ = and therefore satisfies (4). 
A//=-^2/(\~^^ A-«. sin -_ sin ^ ^— ^5 H J /(X) sin -^ i£\ j 



- /;Tr S V^"' T" ''''^ ' V ~?i ^"*J A^) sm -^ rfXJ . (13) 

M- 1 

When ^ = the first line of the second member of (13) Yanishes but the 
seoonil line reduces to 

Wo must, then, introduce into yV2^ an additional term which shall equal zero 
wlion f = and whose derivative with resi>eot to t shall canoel the term above 

w heu .' =i . 



Chap. IY.] YIBBATIOK OF A STBIKO IN A BESI8TING MEDIUM. 115 

This is easily seen to be 



— V-^ — ** ^ 



Hence our complete solution is 



MB 1 



+ -i^^. "" ' V=?^ -*■)»■■ T^/-^*' ".=?*]■(>*) 

Here the fact that 6"**, which decreases rapidly as t increases, is a factor of 
the whole second member shows that the amplitude of the vibration rapidly 
decreases. 

Comparing this solution with that given in Art. 64 for the case where there 
is no resistance we see that the period of any given term 



A sm -y- cos t V — « K* , 

is greater than that of the corresponding term A^ sin —j— cos — -. — in Art. 64. 

In other words the effect of the resistance of the air is to flatten some- 
what each component part of the note given by the string. More than this 
since the periods of the different terms of (14) are no longer exact submultiples 
of the period of the first term, the component notes are no longer in perfect 
harmony with the fundamental note of the string, and the ideal perfect har- 
mony between the fiindamental note and its harmonics is not quite realized in 
any actual case. 

When k is very small, as in the case of a fine string, the departure from 
perfect harmony is very slight; but in the case of a coarse string or worse still 
of an elastic ribbon, where the resistance of the air is considerable, the 
unmusical character of the sound is very noticeable. 

EXAMPLES. 

1. Solve Ex. 1 Art. 64 allowing for the resistance of the air. 

2. Solve Ex. 2 Art. 64 allowing for the resistance of the air; 
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3. Find a particular solution of (1) Art. 65 on the assumption that it is of 
the form y=T.A', where T is a function of t alone and A" a function of x 
alone. 

66. We pass on now to a couple of problems that require the modification 
and extension of Fourier's Theorem, the vooUntj of a sphere in airy and the 
vibration of a stretched rectangular membrane, but as an introduction to the 
former we shall first consider the following very simple problem; to find the 
temperature of any point of a sphere whose initial temperature is any given 
function of r the distance of the point from the centre, and whose surface is 
kept at the constant temperature b. 

Here we are to solve 

A(n/) = a«2>;(m), (1) 

see [v] Art. 1, subject to the conditions 

w=/(r) when / = (2) 

u=^b " r = o (3) 

if r is the radius. 

Let V = ruy then our equations become 

/),r = <i«2>> (4) 

V = rf{r) when < = (5) 

v=zbc " r = c (6) 

r = ** r = 0. (7) 

Our problem is now precisely that of Art. 62 and we have as our solution 



mss X r 



rM = -> ic c* 'sin — ^ i Vv^) S"^ ^) 



M»l 



ms 1 

EXAMPLES. 

1. If f(r) = b (8) Art. 66 reduces to u = b and there is no change of 
temperature. 

2. If the initial temperature is constant and equal to P 

2irr 



, . 2r ^^ ,. r «»»s, . irr 1 4a»ir«, . 
= b-\ (B — f^)\ ^~ — ' sin e- IT" ' SI 



sin — 
e 



. 1 9ahi*, . 37rr "I 
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3. An iron sphere 40 cm. in diameter is heated to the temperature 100® 
ientigrade throughout; its surface is then kept at the constant temperature 0°. 
^'ind the temperature of a point 10 cm. from the centre, and find the tem- 
>eratare of the centre, 15 minutes after cooling has begun. Given a* = 0.185 
n C.G.S. units. Ans., 2^.1; 3**.3. 

67. If instead of having the temperature of the surface of the sphere 
lODStant, the sphere is placed in air which is kept at the constant tem- 
leratore zero, the problem is much more complicated. For in this case the 
inrface temperature can no longer be simply expressed but is given by a new 
lifferential equation 

D^u-}- hu=^0 when r = c , (1) 

vhere h is an experimental constant depending upon what is called the sur- 
ace conductivity of the sphere. 
Our equations, then, are 

Dt(ru) = aW?(ru) (2) 

u=f(r) when t = (3) 

D^u-}- hu = when r ■■ « . (4; 

is in Art. 66 let v^^ru ; then we have 

v^rf{r) when ^ = (6) 

v = " r = (7) 

D^v + ih \v = (i when r = c. (8) 

V = «-•**** cos ar and v =. e~"**'' sin ar have already been found as par- 
icular solutions of (6) (see Art. 60). 

i; = e- *»*•** sin ar (9y 

satisfies (7) for all values of a. 
Substitute this value of v in (8) and we have 

oc cos av + {he — 1) sin ac ^ 0. (10) 

If a^ is a value of a which is a root of the transcendental equation (10) 

t; = e-«S'* sin a^r (11) 

vill satisfy (6), (7), and (8). 

It remains to see whether out of terms of the form given in (11) we can 
)uild up a value of v which will satisfy (6). 
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When ^ = the second member of (11) reduces to sin a^r. If then we 
can express rf(r) as a sum of terms of the form b^ sin a^r where a^ is a root 
of (10) 

V = Vft^e-***** sin a^r (12) 

will satisfy all of the equations (6), (6), (7), and (8), and will be the required 
solution. 

Here, then, we have a new problem analogous to that of developing in a 
Fourier's Series, but rather more complicated, namely, to develop any function 

of a; in a series of the form ^^a^ sin a^x where a,^ is a root of the equation 

(10) ; or if we call ac = <f> and he — 1 =/?, where a^ = —2^, <f>^ being a root 

of the eo nation 

^cos <^+7?sin<^ = (13) 

or more simply of 

«/>+ptan«/> = 0; (14) 

remembering that the series and the function must be equal for all values of x 
between zero and c. 

If Kt>^ is a root of (14) — ^^ is also a root. 

Since sin — a' = — sin f — — xj the terms of the required development 

which correspond to negative roots may be combined with those corresponding 
to positive roots, and therefore we need consider only positive roots. 

<^ = is a root of (14) but as sin = there will be no corresponding 
term in the development. 

If we construct the curve 

y = X no) 

p ^ ' 

and the curve 

y = tan X (16) 

the abscissas of their points of intersection are values of x which satisfy 

- + tan a: = , that is, are roots of equation (14). It is easy to see that 

there will always be an infinite number of real positive roots, one for each of 
the branches of the periodic curve y = tan x which lie to the right of the 
origin. The numerical values of these roots can be obtained by an easy com- 
])utation. The construction suggested above shows that as m increases <t>^ 

will rapidly approach the value (2m -— 1) ^ if i? is X)Ositive or if p is neg*ative 

TT 

and numerically less than unity, and (2m + 1) ^ if /> is negative and numer- 
ieally greater than unity. 
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There exist, then, an infinite number of positive real roots of ^ -{-ptasi ^ ^ 
and consequently of 

flkJ cos ac + (^ — 1) sin im =s . 

68. The development called for in the last article can be obtained very 
easily from a simpler one which we shall now consider, namely, to develop /(«) 
into a series of the 'form 

f(x) = Oj sin ft>iX + a, sin <f>iX + a, sin <^x + " • (1) 

where ^> ^> ^ * " are roots of the equation 

^cos<^+psin<^ = 0, (2) 

the development to hold good for all values of x betweeii a; = and x = l , 
Let us proceed as in Arts. 24 and 27, Call . ^ = Aa? and form n equa- 
tions by substituting for x in turn in the equation 

f(x) = tti sin ^ix -{- a, sin ^s^ + ^h sii^ ^a^ + * * * "4" «n sin ^„fl5 (3) 

the values Ax, 2Aa;, SAx, - - * nAx ; this being equivalent to making the values 
of the sum and the function coincide for the n values of x substituted. 

To determine any coefficient a„ multiply the first equation by Ax. sin (^^Ax), 
the second by Ax. sin (2^^Ax), the third by Ax. sin (3<^^Ax), and so on, the 
nth equation by Ax. sin (n<^^Ax) ; add the equations and compute the limit- 
ing values of the terms of the resulting equation as n is indefinitely increased. 
This as in Art. 24 is seen to be equivalent to multiplying (3) by sin^»,aJ.flto 
and integrating between the limits x = and x = 1. 

The first member of the resulting equation is 



f 



I 

/(x) sin ^^x,dx \ 



The coefficient of o^ is 



(sin t^x sin 4^^x.dx , 
and of a^ is 



/" 



1 
sin^ <l>^x,dx . 
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1 1 

fsin i^ipc sin ft,^x.dx = 2 J t^® (** ~ *"»)^ ~ ^® (** ^ *«)*]^ 

^ 1 F sin (4^^ — </> J sin (4,^ + </>^) "| 

_ <^;t COS 4,f, sin <^^ — 4,^ sin i^^ cos <»^ 

But ^t cos ^^, + /> sin ^jt = ^ 

and 4,^ cos *^ + /> sin <^^ = by (2). 

Hence the nnmerator of the second member of (4) is zero, and the coefficient 
of Qj^ vanishes if k is not equal to m, 
1 
fsin^ ^^x.dx = — [<^^ - sin ^^ cos ^^] = 2 fl "" ^^2» J * ^^^ 

Therefore a^ = -r-^— 1 /(«) sin 4^^ar.(fo . (6) 

The coefficient of the integral in (6) can be transformed as follows so as not 
to involve trigonometric functions. 

*m cos ^^ +p sin 4^„ = 0, by (^) 
8in_2^ _ _ cos^a 

cos' <^m __ /> 

Hence by (7) and (8) 

«d a, - ^y^;' +/^ ,) //(a) sin ^.o.*,. 

Therefore our required devel()i)ment is 



(7) 



(8) 



(9) 



A*) -X( J^';+^;\) sin *.-//(«) sin .l>^a.da). (10) 
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From (10) it easily follows that for values of x between and e 

f(x) = «! sin aiX -{- a^ sin a^ + a^ sin a^x + • • • (11) 

c 

-»^-e «„ = ?. ^.;y +/^ ,^ //(X) sin a.X.dX. (12) 

and a^ is a root of the equation 

ac cos ac + y> sin ac = . . (13) 

It is to be observed that if p is infinite (13) reduces to 8m<ie = 0, a^ 

becomes and (11) and (12) give our regulation Fourier sine series (v. Art. 

c 

31), and therefore the ordinary Fourier development in sine series is merely a 
special case of the problem just solved. ^ 

Moreover since the Fourier method of determining the coefficients of such a 
series requires that 



e 



I sin Uff^x sin a„x,dx = , 





that is that 8in^«^^> _ sin (a,,^ a„)c ^ ^ 



or reducing, that 



a^f? cos a„c a„c cos a„c 

sin a^c sin a^c 



or that a^ and a^ should be roots of the equation 

ac cos ac 



sin ac 



=i> 



where p is some constant, it follows that we have obtained in (11) the most 
general sine development that can be obtained by Fourier's method. 

EXAMPLES. 
1. Show that the solution of the problem of Art. 67 is 



m= OB 



rw ^ X ^m^~ "*""•' sin af^r , 



m= I 



where i. = ? • ^^^^^^^^/V(X) sin «„X. A 



and a«. is a root of 



'm 



ac cos ac + (^'t<'* — 1) sin ac = . 
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2. If the initial temperature of the sphere is constant and equal to fi 



msoB 



m- 1 

where *. = 2pk- ^^^q:^^-^^) • -^ 

O'm ' a^c^ + he (he — 1) ' 

3. If the temperature of the air is a constant y instead of zero the surface 
equation of condition is 

• 2>^w + ^(w — y) = when r = c. 

The substitution of Ui = u — y , however, brings the problem under Ex. 1 
and we get 



fHsOO 



r(u — y) = 2) ^« e-^i' sin a^r 



msl 



4. An iron sphere 40 cm. in diameter is heated to the temperature 100" 
centigrade throughout; it is then allowed to cool in air which is kept at the 
constant temperature 0°. Find the temperature at the centre; at a point 10 
cm. from the centre; and at the surface; 15 minutes after cooling has begun. 

Given a« = 0.185 and ^ = §55 in C.G.S. units, (v. Ex. 3, Art. 66.) 

Ans., 97^67 ; 97^36 ; 96^.46. 

5. Show that if in the slab considered in Art. 60 one face is exposed to air 
at the temperature zero, so that we have D^u^^a^D^u, u = when x = 0, 
u=f(x) when ^ = 0, and Z),w + A^w = when « = <?, then 



mBQD 



tt = V a^e'^^J? sin a^ 



m»l 



al-\-h* 





a^ being a root of ae cos ac-^- he sin ac = . 
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6. If in the problem of Art. 57 heat escapes from one side of the plate into 
lir at the temperature zero so that we have D^u-}- D^u=^0 , w = when 
c = 0, u=f(x) when y = 0, and Z)^»4-A^w = when x = a, then 



IHsOD 



tt = 2) ^m ^"'^ sin a^x 

.here '^« = ^ a> + A^"^ + l) fa "° ""^•'^^ ' 

i^ being a root of cm cos oa + Aa sin aa = . 

7. If in the problem of Art. 59 there is leakage at one side of the sheet so 
:hatwehave D^V+D*V=0, F=0 when x = 0, V=0 when f/ = b, 
V=f(x) when y = 0, and D,V+hV=0 when aj = a, then 



niBOD 



^ sinh a-,0 

MB 1 "• 

where a^ has the value given in Ex. 6. 



69. If we have an infinite solid with one plane face which is exposed to air 
at the temperatures U = F(t) and heat can flow only at right angles to this 
face, we can solve the problem readily for the case where the initial tem- 
peratures are zero. We have 

subject to the conditions 

u = when ^ = 

and DjgU'\'h(U—u)=0 when xssO. 

Let t; = w — -Z>,tt. (1) 

Then v will satisfy the equation 

and we shall also have v=^U when aj = . 

OD 

Since U~F(t) „^^j'e-l>'F^t-;^dfi (2) 

X 

by Art. 61 (10). 

DjpU — Iiu = — hv by (1)'. 

Hence u€r^ = — h J e~^vdx-\' (7; 

V. Int. Cal. § 4, page 314. 
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Determining C by the fact that tw^ = when j; := oo we have 



'Ce-'^vdx. (3i 



X 



Substituting the value of v from (2) we have 



='^y^""'^/^"'"<'-i;^)''^' <*^ 






as our required solution. 

For an extension of this method to the flow of heat in two and three dimen- 
sions and for the interpretation of the results by the aid of the theory of 
Images^ see E. W. Hobson, Froc. Lond. Math. Soc, Vol. XIX. 

EXAMPLES. 

1. If the temperature of the air is a periodic function of the time, say 
p^ sin (inat + \„^ and we care only for the limiting value of u as t increases, 
show that this value is 

V. Art. 52 and Art. 51 Ex. 4. 

XT ^ XI, ^ r n. • I J e'^ (a sin bx ^ b cos bx) 

Note that I f""" sin bx.dx a= ^^ , , ^ 

J (r + ft' 

, C 1 ^ f^'^Cw cos//.r 4-ft sin&c) 
and I e *" cos hxAx = — ^^ tt^. ^ 

V. Int. Cal. Table of Int. (235) and (236). 

2. If n^V+D;'r=0, r=0 when y = and D^r+ h[F(i/) — l^=^0 
when a: = sliow that 

ttJ J ^^ L^a+^X-y)' a^«+(A + //)*J 

V. Art. 47 Ex. 1. 

70. The solution for an instantaneous heat source of strength Q at the 
point x^X if h(»at escapes at the origin into air at the temperature zero, so 
that J>j,u — //// = when a- = , can be obtained by the aid of Art. 53. 
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Let M = Wi + "s where i/i is the temperature that would be due to the given 
source if we had no boundary at the origin, so that 

(A-x)« 

wi = — ^ e- ^1^. [Art. 53 (2)] 

2aV7rt 

D^u — hu = DgUi — hti^ + -^x^ — ^ '^2 = ^ when x = . 

Therefore -^x'^a — ^^ = — (P:f'^i "" ^*^i) (1) 

when x = . 

But _(i>,„._A«0=-^(^-A)«-'^ 

when a; =5 0. 

This is easily seen to be the value to whicli 



5? 
4aX 



reduces when a: ^ , and this last expression is 

and therefore satisfies the equation 

D,u = a^DJ^u\ (2) 

since I — « 4a«f is the temperature due to a source at a: =■ — X . 

If, then, we determine i/j from the condition that 

2).«,-A«, = -^-^(^^-A;e-i5r (3) 

taking care not to introduce any arbitrary constant or arbitrary function of t 
in our integration, ii^ will satisfy equation (2) and condition (1). 

Integrating (3) [v. Int. Cal. § 4, page 314] and determining the constants of 
integration suitably we get 



u^ 



-M.-'^-'^h-'^''']- w 



Therefore the solution of our problem is 



« = ^^[«-^^+e-'^-2Ae-je-*-'^"d»]. (6) 
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If we replace Q by f(k)dk and integrate from to oo we get as the solution 
for the case where u =f(x) when f = and a; > , and D^^u — hu = 
when 05 = • 

00 OD 

« = -^ff(X)dk fe- -^ + e- 'isr - 2he^j'e- **" ^^ dxl . (6) 

* 

For an interpretation of this result by the theory of Images and the 
extension of the method to the conduction of heat in n dimensions see G-. H. 
Hryan, Froc. Lond. Math. Soc., VoL XXII. 

EXAMPLE. 

Show that if u = f(x) when ^ = and D^u + h^Fit) — w] = when 
a; == we must take u equal to the sum of the second members of (6) Art. 70 
and of (4) Art. 69. 

71. As another problem requiring a slight extension of Fourier's Theorem 
let us consider the vibration of a rectangular stretched elastic membrane 
fastened at the edges^ that is of a rectangular drumhead. 

If two of the sides are taken as axes and the plane of equilibrium of the 
membrane as the plane oi XY the equation for the motion of the membrane is 

rfz = c\D;z + D^^z) (1) 

see [x] Art. 1. 

Let the membrane be distorted at the start into some given form z =/(ac, y) 
and then allowed to swing. Our equations of conditions are then 

z=zO when x = (2) 

z = ^f x = a (3) 

« = " y = (4) 

« = " y=^b (5) 

^=/(^,y)" ^=0 (6) 

D,z = " t = 0. (7) 

We can get a particular solution of (1) by our usual device. Assume 

and substitute in (1) . We get y^ = c\a^ + fi^ as the only relation that 
need hold between a, fi, and y, in order that « = e**'*'^'*">* may be a 
solution. This gives 



Therefore ^_^«x+0r=.rtv^a«+^ 

is a solution of (1) no matter what values are given to a and p. 
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Heplace a and fi by at and fii and we have 

y g (OX +^|r*clV'a* + /!«)< 

as a solution^ and from this we get 



z = sm(ax + pi/±et \a^+P^ 



and 



« = cos (ax + Pt/± ct ^a^ + P^ 



(8) 
(9) 



as particular solutions of (1)> a and P being unrestricted. 
From (8) and (9) we can get solutions of the following forms 



z = sin cue sin fiy sin ct VoM^jS^ 
z = sin ax sin )8y cos ct ^a*-j-)S* 



« = sin ax cos j3y sin ct Va*+ iS" 
« = sin oo: cos )8y cos ct Va' + iS* 



« = cos aaj sin j3y sin c^ VoMh^ 
« =: cos oo; sin fiy cos c^ VoM*^ 



(10) 



« = COS oo; cos fiy sin c^ Va* + iS* 
«; = cos oo: cos j3y cos (^ Va* + fi^^ 

each of which will satisfy equation (1). The second of these will satisfy also 
(2), (4) and (7) whatever values be taken for a and fi. It will satisfy (3) and 

(5) if a and fi are equal — and — respectively. 

If, then, we can so combine terms of the form 



. mirx 
Sin sm 



cos CTTt 



a 



as to satisfy (6) our problem will be completely solved. 

This can be done if we can express /(x, ^) as a siun of terms of the form 

A sin sin — r^ , the sum and the function being equal when x lies 

between and a and y between and h. 
f(x, y) can be expressed in terms of sin — j— by Fourier's Theorem if we 

regard y as constant We have 



a 



mMoo 



rmrx 



-^/ \ x^ . mm 

/(^> y) = 2< ^« ^"^ -^ 



ai) 



mel 
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a 

2 



where a^ = - ff(k, y) sin "Hillh dK. (12) 

/(X, y) in (12) is a function of y and may be developed by Fonriep's Theorem. 



Rsa 3D 



We have /(X, y) = 2) *, sin ^ (l;{) 



N»l 



where *« = ? (/(A., /*) sin -y^ c?/a . (14) 

Substituting for /(X, y) in (12) the value just obtained we have 



«»» = ^^ XCf'^^f'^^^' ^^ ^^^ ^ ^^^ T^ ^'^) ^^^ 






n -s 1 

and 



/('. »=ja 2("» T »■■" ?M^»- ") - =7-* ™ T *) ■ "•" 



m=l »i= 1 



IK = X H = X 



Hence « = ^ X (^ "*•" ^^^ ^T^ ®^^ T^ ^^® ^^^ \ ^ "^ ^ ' ^^^* 



ma I tts 1 

a h 



where ^^,„ = ';j,f'^>'ff(^> m) sin ^ sin ^ cf/i . (17 1 



l» o 



is our required solution. 

EXAMPLES. 

1. Show that if the membrane starts from its position of equilibrium but 
with a given initial velocity im])ressed upon each point so that « = when 
/ = and I>f.x= P\x,y) when ^ = the solution is 



»M = X »l = X 



> a' ^ U^ 



where ^«,« = m'j^^^^' ^^ ^^ ^^ ^^^ ^ ^^ ' 
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2. K there is both initial distortion and initial velocity 



mssoDii^aD I ■ . 



INS 1 na 1 

a b 






where A^^^ = Cd\Cf (X, /*) sin ^ sin '-^ rf/i , 





a 



3. Obtain a particular solution of (1) Art. 71 by assuming z = T.X. Y. 
where T is a function of t alone, X oi x alone, and 1^ of y alone. 

72. A number of interesting conclusions can be drawn from the results of 
Art. 71 and Exs. 1 and 2. 

((f) No one of the three values of z is in general a periodic function of t, 
and consequently a vibrating rectangular membrane will not in general give a 
musical note. 

(b) A stretched rectangular membrane can be made to give a musical note 
by starting the vibration properly. For if the initial circumstances are such 
that the solution reduces to a single term, as will be the case if the initial dis- 
tortion in the problem of Art. 71 be such that /(a?, y) = A^^^ sin sin -y^ , 

or the initial velocity in Ex. 1 be such that F(Xy y) ^ B^^ sin sin — r— , 

or the initial distortion and initial velocity in Ex. 2 be the values just given, 
then the vibration will be periodic and will have the period 






Since T is a function of m and n and m and n are any whole numbers, the 
same membrane is capable of giving a great variety of musical notes of differ- 
ent pitches. If m and n are both unity we get the lowest note the membrane 
can give, which is called its fundamental note. Its period 

T = ^ = ^^^ (2) 

' /TTI c>/^;^+b-' 

If m and n are both equal to ^ we get 

T,= f"^ ; (3) 

kc Va» + b* ^ 
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therefore the membrane can be made to g^ve any harmonic of its fundamental 
note. 

More than this, since as we have 8e«n 

2 



T = 






is the period of any note the membrane can give, and since if m and n are 
replaced by mk and nk we get 

2 






ck 



T^ + ¥ 



the membrane can sound all the harmonics of any note which it can give. 

(c) In the case considered above, where the solution reduces to the single 
term 

mirx 



z = sin 






.„ a 2a Sa (m — T)a ^ ^ „ i. 

if a; = — , or — , or -or ^^ — , « = for all values of t, and 

m m m m 

the lines x^— , x = — ,••• x= ^ ^ remain at rest during the whole 

m m m 

vibration and are nodes. The same thing is true of the lines 

h 2b Sb (n — 1)6 

n n n n 

73. If the membrane is square it may have much more complicated nodes 
than if the length and breadth are unequal, as in this case the period of any 
term of the general solution reduces to 

^ 2a 

^= w , . , (1) 

c \nr + rr 

and there will in general be two terms having the same period, and a musical 
note of the pitch corresponding to that period may be produced by initial cir 
cumstances that bring in both terms. Thus 



mirx . niry 

z = sin sm - • 

a a \__ 



^ [^„, cos ^ V;;?+^« + B^ sin ^ V;?+^«] 

+ sin ^ sin ??^/ r^_ cos ^ V^;^4^» + 5.^ sin 2:? v'S^q:^*"! 
a a L a ^ a J 
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is a form of vibration that will give a musical note. Let us write this 

CTrt,/— 5—^ — uF . . mirx . niry , „ . nine . miry'} 

z = cos — ym^ + fr\ A sin sin — - •+• B sm sin 

a \_ a a a a A 

+ sin — \7tr + rr\ Csin sm — ^ + i>8in sm (2) 

a L a d d a _\ ^ 

■ 

and in studying the forms of musical vibration of which the membrane is 
capable we may take A, B, C, and D at pleasure. Consider the simple case 
where A= C and Bz=D; then (2) reduces to 

(. . mirx , niry , ^ . uttx . mmA/ c^ uT~i — b 
A sin sin — - + B sin sm ll cos — ym^ + n* 
a a a a /\ a 

+ 8in — Vm' + «'). (3) 

Values of as and y that will reduce the first parenthesis in (3) to zero will cor- 
respond to points of the membrane remaining motionless during the vibration. 

Let us consider a few cases at length. 

(a) If w = 1 and n = 1 , the first parenthesis in (3) becomes 

(A + B) sm — sin — ^ , 
^ a a 

which is equal to zero only when x = or ^ = 0, or x=za or y = a, 
that is, for the four edges of the membrane. If, then, the membrane is sound- 
ing its fundamental note it has no nodes. 
{If) If m = 1 and n = 2 , we have 

. . TTX . 2'iry , „ . 2irx . iry ^ 

A sm — sm — - + B sin sm -^ = 

a a a a 

to give the nodes. 

TTX 2'irV CL 

Let J5 = 0, then sin — sin — ^ = 0, which is satisfied by y=^-i and 

a a " ^ 2 

in addition to the edges the line y = o i* ^-^ ^^^^ 8^d is a node. 
If -4 = X = x is * node. 



If A = B 



. TTX . 2iry , . 27nc . iry ^ 

sm — sm — - + sin sm — ^ = 

a a a a 

f. . TTX , Try irv . TTX irx , iry ^ 

2 sm — sm — ^ cos — ^ + 2 sm — cos — sin — ^ ^ 
a a a a a a 

, TTX , Try / Try Trx\ 

sm — sm — ^ I cos — ^ + cos — 1=0. 
a a \ a a / 
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The first factor gives the four edges of the membrane. The second written 
equal to zero gives 

7rir\ 



cos 



Try irx / irx\ 

— ^ = — cos = cos I TT I 

a a \ a / 



Try irx 

a a 



x + i/ = a, 



which is a diagonal of the square. 
If B = — A 



irx . 27ry 2'n'x . iry 

sin — sin — - — sin sm — ^ 

a a a a 



^ = 



TT// TTX 

COS — ^ = COS — 



a 



a 



which is the other diagonal of the square. 

Other relations between A and B will give Trigonometric curves of the form 



cos 



TT?/ B TTX 

— ^ = J cos — 

A a 



a 



which are easily constructed and which obviously all agree in passing through 
the middle point of the square. 

We give the figures for a few of the cases 





A~0 



B=0 



A^ ~B 






A^B 



A=2B 



A^^B 
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(c) If ?/i = w = 2 we have 

2Trx , 2'Try 

(A + B) sm sm — - = 

^ a a 

to give the nodes, wliich are merely the lines 



a . a 

3c = -, and i/=- 



This form gives the octave of the fundamental note. 
(d) If m = 1 and w = 3 we have 

. TTX . Sttu , _ . Sttx . Try 

a 



^sin 


— 1 
a 


sin — =- -t- sf sm 

<< a 


give the nodes. 






If A — we get 




ff . 2a 


If /? = we get 




a - 2a 
y = - and y = - 


If -4 = — B we get 







^ = 



7ra5 . Sttu . .Sttj; . Try 

sin — sm — ■ sin sin ^ 

a a a a 



^=^0 



.TTX.WT^r Try a'T-^iin A 

sm — sin -^ 4 cos' — ^ ^ 1 — 4 cos* \-l ==0 

a a L ^' rt J 



TT // TTJ- 

cos' — ^ cos' — = 



a 



a. 



cos — ^ cos If cos — ^ + COS — 1=0 

a a /\ a a / 



>r 



If A = B we get 



.r — // = and ir+// = a 

o TT// , « TTJ" 1 

cos' —^ + cos' — = - 
a a z 



(1) 



(2) 



(3) 



or 



2Tr// , 2Trj- 

cos — '-- + cos = — 1 , 

a a 



(4) 



a Trigonometric curve easily constructed. 

For other relations l)etween A and B we get more complicated Trigonometric 
curves coming under the general form 



. 2Try . ,, 2Trj- A + B 

A cos — - + B cos = i — 

a a 2 



(5) 
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which all agree in containing the points 

(a a\ /a 2a\ /2a a\ , /2a 2a\ 
3' 3^ ' \3' T) ' \T' s) ' "^ \J* T)' 




A'='0 



B=0 



A^^B 






AzlB 



B^-2A 



B^tA 



MISCELLANEOUS PROBLEMS. 



L Logarithmie PotentiaL Polar Coordinates. 



1. Show that D;V+D*V=0 becomes 

if we transform to Polar Codrdinates. 

2. Ifin D*V+- D,r+^D*V=0 

we let F'= i?.<l> we get 

* = -4 cos a<f> -{- B sin a<f> \ * ^ -4e«* + Ber^^ 

{. or 
B = Air^ + Bir-<^ > 

whence 



(1) 



B=^Ai cos (a log r) + Bi sin (a log r) ; 



,} 



V= r*C08 a<^ 
F'=r*sin a<^ 



F=— 'C08a6 
K = — Sin a^ 



F= e«* cos (a log r) 
Frs e«* sin (a log r) 

Fss e-«* cos (a log r) 
r= e- •* sin (a log r) 



P'= cosh a<f> cos (a log r) 
F'= cosh a<^ sin (a log r) 

F= sinh a<f> cos (a log r) 
F= sinh a^ sin (a log r) 



are particular solutions of (1). 

3. Show that if F satisfies (1) Ex. 2 and r=/(<^) when r = a 



tnwoD 



^~ 2 ^® "'" X( / (*~ ®^^ ^^ "^ ^"^ ®"^ ^^^ ^^^ 



rK.a 



m«l 



IHOO 



and 



where 



^==2^o + 2)(~) (^m cos m<^ + a^ sin m<^) for r>a, 

ma 1 

ftm = - pt^) COS m<fi.4<l> and a^ = "" fA<^) 8^^ m^cU^ 
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4. Showthat if r satisfies (1) Ex. 2 and V=f(r) when <^ = and r>0 



— 00 " 



1 



1 wi ^ cosh 5 (X — log r) 

= i sin I r/(«*) ^,, , ^ dX . 

TT 2j''^ '' cosh ex — loff r) — COS <6 



— 00 



5. If F«l when <^ = and 0<r<l, and r=0 when ^ = and 
r>l 

. , logr 

-^{f— -[^] =d[i— (-^*)]- 

i sin^ J 2vr. sin^ 

6. If F=/(r) when <^ = and r=0 when 4^ = p 

r-i//(e<)A/fi5y|^--.(x-.^r)^ 



—00 



^ 1 ^ P m^ , 

'^-00 cosh - (X — log r) — cos - ^ 
if 0<<l><p. 

7. If r=0 when <^ = and r=i^(r) when <f> = P 



r=i/^(.«)a/25t^,»..(x-W.).*. 





00 



^Isin^f— ^ 

'^ '^-^oo cosh "s (X — log r) + cos — ^ 



8. If r=x(^) when <^ = and r^a, V=0 when ^^pj and 
P'ssQ when T-=za 


1 tr*^ i 



^ sin -J x(ae*) [ . ,y ;;^ 

'^ _, "-cosh ;^ I A^ — log -/•— COS -^ 



fi \" " a/ p 

dX 

cosh |(x + log 0-008^ 



1 
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9. If r=0 when r = l, F=l when <f> = 0, V=0 when * = ? 

2 pi f^ "1 

F'= — tan""* 7—. — i ctn 6 . 
TT LI + r* J 

10. n r=0 when r=l, r=l when <^ = 0, r=l when <^ = ^ 

2 pi r* n 

TT L2r* sm 2<^ J 

11. K r=/(<^) when r = tt, F=0 when <^ = 0, and r=0 when 






1 



. ^ 



V=J^a,„{-)fi8m— if r>a 



2 t*j*/.\ TniTifi 



where ^«» ~ p |/(^) ®^ "p ^^ *^^ < <^ < )3. 

12. If F=/(<^) when r = a, F= when r = i, r=0 when <^ = 0, 
and r=0 when <^ = /3, then if a<r<b and 0<<f><p 

''=2{-#^[(0"-(!)?]«-"»T*} 



1-1 a ^ — i ^ 



^ 



where a„ = ^ (/(*) sin ^|^ ef<^ . 



13. If r=F(<li) when r = b, F=0 when r = a, F=0 when ^«0, 
and F=0 when 4^ = ^, then if a<r<6 and 0<<^</3 



MWQD 

F= 

■1-1 ^^"5" — a "5 



S( afibfi r/r\2» ///\!55"| . m7r6) 



where a„ = -pC^i^) sin ^^ rf<^ . 

14. If F=xW ^t®^ * = 0, F=0 when <^ = )8, F=0 when r = a, 
and F=0 when r = 6, then if a<r<6 and 0<<^<^ 



"■• sinh 



TTITT 



iilZ^ 



y— y\\a„ log 6 — log a ^.^ TO9r(log r — log «) ) 

--i^ ""sinh *^^^ log6-log« ) 

log 6 — log a 
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2 /• , _v . mirx 





15. If V=tlf(r) when <^ = /3, F=0 when <^ = 0, r=0 when r = a, 
and F=0 when r=zb, then if a<,r<,b and 0<<f><p 



»-• sum 



^^j log 6 — log g W7r(log r — log a) > 

^-2/|«« . ^^^ «"^ log5-loga ) 

ai- 1 Sinh ; ; T 



log h — log a 
h 



^« 



where a^ = - — r — z I \b(a6') sin z — r — -. dx. 

" log — log aj ^^ ' log h — log a 



II. Potential Function in Space. 
1. Show that 

OD OB 00 OD 



o _ 



X —OB 



for all values of x and y. 

2. Find particular solutions of DJjV+ D;V+ D;V=0 in the forms 

r= 6 - ''^*^+^ cos (oa; ± ^y) 

r= 6—'^**+^ sin (oa; ± ^y) 

F= sinh « Va^+jS*. sin (oa: ± j8y) 

F= cosh « Va^ + jS*. sin (oa: ± )9y) 

&c. 

3. Given 2>,«F+2>/F+2>/F=0, and V=f(x,y) when « = 0, solve for 
positive values of «. 



— OD _ao 



4. Confirm the result of the last example by showing that if /(a;, y) is inde- 
pendent of y 

y^ 1 r zf(X,,i)d\ ,^;e^ 3 j^ 45). 



— OB 



+ 
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6. If 2>,*F+i>/r+2>/F = 0, and r=l when z=±0 for all points 
within the rectangle bounded by the lines x = a, x=z-r-a, j/=b, and 
y = — b'j and V^O when « = for all points outside of this rectangle, 
then 

. b-y ( TT . 1 . . (a - xYib - !,r - z^(a - x)' +(b- yY + »^ 

■ '- ,/(pZ:^t\2 ^ 2 ^"^ (a - x)\b - ,,y + *»[(a - a;)' +(b- y)« + ««] 

1 .„_, (g + •»-)'(^ - y)' - ^'C(« + xy +(b- !,y + z'] I 

■^ 2 ^" (a + x)\b - ,,r +zX(a + x)' +(b- yf + *«] i 

b + y j I . 1 „:„_! (g - x)\b + y)' - zX(a - a;)' + (& + y)' + »*] 
V(6 + y)» 1 2 "^ 2 ^"^ (a - *)'(* + y)» + *»[(« - ar)« + (* + y)» + *«] 

1 . , (g. + xy(b + yy - ;.»[(« + »)' + (ft + y)' + ^n I 

"^ 2 ^'"^ (« + ar)>(& + y)' + «"[(« + a;)' + (i + y)» + «'] i 
if — a < X < a , and 

.^^_ ft-y f 3i^-. (« - ^)'(ft - y)' - ^T(« - ^y + (6 - y)' + ^*] 
^(b-yyX (a-xyib-yy+zXiu-xy+ib-j/y+z*] 

_ „;n-i (a + xy(b - y)« - z^ja + xy +(b- yy + z'-j > 

(a + xy(b - yy + zX(a + xy + (b- yy + *«] ; 

, ft + y f -• _. (« - a:)'(ft + yy - «='[(« - ar)' +(b + y)» + ^'] 
"^ ^(6 + y)' <■ («-ar)«(/. + y)» + *^[(a-a;)»+(6 + y)' + *»] 

_ ,i„-i (a + a;)'(ft + yy - zX(a + 0^)' +(b + y)' + ^'] ) . 
(« + *)«(« + yy + zX(a + xy +{b + yy + «»]P 

if a:< — a or x> a . 

6. If the value of the potential function F is given at every point of the base 

of an infinite rectangular prism and if the sides of the prism are at potential 

zero the value of V at any point within the prism is 



tllB OB Mb OB 



F= —7 2j 2j^ ^ » sin sin — ^ I ^^ ( /(^' /*) ^^ ^^^ ""I^ ^/*' 

inbI «b1 

If F= 1 on the base of the prism this reduces to 

»-••.» sin ^^ ' — ^ — sm ^^ \ ^ 

ir^^^ «» «>* (2m + l)(2n + l) 

Mat) naO ^ ^ ^ 

7. If the value of the potential function on five faces of a rectangular 
parallelopiped, whose length, breadth, and height are a, ^, and c, is zero, and 
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if the Tolue of V is given for every point of the sixth face, then for any 
point within the parallelopiped 



8inhir(c-«)\/^ + ^ 






MMOD naOD 

F= >. >, A-. ; — sin sin -. 



where A^ = "^f^^f^^^' ^^ ^^ ^ ^^ ^ ^^' 



8. If the value of the potential function is given on two opposite &ces of a 
rectangular parallelopiped and is zero on the four remaining faces, then within 
the parallelopiped 

VTHf fit 

F=y y^An. -^L-^8in = 8in22f 



m»(mn^a» sluh TT* 

tniTX 



— + 77 
^ sinhTTC J!!L' + ^ 

Af «« ^ «»« 



l«l M^l 



a ft 



where ^ = ^ J ^^ J/(^> /*) ^^^ ^ si^ ^ ^M 







a h 

and -5«Mi = ^ P^ J*^(^' '*) ^^^ ^ ^^^ ^ ^^ ' 



9. If the value of the i)otential function is given at every point on the surface 
of a rectangular parallelopiped, what is its value at any point within the 
parallelopiped? 

III. Conduction of Heat in a Plane, 

1. Find particular solutions of D^u = a\D^u + Z>y w) of the forms 

u = e— *^*' + ^' sin (ax ± fiy) 
u = e- «'^'*' ^ ^*>' cos (ax ± fy) . 

2. Oiven the initial temperature of every point in a thin plane plate, find 
the temperature of any point at any time, 
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4aSrt, 



L.Jdx/-r-'^-^^?^/(X,A.)rfM 



— OB —OB 

OB OB 



^Ce-P'dpfer-^fix + 2a^t.fi, y + 2a>ft.y)drf. 



— 00 •"• 

S. For an instantaneous source of strength Q at (X, /i) 

V ^ -. T! ^ 4a«« ▼. Art. DO, 

For an instantaneous doublet of strength P at (0, /i) with its axis perpen- 
dicular to the axis of Y 

''""S^i^^'^ ^' V. Art. 54. 

For a permanent doublet of strength P at (0, /i) with its axis perpendicular 
to the axis of F 

P g y-KM-y)« 

If the strength of the doublet were Pdfi and the heat were uniformly 
generated and absorbed along the element dfi of the axis of Y beginning at 
(Oy ia) we should have 

and since (f tan""* — — - is the angle ARA\ where A and A* are the points (0, /i) 

and (0, /i + c?/i) and -B is the point (x,y), w = when a; = unless 

P 
fiK.yK, fi-\-dfjLf in which case w=— if x approaches zero from the 

positive side; and u = when t = except in the element dfi. If then 
u = when ^ = and u=f(t/) when x = we have only to suppose a 
doublet of strength 2a*f(x)dx placed in each element of the axis of Y and 
then to integrate; we get 






— OB 

For a permanent doublet of strength F(t) at (0, ii) we have 

< 

« = 8^4/*^ ^^.-v^ (t - T)-*F(r)dr 



1 r gP(0) ^■'t^^-y)' . r a^-y'CT) _^^±Sit^zi£ ^ 1 
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From the reasoning above this must be zero when ^ = except at the point 
(0, /a), must be 2a^F(t) at the point (0, /i), and at every other point of the 
axis of Y when t is not zero. 

Hence if w = when ^ = and u = F(jfy t) when a = 



-ac 



For an extension of this solution by the method of images to the case where 
there are other rectilinear boundaries and for its application to the correspond- 
ing problems in the flow of heat in three dimensions see E. W. Hobson in- Vol. 
XIX Proc. Lond. Math. Soc. 

4. If the perimeter of a thin plane rectangular plate is kept at the tem- 
I erature zero and the initial temperatures of all points of the plate are given, 
then for any point of the plate 

m=l n~l 

if b is the length and c the breadth of the plate. 

5. A large mass of iron at the temperature 0° contains an iron core in the 
shape of a long ptism 40 cm. square. The core is removed and heated to the 
temperature of 100° throughout and then replaced. Find the temperature of a 
point in the axis of the core fifteen minutes afterward. Given a* = .185 in 
C.G.S. units. Ans.y 52^9. 

6. If the prism described in Ex. 5 after being heated to 100° has its lateral 
faces kept for 15 minutes at the temperature 0° find the temperature of a point 
ii) its axis. Ans.f 20°.8. 

IV. Conduction of Heat in Space, 

1. Show that 

00 OB ce OD 00 OB 

— g j t/a I (//? I c?y I d\ idfjL Cf(\y /a, v) cos a(X — x) COS P(fA — y) cos y(v — z).dr 

U _» —00 — « 

=/(aJ, y, «) 

for all values of x, y, and z. 

2. Show that 

tn^ OD iiimodj)^od 

-, \ "^ "^ "^ J mTra; . mry . pirz 

A^, y. «) = 2j X X ^^"••-•' ^'"^ IT ^'° b ""^ V 

ma 1 nas I pss 1 

a b c 

where A^^^ = —J rfXj dfM I /(X, fi, v) sin -r- sin -^ sin ^ dv , 



for 0<a:<«, 0<y<b, 0<z<c. 
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3. Obtain particular solutions of DtU=za\D^U'j'D*U'j' D*u) of the 

forms 

u = e-««<«»+^*+>«)« sin {ax±py± yz) 

u = 6-«*<**+^+>*>' cos (ax ± Py ± yz) . 

4 Given the initial temperature of every point in an infinite homogeneous 
solid find the temperature of any point at any time. 






OD OB 



= -3 Ce-^dpfe- -^ dyfe-^f(x + 2a^tp, y + 2aV^^.y , z + 2aV^.8)d8 . 



— QB —OB 



5. If the surface of a rectangular parallelopiped is kept at the temperature 
zero and the initial temperatures of all points of the parallelopiped are given, 
then for any point of the parallelopiped 

niB 1 hb 1 pts 1 

b e d 

where A^^^ = ^f^^f^f^ffi^y /*> ^) ^^^ ^ ^^ ^ si^ ^ ^»'- 



6. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100" Centigrade and then tightly enclosed in a large iron mass which is at the 
uniform temperature of 0°. Find the temperature of the centre of the cube 
fifteen minutes afterwards. Ans., 38°.4. 

7. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100^ and then its surface is kept for fifteen minutes at the temperature 0". 
Required the temperature of its centre. . Ans., 9°.5. 



CHAPTER v.* 



ZONAL HAKMONICS. 



74. In Art 16 we obtained 

^ = ^Pm(^) + ^qm(^) (1) 

[y, (6) Art 16] as the general solution of Legendre's Equation 

0--^^.-2x^ + m(m + l)z = 0, (2) 

m being wholly unrestricted in value and x lying between — 1 and 1 ; where 
,. , m(m + 1) ^ . m(m — 2)(m + l)(m + 3) ^ 

nt(m-2)(m-A)(m + l)(m + S)(m + 5) ^, ^ ^3) 



6! 



and 



i^(x)^x ("*-^)("* + 2) ^. I (m-l)(m-S)(m + 2)(m + i) ^^ 

i5I o! 

(m - l)(m - 3)(m - 5)(m + 2)(m + 4)(m + 6) ^, ^ 



and we found 



V= r^Pm (cos 6) 
V=r^q„ (cos ff) 

^=;3;rrii?m(co8tf), 



(6) 



m being unrestricted in value, as particular solutions of the special form 
assumed by Laplace's Equation in spherical coordinates when V is independ- 
ent of 4>; that iS; of the equation 



ri>;(rF) + ^A(8in^An=0 



(6) 



* Before reading thin chapter the student is advised to re-read carefully articles 9, 10, 18(c), 
16, 16, and 18(c). 
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For the important case where m is a positive integer we found 

z^AP^(x)-\-BQ^(x) (7) 

[v. (10) Art. 16] as the general solution of Legendre's Equation (2), whence 

F=r«P^ (cos ^) 



^=;;;m^m(cos^) 

F=r«$^ (cos ^ 
1 



(8) 



^= :;^i Qm (COS 6) 

are particular solutions of (6) if m is a positive integer. 

(2m^l)(2m-3) ' "1 T ^ m(m-^l) 
^"•^^^ ml L 2(2;;i-l)^ 

^ 2.4.(2w-l)(2//i-3) J ^^ 

[v. (8) Art 16] and is a finite sum terminating with the term which involves 
a; if m is odd and with the term involving x® if m is even. 

It is called a Surface Zonal Harmonic^ or a Legendre^a Coefficient, or more 
briefly a Legendriafu 

^"•^ ^ (2m + l)(2w — 1) • • • 1 La:*" + 1 ^ 2.(2m + 3) ««+ « 

I (m + l)(/^ + 2)(^. + 3)(m + 4) 1 n 

^ 2.4.(2m + 3)(2w + o) x"***^ J ^^ 

if a-<— 1 or a;>l. [v. (9) Art. IC] 

It is called a Surface Zonal Harmonic of the semud kind. 



Q, 






= / .^!Sji 2.4.6. -..(m-l) .^ 
[t. (13) Art 16] if m is odd and — 1< x < 1. 

.2.[r(f+i)T 



(11) 



=(-1)? 



r(TO+i) 

2.4.6. • • • m , V 



1.3.5. • • • (m — 1) 
[▼. (14) Art. 16] if m is even and — l<a5<l. 



(12) 
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In most of the work that immediately follows we shall regard x in Pm(x) as 
equal to cos B and therefore as lying between — 1 and 1.* 

75. In Article 9 the undetermined coefficient a^ of «"• in Pm(jr) was 
arbitrarily written in the form ^ ^ — i for reasons which shall 

9711 

now be given. 

In Ai-ticles 9 and 16 z = P^(x) was obtained as a particular solution of 
Legendre's Equation 

(l-^%-^x^ + m(m-\-Dz = (i (1) 

by the device of assuming that z could be expressed as a sum or a series of 
terms of the form a^x^ and then determining the coefficients. We oan^ how- 
ever, obtain a particular solution of Legendre's Equation by an entirely differ- 
ent method. 

The potential function due to a unit of mass concentrated at a given point 

r= ^ — (2) 

and this must be a particular solution of Laplace's Equation 

D;v+D^'r+D,'r=o, (3) 

as is easily verified by direct substitution. 

If we transform (2) to spherical coordinates using the formulas of 

transformation 

x^r cos $ 

y-^r sin % cos ^ 

« = r sin B sin ^ we get 

F= • ^ — (4) 

yr^ — 2rri[cos ^cos ^i + sin B sin By cos(<^ — <^i)] + r^ 

as a solution of Laplace's Equation in Spherical Coordinates 

vD^ir V) + -.^ A(sin BDeV)+ -t\^ i> « F= [xiii] Art 1. 
'^ ^ ^ sm ^ ^ ^ sm' B ^ *: ■" 

If the given point (xi ,yi,zi ,) is taken on the axis of X, as it must be that 
(4) may be independent of ^, ^i = , and 

V= , ^ (6) 

Vr^ — 2rr, cos ^ 4- n* 

* English writers on Spherical Harmonics generally use fi in place of x for cos $, We 
shall follow them, however, only when we should thereby avoid confusion. 
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is a solution of 

rD*(r F) + ^ A(8in <? A F) = . (6) 

Equation (5) may be written 

y^z ] ^ (J) 

Vl-2-'co8^ + ^ 



r 



or r=~ , ^ (8) 



^"'^1-2-008^ + ^ 



ri rj* 



Vl — 2« cos tf + «* is finite and continuOii^ for all values real or complex of 
z. It is double-valued but the two branches of the function are distinct except 
for the values of z which make 1 — 2« cos ^ + -t* = namely z = cos ^ + 1 sin ^ 
and z = cos B — * sin ^, both of which have the modulus unity and which are 
critical values. 

■ : is finite and continuous except for the values of 

Vl — 2«cos^ + «* 

z = cos B — i sin B and z = cos ^ + i sin $ for which it become infinite; it is 

double-valued but has as critical values only these values of z. It is then 

holoinorphic within a circle described with the origin as centre and the radius 

unity, and can be developed into a power series which will be convergent for 

all values of z having moduli less than one. (Int. Cal. Arts. 207, 212, 214, 

220.) 

If then r>ri -. can be developed into a convergent series 

involving whole powers of — • 

ST*** 
j9^ -^ be this series, p^^ of course, being a function of cos B, Then 

[v. (7)] is a solution of (6). Substitute this value of V in (6) and we get 

2[;:S-.-(-+l)i'- + ;:S-.ii^,^(si^ ^^)] =0. 

As this must hold whatever the value of r provided r > ri the coefficient of 
each power of r must be zero, and hence the equation 

must be true. 
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But as we liave seen in Art. 9 the substitution of x = cos $ in (9) reduces 
it to 

(1 - x«) gf - 2x ^ + m(m + 1) j,,=0, 

and therefore *=J^m 

is a solution of Legendre's Equation (1). 

If r < ri •■■ ■ •'T- can be developed into a convergent series 

r 
involving whole powers of — . 

^^ — be this series. Then 



1 _^ r* 



(v. 8) is a solution of (6) ; substituting in (6) we get 

S[;;^. -(- + 1)^- + ;^. sir. 10- * %)] - ^' 

whence it follows as before that 

is a solution of Legendre's Equation. 

But Pj^ is the coefficient of the mth power of — in the development of 

(r r*\— - r * ri 

1 — 2 — cos ^ + -o ) * according to powers of — , or of the mth power of — in 

the development of (1 — 2— cos ^ + -^1 « according to powers of — , or 

more briefly it is the coefficient of the mth power of z in the development of 
(1 — 2xz + z^-h according to powers of «, x standing for cos 0. 

(1 — 2xz + «»)-i = [1 — z(2x — «)]-i 

and can be developed by the Binomial Theorem; the coefficient of «* is easily 
picked out and is 

(2m-l)(2m-3)---l T _ m(m - 1) 
ml L 2(2m - 1) 

I m(m-l)(m-2)(m-S) H 

^ 2.4.(2»n — l)(2m-3) J 

But this is precisely P„(x). [v. Art. 74 (9)] 

Hence Pf,(x) is equal to the coefficient of the mth power of z in 
the development of [1 — 2x« + «*]-i into a power series, the modulus of z 
being less than unity. 
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76. If x = l P^(x) = l. For if x = l (l — 2xz + z')-i reduces to 
(1 — 2« + z^-h that is to (1 — «)~S which develops into 

! + « + ««+«• + «* H , 

and the coefficient of each power of z is unity. Therefore 

-Pm(l) = l- (1) 

We have seen that if m is even Pm(^) contains only even powers of x and 
terminates with the term involving x^y that is with the constant term. 

The value of this constant term can be picked out from the formula for 

P„(x) [V. Art. 74 (9)1. It is (- 1)» ^■^'^- ' '' (^ "" ^) ; ^j. j^ can be found as 
^ "■ ^ ^-^ ^ 2.4.6. •••m 

follows: — It is clearly the value Pm(^) assumes when « = 0; it is, then, the 

coefficient of «*" in the development of (1 + «*)- i ; but 

x4 I «v 1 H I o I I**' A l.u.o u , l.o.d.7 - 

2 1,3.6 • • • (m 1) 

and the coefficient of «*", m being an even number, is ( — 1)> ' . . ^ . 

If m is odd Pmi^) contains only odd powers of x and terminates with the 

term involving x to the first power. The coefficient of this term can be 

«»«— 1 3.6.7. ""wi 

picked out from (9) Art. 74 and is ( — 1) « ^ . ' ' V -rry or it can be 

'^ ^ ^ ^ 2.4.6. •••(m — 1) 

dP (x) 
found as follows : — It is clearly the value assumed by — 'f^ when x = 0. 

It is, then, the coefficient of «•" in the development of , . 

3 , , 3.5 . 3.5.7 , , 



(1 + z^i 2 ^2.4 2.4.6 

w-i 3 5 7 • • -m 

and the coefficient of «"* in this development is (— 1) * ^ . ' ' — ; tt > 

""^ ^ ^ 2.4.6 • • • (w — 1) 

m being an odd number. 

77. To recapitulate: 

P .^^ l-3.5>>(2m-l) r m(m^l) 

^~^*'' m! L 2(2m-l)^ 

m(m-l)(m-2)(m-3) ., 
^ 2.4. (2m — 1) (2m — 3) 

m(yyt — l)(m — 2)(m — 3)(m — 4)(w — 5) 
2.4.6. (2??t — l)(2m — 3) (2m — 5) 



ar"— « + 



■], (1) 
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m being a positive integer, is a Surface 2^<mal Harmanie or Legendrian of the 
mth order. It is a finite sum terminating with the first power of x if m is 
odd, and with the zeroth power of a; if m is even. 

Pfni^) is the coefficient of the mth power of « in the development of 
(1 — 2055; + 25^)" i into a power series. Hence if « < 1 

(1-2XZ + z^- i = Po{x) + Pi(aj).« + P,(x).«« + Pa(«).«« 

+ P,(x).z^ + P,{x),^ + • • • + Pn,(x).z^ + • • •. (2) 
Whence 

^ = = i fPoCcos ff) + -' Pi(cos ^) + ^ P,(cos ^) + • • • 
Vr«-2rriC0S^ + r« ^L "^ ^ r '^ / ' ^ v 

+ ^P^(cos^) + --] if r>r. 



= i rPo(cos ^) + ^ Pi(cos ^) + ^Ps(cos ^) H 

+ ^P^(costf) + ---1 if r<n. 



is a solution of Legendre's Equation 



when m is a positive integer. 

and r= ^, P„(co8 ff) 

are solutions of the form of Laplace's Equation in Spherical Codrdinates 
which is independent of <f>, namely 

tD* (r V) + ^^ D, (sin 00,7) = 0. (4 . 

-P*.+i(0)=0. (8) 

^,(0)=(-i)- "°-f^r'' - « 
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F dP^^x) -] ^ 3.5.7. • • • (2m + 1) 

L dx J,_, ^ ^ 2.4.6. -r-Zm ' 



161 



(10) 
They 



(ii) 



For convenience of reference we write out a few Zonal Harmonics, 
are obtained by substituting successive integers for m in formula (1). 



F^(x) = ^ (S5x* - 30a:» + 3) 

F^(x) = i (63x^ — 70x« + 15a;) - 

P^(x) = ^7 (231a:« - 315a:* + 105a;« - 5) 

P^(x) = ^ (429.c^ — 693a;* + 31 5a-« — 35a;) 

Fti(x) = T^ (6435a;» — 12012a;* + 6930a;* — 1260a;» + 35). 

Any Surface Zonal Harmonic may be obtained from the two of neJxt lower 
orders by the aid of the formula 

(n+ l)Pn^i(^) - (2n + l)a;P„(a;) + nP,_j(x) =0 (12) 

which is easily obtained and is convenient when the numerical value of x is 
given. 

Differentiate (2) with respect to z and we get 

ZtrllfM = -P»(*) + 2P,(*).« + 3P.(x).«» + . . . 



whence 



(1 — 2xz + z')i 



(1 - 2xz + z') i = (^-^ + '^(^^0^) + 2^«(«)-* + 3P,(a:).*» + .••). 

Hence by (2) 

(1 — 2xz + «^(Pi(x) + 2P,(a;).« + 3P,(a;).«* + • • •) 

+ (* - a;)(P„(x) + P,(x).« + Pt(x).z' + •••)= (13) 
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(13) is identically true, hence the coefficient of each power of z must vanish. 
Picking out the coefficient of z^ and writing it equal to zero we have formula 
(12) above.* 

78. We are now able to solve completely the problem considered in Art. 9. 
We were to find a solution of the differential equation 

r2>;(rr) + ^A(sin^AF)=0 G) 

subject to the condition 

We know (v. Art. 77) that 

r= r^P^ (cos ff) 

and ^=;:;rTi^m(costf) 

are solutions of (1). 
For values of r < c 

M 



Therefore for values of r < o 

Mr Ir* 

r= y [Po(cos ^) - 1 ^ P«(cos S) 

is our required solution; because each term satisfies equation (1); and there- 
fore the whole value satisfies (1), and when ^ = 

P^(cos^) = P^(l) = l 

[v. (5) Art 77], and hence (4) reduces to (3) and (2) is satisfied. 
For values of r> c 

(^ + r«)i r[_ 2r2 "^2.4r* 2.4.6r«"^' J ^ 

"" Lr 2r«"'"2.4r» 2.4.6r'"' J* 
* For tables of Surface Zonal Harmonics v. Appendix Tables I and IL 
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Therefore for values of r > c 

+ ^^^.(C08^-|||^,P.(008^ + ...] (6) 

is our required solution. For it satisfies (1) and reduces to (2) when ^ = . 

79. As another example let us suppose a conductor in the form of a thin 
circular disc charged with electricity, and let it be required to find the value 
of the potential function at any point in space. 

If the ma^^tude of the charge* is M and the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 

M 
<r = 



and a^ points of the conductor are at the potential -^ • (v. Peirce's New- 

tonian Potential Function, § 61.) 

The value of the potential function at a point in the axis of the plate at the 
distance x from the plate is easily seen to be 



a 



jr^^f____rdr_ 



dx\2a^^ a:»+aV"~ a^ + x^ 

r^fl — -4- -* — - 4- 7 

if a5<a, 

— — r^fl — - 4- -* — - 4- "I 
"■ x^[_ x^'^x* aj«"^* J 

if x> a. 
Integrating and then determining the a^bittary constant we have 

M ,r^-:-a^ MVir x . x* x^ . x^ 



TT- COS"^ 



ft^ MFw X ^^ x^ 



a*' 3T* x^ "1 



2a x^ + a^ a L2 a ' 3a« 6a* ' 7a' 

if x<af 

_J^ra__a3^^_^ H 

a Lx 3x* ^ 5x^ 7x' ^ J 



if a5> a. 
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We have, then, to solve the equation 

subject to the conditions 

when ^ = and r<a 
and V^ — U«-- I 

when ^ = and r> a. 
The required solution is easily seen to be 

TT 

if r < a and B<^ > 

and F=^[^-|^P,(co8tf) + i5p,(co8^-J^>.(co8fl) + -] 
if r>a. 

EXAMPLES. • 

1. Given that if a charge M of electricity is placed on an ellipsoidal con- 

Mn 
ductor the surface density at any point P of the conductor is equal to > 

where p is the distance from the centre of the conductor to the tangent plane at 
P (v. Peirce, New. Pot. Func. § 61) ; find the value of the potential function at 
any external point when the conductor is the oblate spheroid generated by the 

rotation of the ellipse — « + Vi = 1 about its minor axis. 

(r fr 

Ana, (1) If the point is on the axis of revolution 

F = ^ fsin- (^^+£^^\ ^ 3i^-x /te-a« + y \-] 
2Vf/2 - b^ L War' + a^ — h^' WaJ^ + a* — 6«^J 

X being the distance from the centre. 

(2) If the point is on the surface of the spheroid 

2Va« — ft«L2 \ a« /J ^— ^«l ? VVa« — ft^J 
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(3) If the distance r of the point from the centre is less than Va" — ^* and 



2 



r= 



r-_ 



(4) If the distance r of the point from the centre is greater than Va" — b* 

2. If the conductor is the prolate spheroid generated by the rotation of the 
ellipse -"2 + 7a = 1 about its major axis, show that if the point is an external 
point and is on the axis at a distance x from the centre, 



M , x + y/a^ — b^ 
V= — , log , 

2Va» — b^ x — ^a^ — b^ 



If the point is not on the axis and r > V«* — b* 



+ i^«P.(COS^) + ^^P.(COB(0 + -]. 



80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disc, of density p, thickness ky and radius a. 

The value of F at a point in the axis of the disc at a distance x from its 
centre is readily found and proves to be 

Vo = 2irpk(>Ja^ + a« — x) = ^ \>Jx^ + a« — «]. 
If a;>a 

^^ + * *V ^ x»/ * L ^ 2 a^ 2.4 1* ^ 2.4.6 «• 2.4.6.8 «• ^ 

d p._23fria 1.1 ff» 1.1.3 ff' 1.1.3.5 a* . ~| 

"" •" a L2a; 2.4 a^ "^ 2.4.6 «» 2.4.6.8 x» "*"" J " 
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If x<a 

and jr_2itfn a; . lar* 1.1 g* 1.1.3 g^ 1.1.3.5 y« "I 

^ a L a"^2a« 2.4 a* "*" 2.4.6 a« 2.4.6.8 a« "^ " J ' 

Hence the solution for any external point is 

„ 2Mria 1.1 a%, ., 

, 1.1.3 a* . „ 1.1.3.5 fl^ -, , ^. , "1 

+2i:6;*^*(^^^^>-2:4:6:8?^^(^*>+-J 

if r > a, and 

r=—[l — -P,(coaff) 

+ ^^.P,(C0S«)-|i^A(C08«)+|i|^.P.(COS «»)-...] 

if r<a and 0<k' 



EXAMPLES. 



1. The potential function due to a homogeneous hemisphere whose axis is 
taken as the polar axis, is 

„ MFa^ 3.1 a« . .. 3.1.1 a% ^ ^. , 3.1.1.3 a* ^ „ l 

^=7Lr + 2l^^^(^"^^>-2Z6;i^>(^"^^>+2Z6:8?^'^ 

if r > a, and is 



TT 

if r<a and ^>;7 



2. The potential function due to a solid sphere whose density is propor- 
tional to the distance from a diametral plane is, at an external point, 

^ 8 3f r5.3 a , 5.3.1 a» . .. 

^=1571217+2:4:6 ;^^»(^"^^) 

5.3.1.1 a» p . ^, , 5.3.1.1 .3 n' ^ , .. "1 
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3. The potential function due to the homogeneous oblate spheroid generated 
by the rotation of — + ?9 = 1 about its minor axis is, at an external point, 

3 M r x«+««-y / fo« -b'+hx) 

2(a«-6«)L2(a»-6»)i V aVx» + o»-i"' 

+ 8in ' ' ■ , =^) — X 

aVx* + a* — 6V J 

if the point is on the axis of the spheroid at a distance x from its centre. 
''-(a._5«)iLl.3 r 3.6 r* ^»(«08(*^ 

if r>(a« — ^i, and 

if r<(a« — ft«)i and ^<|- 

4. The potential function due to the homogeneous prolate spheroid 

generated by the rotation of "2 + ^ = 1 about its major axis is, at an 
external point, 

•^ (a» - ft«)* L1.3 r ^3.6 r« ^^^'^V 

+ ^^^''^^(«» *) + •••] 
if r>(a« — ^i. 

81. The method employed in the last three articles may be stated in 
general as follows: — Whenever in a problem involving the solving of the 
special form of Laplace's Equation 

ri);(rF) +^A(8in^AF)=0, 

the value of F is given or can be found for all points on the axis of X and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radius vector of the point, the solution for a point 
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not on the axis can be obtained by multiplying each term by the appropriate 
Zonal Harmonic, subject only to the condition that the result if a series must 
be convergent. 

It will be shown in the next article that P^(cos $) is never greater than 
one nor less than minus one. Hence the series in question will be convergent 
for all values of r for which the original series was absolutely convergent. 

82. In addition to the form given in (1) Art. 77 for Fj^(x) other forms 
are often useful. 

It ought to be possible to develop P^(cos ff), which may be regarded as a 
function of $, into a Fourier's Series, and such a development may be obtained^ 
though with much labor, by the methods of Chapter II. 

The development in terms of cosines of multiples of $ may be obtained 
much more easily by the following device. 

We have seen in Art. 75 that P^ (cos $) is the coefficient of the mth power 
of z in the development of (1 — 2z cos $ + z^)-i in a power series, and that 

if mod « < 1 (1 — 2z cos $ + z^~i can be developed into such a series. We 
know by the Theory of Functions that only one such series exists, so that the 
method by which we may choose to obtain the development will not affect the 
result. 

(1 — 2« cos $ + z')-i = (1 — z(e^ + e-^ + s^'^ 

= (1 — ^^^^^-^(l — ««-•<)""*• 

(1 — ze^'i may be developed into an absolutely convergent series if 
mod « < 1 , by the Binomial Theorem. We have 

^ ^ ^2 ^2.4 ^2.4.6 ^2.4.6.8 ^ 

The product of these series will give a development for (1 — 2« cos + z*)'i 
in power series. The coefficient of «"• is easily picked out, and must be equal 
to P„ (cos 6), We thus get 

, 1.3 2w(2w — 2) , _ T 
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_ . -. 1.3.5.---(2m — 1) r l.m .^ 

, ^ 1.3 w(m — 1) 
+ 2 1.2(2m-l)(2m-3) ""^('^ - ^>* 

, ^ 1.3.5 m(m — l)(w— 2) . ^xzi i "1 /i\ 

+ ^ 1X3 (2m - l)(2m - 3)(2m - 5) °"^("^ - 6)^ + • • ' J • (1) 

If m is odd the development runs down to cos $] if m is even to cos (0), but 
in that case the coefficient of cos (0), that is, the constant term, will not contain 
the factor 2 which is common to all the other terms, but will be simply 

L" 2A.il "-m J' 
We write out the values of P^(cos $) for a few values of m 

Po(cosd) = l 
Pi (cos ff) = cos ^ 

P,(cos ^) = T (3 COS 2$ + 1) 
P,(cos ^) = o (5 cos 3^ + 3 cos 0) 

F^(co8 ff) = Ql (35 cos 4$ + 20 cos 2$ + 9) 

1 1^ (2) 

Ps (COS ^) = T7^ [63 cos 5^ + 35 cos 3$ + 30 cos d] 

Pe (COS ^) = gTo 1^^^-^ ^^® ^^ "^ -^^^ ^^® ^^ "^ ^^^ ^^^ ^^ + ^^3 

i>, (cos d) = j^ [429 COS 7d + 231 cos 5^ + 189 cos 3$ + 175 cos d] 

Pg (cos d) = Tgigj [6435 cos 8^ + 3432 cos 6^ + 2772 cos 4$ 

+ 2520 cos 2$ + 1225] . 

Since all the coefficients in the second member of (1) are positive, and since 
each cosine has unity for its maximum value it is clear that P^ (cos ff) has 
its maximum value when ^ = 0; but we have shown in Art. 76 that P^ (1) = 1. 
Therefore F^ (cos ff) is never greater than unity if $ is real It is also easily 
seen from (1) that P«(cos ff) can never be less than — 1. 
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83. i^»6r; can be rerj mupLj cxpicsBc d as a de ii i aii fB, We have 






■.(,_l„,_2>c.-3) ..-| 

^ 2.4.(2« — lx2»i — 3) J 



(m + lWm- !)(»-■ 2) .1 

^ 2.4.(2w — l)(2w — 3) J 

r MM 







(2m-lH2m-Zy"l V (m + 2)(m 

(w + 2)I L 2.(2i» — 



+ 1) 
1) 



(»*+2)(m + l)m(m-l) _. 1 
^ 2.4.(2i« — l(2w — 3) J 



/-.,(.)^-^ (^-^)g:-3)-^ [^-^ 



1) 



2»t(2»t — l)(2m — 2)(2i» — 3) ^_^_ ."I 
"^ 2.4.(2w — 1)(2»» — 3) * "J 

^ (2m-l)(2m-3)---i r «*(»^-l) ,^„ 

(2m)\ L ^2! 

m(m -!)(,;.- 2) ^^_, ^ -j 

The quantity in brackets obviously differs from (as*— 1)* by terms involvbg 
lower powers of x than the mth. 

This important formula is entirely general and holds not merely when 
X «= cos By but for all values of a;. 
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84. The last result is so important that it is worth while to confirm it by 
obtaining it directly from Legendre's Equation 

(l~:c^g-2:c| + m(m + l> = (1) 

V. (1) Art 76. 

Let us differentiate (1) with respect to x a few times representing 

Tx ^^ *'' 'A ^^ ^"' rff» ^^ ^"'' ^^* ^® ^®* 

• (l-*')^,-2.2x — + [m(m + l)-2>' = 0, 

<^ ~ "'*> ^ ~ 2-** S" + '^'"('^ + 1) - 2(1 + 2 + 3)]*"'=0, 
and in general 

(l-x»)^'-2(» + l)x^' + [m(m + l)-2(l+2 + 3 + --- + n)y) = 

or (1 -«*) ^' -2(n + 1)0!^+ [«»(»» + !)-«(» + !)]«<•> = 0. (2) 

Following the analogy of these steps it is easy to write equations that will 
differentiate into (1). 

Let ^-z ^-z — •-« &0. Then 

(l-*«)0 + 7«(m + lK = O 
will differentiate into (1), 

<^ ~ **> ^ + 2.1x ^ + [m(m + 1) - 2.1]*, = 

if differentiated twice will give (1), 

if differentiated three times will give (1), and in general 

(l-x*)^ + 2(n-l)x^- + [m(m + l)-«(n-l)]«,-i0 (3) 

i f differentiated n times with respect to x will give (1). 
If n = m + 1 (3) reduces to 
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and the (m + l)st derivative with respect to a? of any function of x which 
satisfies (4) will be a solution of (1). (4) can be written 

and can be readily solved by separating the variables and integrating, v. Int. 
Cal. (1) page 314. It gives 

«^=C(x»-l)-. 

Hence z = ^V^ = C^^-^, — ^ 



is a solution of Legendre's Equation (1) and agrees with the value of F^{x) 
obtained in Art. 83. 

85. The equations obtained in Art. 84 are so curious and so simply related 
that it is worth while to consider them a little more fully. 
We have seen that 

(l-»=*)S+2-| = (1) 

differentiates into 

(l-^t. + 2(»»-l)a5g + 2»«* = 0; (2) 

that if we differentiate (2) m times we get Legendre's Equation 

that if we differentiate (2) 2m times we get 

that if we differentiate (2) m — n times we have 

and that if we differentiate (2) m + n times we have 

(1 -^')%- 2(» + 1)' i + ['^("^ + 1) - «(« + 1)> = 0. (6) 

By the aid of (1) we found in the last article a particular solution of (2), 
namely 



« = 
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If we substitute in (2) « = u(x^ — !)"• following the method illustrated 
fully in Art. 18, we get as the general solution of (2) 

= J(x« - 1)- + B(x^ - l)-.J^-j-^^, , (7) 

A and B being arbitrary constants. 

/dx 
a — i\m.n ^® easily written out [v. formula (42) page 6. Table of lute- 

grals. Int. Cal. Appendix]. If a? < 1 it vanishes when aj = 0. Ifa?>lit 
vanishes when x = oo. If then a; < 1 (7) can be written 



« = ^(x«-l)-- + 5(^-1)"/^^^^, (8) 

and if a; > 1 

0» 

dx 



z = A(x* - 1)- + B(x- - 1)" / ,_^ . (9) 



and in these forms unnecessary arbitrary constants are avoided. 
From (7) we can get the general solutions of (3), (4), (5), and (6). 

is the general solution of (3). 

is the general solution of (4). 

is the general solution of (5). 

is the general solution of (6). 

In each of these forms A and B are arbitrary constants and the integral is 
to be taken from to x if a: < 1 and from ar to 00 if x > 1. 

Of course (10) must be identical with the forms already obtained in Arts. 16 
and 18 as general solutions of Legendre's Equation. 

Equation (4) is so simple that it can be solved directly, and we get its 
solution in the form 

which must be equivalent to (1 1). 
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Comparing (14) with (7), the solution of (2), we see that eveij solution of (4) 
can be obtained from a solution of (2) by dividing the latter bj (a^ — !)"*> or 
in other words that if we write (2) 

(i-^^ + 2(m-l)x^ + 2mz = 0, (2) 

and (4) as (i_;^ ^_2(m + l)-r ^» = (4) 

z = «i(ar* — !)• ; and the substitution of this value in (2) will give (4), and 

the substitution of «i = j-TZITTm ^ W ^"^ ^^® (^)' 

We have, then, two ways of obtaining (4) from (2); we may differentiate (2) 
2m times with respect to x, or we may replace z in (2) by «i(x* — 1)". 

If we use the first method we have seen that Legendre's Equation (3) is 
midway between (2) and (4). That is if we differentiate (2) m times we get 
(3) and if we then differentiate (3) m times we get (4). Let us see if the 
half-way equation in our second process is Legendre's Equation. 

If * = y(ar«-l)f 

and y = Zi(x* — 1)7 

z = Zi(x* — 1)". 

So that if in (2) we replace z by y(x^ — l)f and then repeat the operation 
on the resulting equation we shall get (4). Making the first substitution we 
find, 

(l-.^)g-2.g+[«.(. + l)-j^Jy = 0. (15) 

not Legendre's Equation but a somewhat more general form. Of course its 

solution is 

y = .4(r» - 1 )7 + /i(x« - d: J^-j-^ - . (16) 

(2) and (4) are special forms of (5) an^(6). Let us try the experiment of 

substituting in (5) z = t/(l^jr^)j and in (6) g= ^ ,^ ' We find that 
both substitutions give the same equation 
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The solution of (17) can be obtained from either (12) or (13) and is 



or 



which of course must be equivalent. 

86. In addition to the value of P^i^) given in (1) Art. 83 there is another 
important derivative form which we shall proceed to obtain. It is 

-P«(costf) = ^^r->2)-(i). (1) 

We have seen in Art. 76 that • can be developed into 

r r r 2 ^ 

^l_2rJcoBtf + ^ 

a convergent series if ri<Cr and that the (m + l)st term of that series is 

P (cos $)ri"* 

-^ — — p — . Let us obtain this term by Taylor's Theorem. 



j,m-h I 



1 






^(x--r,y+i/ + z^' 



Eegarding this as a function of (x — Vi) and developing according to powers 
of ri by Taylor's Theorem we get as the (m + l)st term 






ml ' 



87. We have now obtained four different forms for our zonal harmonie, 
a polynomial in x, an expression involving cosines of multiples of By a form 
involving an ordinary mth derivative with respect to x, and a form involving 
a partial mth derivative with respect to x. We shall now get a form due 
to Laplace, involving a definite integral. 

f ^ = — H—^ (1) 

J a — b cos ^ (a* — b^i 
if a^>b^ [v. Int. Cal. page 68]. 
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-J ; — =n can be expressed in the form -7-5 — r=ri by taking a = 1 — «c 

(1 — 2xz + g^j ^ (a^ — 0^)^ 

and 6 = ;;; ^x^ — 1 and no matter what value x may have z can be taken so small 

that a' will be greater than b*. Then by (1) 

1 1 r d^ ^1^ r d^ 

(1 — 2a;« + ««)i "" TT J 1 — «a; — «Va;«— l.cosi^ ^s' 1 — «(« + V^*— l.cos*^) 

= - C[l + (aj + VaJ*— 1. cos <^>+ (« + V^ — 1. cos <^)V 

+ (aj + V^aj* — 1. cos <A)VH ]rf<^ 

if « is taken so small that the modulus of z(x + ^a^ — 1. cos ^) is less than 1. But 

by Art. 77 (2) F^(x) is the coefficient of «"• in the development of j , 

(1 — 2xz + «*)i 

«■ 

hence P^(x) = - f [aJ + V«^ — L cos <^]««(^ . (2) 


By replacing <^ by tt — <^ in (2) we get 

-Pm(«) = -fl^ - ^^' - 1- cos <l>^'^dil>. (3) 



111 1 

and if mod - < 1 or in other words if 
z 



\ z «v 



, >1 1 

moa z^ 1 ^ ^^ ^jg^ ^ developed into a convergent series involv- 

1 /1\'" 

ing powers of -> and the coefficient of 1-) will be P^(x)\ but this will be 

the coefficient of ^c"*""^ in the development of — . y^ i according to 

descending powers of «, mod « being great er than 1. 

If now we let az=.zx — 1 and b-=z Vx* — 1 , a^ — ^^ = 1 — 2xz + «* and 
» may be taken so great that a' — ft* > 0. Then by (1) 



1 —If ^ 



cos <h 

^ 



-if 



d<l> 



«(x — ^x^ — 1. cos <^) 1 1== I 

L z(x — yx^ — 1. cos ^)-i 

= i f ^ fr-^ I ^ 

V (« — Va;" — 1- COS <t>) L (X — Vx* — 1. cos .^) 

(X — Vx»— 1. cos .^)» J 
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and the coefficient of jir*"* is — I , ^ 

w*' fa; — Vx^ — 1. 



[x — \x^ — 1. cos ^] 



n + l 



cos^]*"** 



(4) 
' [a; — Vai" — 1. coa <fcT"+i 

Replace ^ by ir — <f> and we get 

^ (6) 

_ ' ra; 4- \/a^— 1. coa c&T'+i 



Hence P,(x) = - f ^ ^ 

'¥[« — Vx*— 1. 

•- 

i^ and we ge 

T [^ + V^^^. cos «^]-^i 

88. In the problems in which we have already used Zonal Harmonics 
(v. Arts. 78-81) we have been able to start with the value of the Potential 
Function at any point on the axis of Xy and it has been necessary to develop 
the expression for V on that axis in terms of ascending or descending powers 
of X. If, however, we start with the value of V in terms of $ for some given 
value of r, that is on the surface of some sphere, we must develop the function 
of B in terms of zonal harmonics of cos $ (v. Art. 10), and our problem becomes 
the following: — To develop a given function of cos $ in terms of zonal har- 
monics of cos $y or to develop a given function of x in terms of the functions 
Pfn{x), X lying between 1 and — 1. 

The problem resembles closely that of developing in a Fourier's series, 
which we have already considered at such length. 

Let f{x) = A^o(x) + A^F^ix) + A^^(x) + ^P,(x) + • • • (1) 

for all values of x from — 1 to 1 and let it be required to determine the 
coefficients. 

If f(x) is single-valued and has only finite discontinuities between aj = — 1 
and a: = 1 we may proceed as in Art. 19. 

Let us take n + 1 terms of (1) and attempt to determine the coefficients. 
Take n + 1 values of x at equal intervals Ax between x = — 1 and .r = 1 
so that (n + 2)^x = 2; /(— 1 + Ax), /(— 1 + 2Aa;), /(— 1 + 3A^). • • • 
/[ — 1 + (^ + 1)^^] ^^^ ^ t^® corresponding values of /(aj). Substitute 
these values in (1) and we have 

/(-l + Aa:)=APo(-l + Ax).f^,Pi(-l+Aa:) 

-f^,P,(-l + Aa:) + -. + ^P,(-l-f Aar) 

/(— 1 + 2Aa:) = A^^{'- 1 + 2Aa:) + ^iA( — 1 + 2A») 

+ ^,P,(-l + 2Aa-) + -- + ^P«(-l + 2Ax) 
■ .«•• •• . 

/(I - Aa;y= A^,(i - Ax) -V ^»A(1- Ax) +"^,P,(1 - Ax) + •- 

+ J,P,(l-Ax), 

that is, » + 1 equations from vrhich in theory the n + 1 coefficients 
^0, ^1, • • • ^, can be determined. 



(2) 
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Following the analogy of Art. 24 let us multiply the first equation by 
P^(— 1 + Aar).Aa; , the second by P„(— 1 + 2Ax).Aa; , the third bv 
P^(— 1 + 3Ax).Aa5, &c., and add the equations. The first member of the 
resulting equation is 

]g/(- 1 + AAa;)P„(- 1 + AAa!).A* , (3) 

and the coefficient of any ^ as ^| in the second member is 

X^fni- 1 + kAx)P,(- 1 + k.Ax).Ax. (4) 

If now n is indefinitely increased (3) approaches as its limiting value 

1 
jf{x)P^(x)dx (5) 

— 1 
1 

and (4) approaches CF^(x)Pi(x)dx. (6) 

—1 

We have now to find the value of the integral (6) or as we shall write 
it for the sake of greater convenience 

1 

Cp„(x)P,(x)dx. 
-1 

-1 -1 

by (1) Art. 83. 

-1 -1 



by iyitegration by parts, 
^ Now if z = X(x^ — iy 



— 1 



^ = 2/i^A^(x« - 1)"-^ + (x«-- 1)- ^== (x»- 1)--^ r2naX+ (^ 

Hence the j^th derivative with respect to a* of any function of x containing 
or* — 1)" as a factor will contain (a** — 1)" "** as a factor if /? < n . 
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J^ ^ — ^ > then, contains (x* — 1) as a factor and is zero when ar= 1 

and when a: = — 1 , so that (1) reduces to 

/^ d^(a^ — 1)"* d^(x^ — 1)* 1^-n^a.a— j[)- e^-i(ar'— 1)* 



-1 —1 

It follows that 

dx 



'(«*-')■ ''■<«'-l)' j. , ,, ii- f^^t**-!)- J-'f^--!)- 



/=«^^--^^^^-<-l)'i^ 



~i —1 



If nv^^n we get from (3) 



— 1 



J die- «&• ^ ^ J die*- da-— "^ 



—I — 1 



= (- l)-(2m)I [ '^"^'11, ^^'^ ^0, 



since __^=(2m)l. 

If w>n 



J cbr da* ^ J dar-'' dx^ ' 



— 1 — 1 



If, then, m is not equal to n 

1 

CF^(x)F,(x)dx=^0. (4) 

— 1 

1 

If m = n we have to find | [P^(a;)]^. 



-I -1 



by (3), — (- l)"(2m) lC(x' - l)-dar. 



— 1 
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1 1 1 



-1 -1 _i 

1 
m! 



= (- ^>- ir. + lXm + 2)^..2mf (' + ^^*^ 



= (- !)■ 



— 1 



(m + 1) (m + 2) • • • (2m + 1) 



TT rrT> / x-i»j 1 (— l)-(2w)!(— l)-m 2*»+i 

Hence I [P«(a:)]^ = o^/ " txa r — , Vx / i m * " /o — nr^ 

J L mv / J 2*"(m!)2 (m + l)(w + 2) • • • (2m + 1) 



or 

— 1 



/[P.(.)].«^ = 2-^. (5. 



90. The solution of the problem in Art. 88 is now readily obtained, and 
we have 

f(x) = APoix) + A^P,(x) + ^,P,(x) + • • • (!) 

where ^ = ?2!^J/(x)P,(x)dbi . (2) 



— 1 



The function and the series are equal for all values of x from a; = — 1 to 
a; = 1 , and f(x) is subject to no conditions save those which would enable us 
to develop.it in a Fourier's Series, [v. Chapter III.] 

Of course (1) can be written 



/(cos $) = APo(cos 6) + ^iPi(cos $) + ^,P,(cos d) H 

2m + 1 

—1 



ism + 1 /* 
where ^^ = — ^ — ( f{^^^ ^)-P|«(cos d)rf(co8 ^ 

—1 
or if /(cos d) = F{e) 

F{e) = Ai^o(cos ^) + ^iPi(cos 6) + ^P,(cos e)-\ (3) 

w here A^ = ?^L±i Cf($)F^(cos ff) sin ^.cW (4) 



and the development holds good from ^ = to ^ = tt. 

If f(x) is an even function, that is, if /(—«•)=/(«) (1) and (2) can be 
somewhat simplified. For in that case it can be easily shown (v. Art. 77) that 



Cf(x)Pu(x)dx = 2J'f(x)P^(x)dx 

-1 
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1 
and that Cf(x)^»^-i(^)dx = ; 

so that if /(— x) =/(«) 

f(x) = AoPo(x) + A,F,(x) + AP,(x) + A.F.(x) + • • • (5) 



where 



1 
A^ = (ik + l)ff(x)P^(x)dx . (6) 



If f(x) is an odd function, that is, if /( — x) = — f(x) it can be shown in 
like manner that 

/(x> = ^,P,(x) + A,P,(x) ,+ A,P,(x) + A,P,(x) + '" (7) 

where ^tt+ 1 = (4A: + S)Cf(x)P^^ ,(x)dx. (8) 



If it is only necessary that the development should hold for < a? < 1 any 
function may be expressed in form (5) or (7) at pleasure. 

91. We can establish the fact that CF^(x)F^(x)dx =: by a more gen- 

eral method than that used in Art. 89. 

Let X^ be any solution of Legendre's Equation 

• £[(l--^£]+'«('« + l)* = [V. (1) Art. 16]. 

which with its first derivative with respect to a; is finite, continuous, and 
single-valued for values of x between — 1 and 1, — 1 and 1 being included. 

Multiply (1) by X^ and (2) by X^ and subtract and integrate and we get 
[m(m + 1) - n(n + 1)] Jx.X.da: =Cx^ ^ [(^ " »^ ^"]«& 

-I -1 
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Integrate by parts, 
[m(m + 1) - n(n + ly^fxj^dx = [ j:,(l - ^^ ^ - X,(l - xF) ^]]] [ ^ 



— 1 

1 _ _ 1 



-/<»-^^^^+/('-''f'f ^- («' 



— 1 -1 

1 



Whence Cx^X^dx = (4) 



—1 
unless w = n. 

(3) gives at once the important formula 



J " " TO (i» + 1) - n(« + 1) 



(6^ 



from which come as special cases 



, (.-^[P.W^-P.(x)^-^] 

J »\ / ii\ y ^^^ ^2) — n(w + 1) 



(6) 



and since P«(x) = 1 

rfjr 



(1_^^^^ 



/P^{x)dx = ^ 

^ m(m-f' 1) 



(7) 



unless m = . 

EXAMPLES. 



1. Show that i Pj(x)dx = if i» is even and is not zero. 

, ,,==~^ 1 3.5.7. " w .. . 

^ m(m + 1) 2.4.6. •••(»» — 1) 

ofld. V. Art. 91 (7) and Art 77 (10). 

2. Show that 
1 

j P^(x)P^(x)dx = if wi and m are both even or both odd. 

u 

= (—1) » 



if m is even and n odd. v. Art 91 (6) and Art. 77 (8), (9), and (10). ct J. W. 
Strutt (Lord Rayleigh) Lond. PhiL Trans. 1870, page 579. 

3. Show that r[P«(x)]«dLr = __J v. Art 89 (5). 
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92. Formula (4) Art. 91 can be obtained directly from Laplace's Equation 
by the aid of Greenes Theorem (v. Peirce's Newt. Pot. Func. § 48). 

Take the special form of Greenes Theorem [(148) § 48 Peirce's Newt. Pot. 
Func] 

((^(P^^ V — r V* U)dxdydz =j"( UD^ V ~ VD^ U)d8 (1) 

where V stands for (D^ + D^ + A*)? ^n is t^© partial derivative along the 
external normal, and the left-hand member is the space-integral through the 
space bounded by any closed surface, and the right-hand member is the surface 
integral taken over the same surface, (v. Int. Cal. Chapter XIV.) 

If ?7and F are solutions of Laplace's Equation VT=V^?7=0 and (1) 
reduces to 

C{UD^ V— VD^ U)ds = . (2) 

Now f^X^ and r^X^ are solutions of Laplace's Equation if x = cos B 
(V. Art. 16). 

If the unit sphere is taken as the bounding surface and U=^r^X^ and 
V=^r^X^ (1) and (2) will hold good. 

D,U= Drir^XJ = mr-^-]X^, 

D,V=nr-'^X,, 

c^ = sin $.d$d<f>, 

and (2) becomes fd^f(nX„X, - mXM sin*.^* = 







IT 

2ir(n — m) fx^X^ sin O.dO = . (3) 



or 



Since x = cos $ , sin $,d$ = — dx and (3) reduces to 

1 
'z„X,dx = 0* (4) 



X 



— 1 

unless m=zn. 

93. We can now solve completely the problem of Art. 10 which was in 
that article carried to the point where it was only necessary to develop a 
certain function of $ in the form 

AoPo(COS 6) + AiFi(COB ff) + ^aPa(C0S $) -] 

* It should be noted that this proof is no more general than that of the last article, for, in 
order that Greenes Theorem should apply to r"*^^, this function and its first derivatives must 
be finite continuous and single-valued within and on the surface of the uiiit sphere, (v. Peirce, 
Newt. Pot. Func. i 48.) 
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given that f(0)=--l from ^ = to ^ = ^ 

and /(^) = from ^ = |^ to B^ir. 

This amounts to the same thing as developing F(x) into the series 

F(x) = A,P,(x) + A,P,(x) + A^P^(x) + A^P^(x) + • • • 

where F(x) = from a; = — 1 to a;=0 

and -F(a;)=l from a; = to ar = l. 

By Art. 90 (1) and (2) 

Ao = ^CPo(x)dx = 2 J ^ ~ 2* 



and any coefficient -^m = ~~9 — ) ^mi^)^* 



By Art. 91, Ex. 1 



I P^(x)dx = if m is even 



, ..=4^ 1 3.5.7. " -m .^ . -, 

= (~ ^) / I HN oTH 7 T\ II *» w odd. 

^ ^ ??i(wi + 1) 2.4.6. '" (m — 1) 

Hence A^ = if m is even 

, ^.•-rii2m + l 1. 3.5. ' - (m - 2) .. . ., 
= (-^) ^ 2^+2' 2.4.6. >>-(m-l) ^ ^ « ^^ 

Then j.(^) = l+|p,(^)-^.|p,(a,) + g.gp.(a,)-... (1) 

and t, = ^ + ?rA(co8^)-^.^r«P.(co8tf) + ji.||r»P,((K)8^ (2) 

for any point within the sphere. 

94. If in a problem on the Potential Function the value of F is given at 
every point of a spherical surface and has circular symmetry* about a diameter 
of that surface the value of V at any point in space can be obtained. 

We have to solve Laplace's Equation in the form 

rD,\r V) + ^^ A(8in (9 2), F) = (1) 

* See note on page 12. 
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subject to the conditions 

r=/(tf) when r = a 

F=0 " r=oo. 

We have f(0) = ^4o^o(cos 0) + ^iPi(cos $) + ^P,(co8 «) H 

where ^ = ?^J: Cf(jBf)P^(Qos tf) sin tf.rftf. v. Art 90 (4). 



Hence 
V=Ao + A, (^) Pi(co8 $) + A^ Ql*^2(oos (f)+A^ (^)'^«(^ «) + ••• (2) 

is tlie required solution for a point within the sphere, and 

r= Ao g) + .4, (;) P,(co8 $) + A, (")*P.(oo8 tf) + A, (;) V,(co8 tf) + — (8) 
is the required solution for an external point. 

EXAMPLES. 

1. If on the surface of a sphere of radius e F is constant and equal to a 
show that Vz=za for any point within the sphere and F= — for any 

T 

external point. 

2. Two equal thin hemispherical shells of radius c placed together to form 
a spherical surface are separated by a thin non-conducting layer. Charges of 
statical electricity are placed on the two hemispheres one of which is then 
found to be at potential a and the other at potential h. Find the value of the 
potential function at any point. 

F=^+^+(6-a)[|^P,(co8tf)-I.i^P.(costf) 

, 11 1.3 r» „ , .. -| 

for an internal point 

for an external point. 
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3. If Fi=/(co8tf) when r = a and Fi = when r=zb show that for 
a<r<b 

maO 

where A„ = ^J!!:±l^f(x)P^(x)dx. 

4. If Fi = ^(cos 6|) when r z= b and Fi ^ when r=:z a then for 

where B„ = ^^fF(x)P„(x)dx. 

— I 

6. If the value of the potential function is given arbitrarily on the surfaces 
of a spherical shell but has circular symmetry * about a diameter V= Fi + T, 
(v. Exs. 3 and 4). 

6. Two concentric hollow spherical conductors are insulated and charged. 
The inner one of radius a is at potential p, and the outer one of radius b is at 
potential q» Find V for any point in space. 

V=p if r<ia, 

r=^(*-l) + ^(l-«) if a<r<b, 
— a \r / b — a\ r/ 

r=2* if r>b. 
r 

7. If ^=0 on the base of a hemisphere and F=/(costf) on the convex 
surface, show that for a point within the hemisphere 



k=0 



where A^^^ = (4k + S) Cf{x)P^^^{x)dx [v. Art. 90 (8)]. 



8. If the convex surface of a solid hemisphere of radius a is kept at the 
constant temperature unity and the base at the constant temperature zero 
sliow that after the permanent state of temperatures is set up the temperature 
of any internal point is 

u = -.A(cos^)-j.^-,P.(cos^) + -.--.A(costf)-... 

* See note on pap:e 12. 
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9. A sphere of radius a and with blackened surface is exposed to the direct 
rays of the sun in air at the temperature zero. Find the stationary temperature 
of any internal point. 

Suggestion : D^ U'\- hu — Mf(0) = when r = a. 

Let ^=2^«^^-(^^«^)' ^^^ f(0)=X^mI'm(9ose). 

Then we have 



whence -4„ = 



a 



TT , ^.^, ^ .« TT 



Here /(tf) = co8^ if 0<e<^ and /(^)=0 if ^<e<ir. 
f(0) =\ + l A(co8 0) +^ P,(cos 0)"^ F,(cos $) + '- 

V. Art. 91 Exs. (2) and (3). cf. J. W. Strutt (Lord Rayleigh), Lond. Phil 
Trans, vol. 160, page 687. 

95. The formulas of Art. 90 enable us to develop a given function of x in 
terms of Zonal Surface Hamumicsy the development holding true for values of 
X between — 1 and + 1. If, however, we can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonics, the 
development holding true for all values of «, the formulas of Art. 90 will give 
us the development in question. 

For example if n is a positive integer «" can be expressed in terms of Zonal 
Surface Harmonics no matter what the value of a;, and no Harmonic of higher 
order than n will enter. For the formulas giving the values of Pi(ic), Pi{x), • • • 
Pn(^) (v. Art. 77) may be regarded as n algebraic equations of the first degree 
in terms of a;, x^, x', • • • x^ and Pi(x), P2(x)y • • •P„(x). 

From these equations the n — 1 quantities x, x^ ar',-**ic"""^, can be elimi- 
nated, and there will result an equation of the first degree in «» and Pi(x), 
^«(^)» * * ' Pni^)} which will enable us to express x" in the form 

Ao + A,Py(x) + A,P,(x) + • • • + A„P„(x) , 

no matter what the value of x, and we shall have the same formula when 
— 1 < ar < 1 as when a- > 1 or a: < — 1. 
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Let us obtain this development. By Art. 90 (1) and (2) 

X- = A^^(x) + A,P^(x) + A^P^(x) + • • • (1) 

2m + l ' 
—1 



where A^ = ^^^!!^ fx'P^(x)dx. (2^ 



1 



j.=?^ ^^f..^s^ie ^ t,a)A«83. 



By integration by parts we get 



—I 



I 1 

a:" — ^ ^ dx = n(n^ l)(n — 2) • • • (n — m + 1) j «»-"»(! — «*)«»<te, (3> 

-1 -1 

if m<n + ly 

= if 7n7> n. 
By integration by parts we readily obtain the reduction formula 

1 1 

Cx^{l — x^'da: = -^Y pc'' ■" '(1 — ^^"^dx whence 

-1 -1 

1 1 

2^ (w — m + l)(n — w4-3) •••(n4- wi — 1)J 

1 

/2 
x'»+*"rfic = — ; p^ if n + ^ is even, 
n-f" wi -f- 1 



— 1 



= if n-\-m is odd. 



Hence ^ (2m + l)n(n-l)(n-2) ■ -(;i-7/. + l) 

"• (n — //I + 1) (n — m + 3) (n — wt + 5) • • • (n + w + 1) 

if ?w- < n 4" 1 and m + n is even, 

= if w > n or if m + ^ is odd. 



Therefore 



x" = 



nl 



[^(2n + l)F,(x) + (2n - 3) ^?^^ P..,(x) 



1.3.5 • • • (2n + 1) 

+ (2.-7) '^" + yf'— > f.,.(x) 



2.4 



+ (2,.-ll) P''+m^-"P-°> J-.-W + -] (4) 

tlie second member ending with the term — t-l Pof^s) if n is even and with 

the term — —- Fi(x) if w is odd. 
n + 2 ^ ^ 



J 



(6) 
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For convenienoe of reference we write oat a few powers of to, 

aj=Pi(x) 
»* = |p,(a!) + |Po(x) 

«» = |P.(X) + |P.(«) 

x» = ^P.(a:)+|p,(x)+fp.(a:) 

If a given function of x can be expressed as a terminating power series it can 
be developed into a Zonal Harmonic Series by the aid of (4). Given that 

f(x) = ao + aiX + (i^x^ + o^t^ H , 

let f(x) = Bo + B,F,(x) + B,P^(x) + B,P,(x) + - • ; 

then picking out carefully the coefficient of P^i^) we have 

" 1.3.6.---(2to — 1)L ""^ 2.(2wi + 3) "+' 

(m+l)(m + 2)(m + 3)(m + 4) . . . ."I .g) 

^ 2.4.(2to + 3)(2to + 5) -+<^ J ^^ 

96. The development of — -^^ is useful and is easily obtained. 
Let ^^ = A^,(x) + A,P^(x) + ^^,(0^) + • • • 

Then ^==?^ljp.(.)^^ (1) 

by Art 90 (2); 

/P«(a') ^^ '^ = [P„(x)P,(x)r'_ -Jp.(;r) ^^ <&. (2) 

— I " -1 



180 ZONAL HARMONICS. [Abt. 97. 

[P,^(a;)P„(aj)] = if w + n is even 

ar= — 1 

= 2 if m + n is odd. 

dP (x) 

Since -?„(«) is an algebraic polynomial of the nth degree in x, — y^— ^ is an 

dx 

algebraic polynomial of the n — 1st degree in x. Therefore in (1) m is less 

dP (x) 
than 71 ; consequently — ^^ is an algebraic polynomial in « of lower degree 

than n and i 

f^n{^) ^^^'^ = ^ ^7 Art 95 (3). 

— 1 

We get then -4^ = 2m + 1 if m + ti is odd and w < n, 

= if m-\-n is even or m > n — 1 ; and 

dP (x^ 

-^ = (2n - l)i>,_, (ar) + (2« - 5)P._,(x) + (2« - 9)P._,(a;) + • • • (3) 

the second member ending with the term SPi(x) if n is even and with the 
term Po(^) i^ ^ is odd. 

From (3) a number of simple formulas are readily obtained. For example 

^^)_^P^^(2« + l)P.(«) (4) 

r 1 

X 

(2„ + i).^ = „^^ + („ + l)^S^ (6) 

[v. (4) and Article 77 (12)]. 

(^. - 1) ^^ = nxP,(x) - »^.,,(«) (7) 

[v. (6) and Article 91 (7). 

97. By the aid of the formulas of Art. 96 a nmnber of valuable develop 
inents can be obtained. 

Let us get cos nO and sin n$ n being any positive real. 
z = cos n$ and z = sin nd are solutions of the equation 

d^z 
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or if we let x ^ cos 6, of the equation 

(1— ^£— |+«'«'-o. (1) 

Let (hyPai^) +'<hP\{^) + (^2^2(x) + • • • 

be the required development of cos n$ or of sin n$. 

Then 2 «- [(1 - **) ^^ - * ^^£^ + «*^«('«')] -0 by (!)• 

« = I*m(x) is a solution of Legendre's Equation (v. Art. 77). Henoe 

and (1) becomes 



maoD 



Formulas (4) and (6) of Art. 96 enable us to throw (2) into the form 

V" r n' - m* dP^Ux) n« - (m + 1)' dF^., (x)-\ . 

-^ -I 2w + l <fe 2m + l <fe J~"- W 

moo ■" -* 

(3) must be identically true. Therefore the coefficient of — ^J"^^ ^ must 

dx 



equal zero, and we have 



2m -\- 5 n* — m^ .. 

'*"-^*~2^M^'w'-(m + 3)«''-* ^^ 



If we are developing cos n$ 



00 = r cos n$ sin $.d$ by Art. 90 (4). 



= ifCsin (w + 1)^ — sin fn — l)tf]^ , 



1 1 4" cos mr ,-. 



3 



and Oj = ^ j cos w^ cos ^ sin 0.d$ by Art 90 (4), 



3 1 — cos nir .^v 

"^ 2- n«-4 • (^> 
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(4), (5), and (6) give us 

^ 1 + cos nir r^^ y»NP- ^* -r*^ ^ 

co8ntf = - 2(n«-l) L^o(co6 tf) i- 5 ^^j^-^, P,(cos fl) 






"" 2(n-^2^ Y^P.i^os 0) + 7 j^^3^, P,(co8 0) 



+ 



11 (n'-l^(n'^3^ -1 



If n is a whole number 1 + cos nw or 1 — cos nir will vanish and the series 
will end with the term involving P„(cos 0), For this case (7) may be rewritteD 



cos nO = -' 



2.4.6. •••2n 



2 3.6.7. ••• (2n + 1) 



[(2« + l)Pn(COSd) 



+ (^^~3) ;:^(; + ^)> ,,,(costf) 



If we are developing sin nO 

^ r ' /» • /» ^ij 1 sin nTT 

?o = 9 I sm n^ sm d,a$ = — ;^- -:; — T > 



2 w« — 1 



3 /* 

ai = - j sin 7td cos ^ sin 0,dO = - 



3 sin fiTT 



2 /I* — 2« 



and 



^ 1 sin riTT I" ^ , m . ,- ^** T> , y»\ 

Bin wd = — ^. ^^a_j^ [^Po(cos e) + 5 ^a_3a A(cos tf) 



+ 11 



S_1«\/m»_ 



(»' — l«)(n' 



(ji" — 4«)(n*— 6«) 



3|^P.(co8 <?)+••.]. 



(9) 



If n is a whole number sin utt = , and all the terms of (9) vanish except 
those involving P„_,(cos 0), P„ + i(cos 0), P„^.3(cos ff) &o., which become inde- 
terminate. For this case it is necessary to compute a„_i independently. 



N 
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2n — 1 /• 
a,_i = — T — i sin w^P,_i(co8 6) sin 0.d$ 



2w — 1 



Hence 

and 
sin nO • 



■ r[co8 (n — l)tf — cos (n + l)tf]P,_,(co8 ff)d$ 
_ 2n—l 1.3.5. • • • (2« — 3) 



«.-! = 



4 2.4.6. • • • (2n — 2) 



^ [v. Art. 82 (1)], 



4- 2.4.. -(2^-2) L(2«-l)^.-:(eo8«) 



+ 



(2«H-7)[SE§^™^E{^^...(eos.) + ---]. (10) 



EXAMPLES. 



1. Show that 



csctf = J [l + 5 (^) A(co8 e) + 9 @*P4(co8 0) + 13 (|||)*^.(co8 0) + • •] 



whence 



vT 



b = ? [^ + ' ©^^^<'^ + ' (2^)'^^(^> + '' (Ml ) V) + • • •] 



[v. Art. 90 (4) and Art. 82]. 
2. Show that 



ctn <? = f [3 @A(co8 tf) + 7 (f)(|)'^.(C08 6) + 11 (|)(|f ) A(cos «) + ••] 



whence 



^ 



==? ['©^-c) +' (i)®'^'<'>+ " (i)©'^'<" + ■■] 



[v. Art. 90 (4) and Art. 82]. 

3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 96 
(o), obtain the development 



8in-> X = J [3 (l^W^) + 7 (il)\(x) 



+ '' (^)'^'(^> + ^" (^8)*^'(-) + • • •] 
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whence tf = | [p,(co8 0) - 3 (|) Pi(cos tf) - 7 (^)'i>,(oo8 0) 

4. By integrating the result of Ex. 2 and simplifying by the aid of Art 96 

(5) obtain 

^^=f[i-'(i)(l)''.(-)-»a)G-4)''(" 



whence 
sin 



To make clearer the analogy of development in Zonal Harmonic Series with 
development in Fourier's Series we give on ps^e 186 a cut representing the 
first seven Surface Zonal Harmonics Pi(cos tf), Pj(cos 0), • • •P7(cos $), which 
are of course somewhat complicated Trigonometric curves resembling roughly 
cos $, cos 2$y'*' cos 7$; and on page 186, the first four successive approxi- 
mations to the Zonal Harmonic Series 

i + 1 A(cos «) - 1- 1 P,(oos «) + jIH -P.(co8 ff) [I] 

[v. (1) Art. 93], and 

^ [p,(co8 e)-S @ V,(co8 0) - 7 (^)*i'.(co8 ff) 

(V. Ex. 3 Art. 97). 

TT IT 

[i] is equal to 1 from tf = to ^ = o » *°^ ^ ^ ^^^^ ^"^ ^ ^ = ^; and 

[ii] is equal to from tf = to tf ".= tt. 

The figures on page 186 are constructed on precisely the same principle as 
those on pages 63 and 64, with which they should be carefully compared. 

98. By applying Gauss's Theorem (B. 0. Peirce, Newt. Pot Func. § 31) or 
the special Form of Chreen^s Theorem, 

f f r^' Vdxdydz = Cd^ Vds=^ — ^irCCCpdxdyd»y 



Chap. V.] 



ZONAL HABMONIO OUBVES. 



186 




186 ZONAL HABHOHIC8. 

t 



- 


— - 






' .X ,. 


^^ 









-'^^n^ ~ --.■Cfi*-^.--'^ r? 




Y, page 184. 
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[Peirce, N. P F. § 49 (149)] to a box cut from an infinitely thin shell of 
attracting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important • result 

47rpK = 2>,ri — 2>,r,. (1) 

where p is the density and k the thickness of the shell, Vx the value of the 
potential function due to the shell at an internal point and Vt its value at an 
external point, and where D^ is the partial derivative along the external normal 
to the outer surface of the shell. 

If we have to deal with a surface distribution of matter we have only to 
replace pK in (1) by (T where a is the surface density, whence 

47r<r = 2>,ri — 2>,r, (2) 

(V. Peirce, N. P. F. §§ 45, 46, and 47). 

Formulas (1) and (2) enable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Statical Electricity 
when we know the distribution of the charge,by methods analogous to that of 
Art. 94. 

For example let us find the value of the potential function due to a thin 
material spherical shell of density p and radius a. 

Since V must be a solution of Laplace's Equation and must be finite both 
when r = and r = oo we have 

Vx =S^^^-.(^ ^ 
Vx and V% most approach the same limiting values as r approaches a. Hence 
or B^==A^a^^K 

D, r. = A F. = -2(m + 1) ^^' P„(co8 (f) . 

Therefore by (1) 

47rp*c =2(2to + l)^o— >P„(co8 &) 

if K is the thickness of the shell. 
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Let p =/(co8 $) =2 C„P„{cos ff) 

where C, = ^^^^^ Cf(x)F„(x)dx by Art. 90 (2). 

— 1 

Then 47rKC^= (2m + l)^^a"— ^ and 



and 



mM 



and r, = 47raK22^^!^»(co8tf). (4) 

99. We can now get the value of the potential function due to a spherical 
shell of finite thickness, provided that its density can be expressed as a sum of 
terms of the form Cr*P„(cos 6), 

Let a be the radius of the outer surface and h be the radius of the inner 
surface of the shell. 

1st. — Let p = (7r*P^(cos ff). Then for the shell of radius $ and thickness ds 

F, = 47r«fo^^j^-P„(co8tf) by (3) Art. 98. 

and r, = ^irsds ^^^^ ^^, P^(cos 6) by (4) Art. 98. 

Then if r < ft 

^=/^> = (^ ^ (k-mU ''^-('"' ^ ' <'^ 

if r> a 

V^Cv^ ^^^ (a^^"'^«-ft^^--^«)P^(costf) ^. 

J (2m + 1) (^k + m + 3) »-+* ^ "^ 

and if ft < r < a 



r 



//^ 47r(7 r r*-^"'-^« — ft*-^"'-'-^ 

" y '""27/^ + 1 L(A: + m + 3)r--*-' 

^ifc— w + 8 ^ — tn + S "1 

2d. — If p =^O^r*Pj^(cos ff) the solutions will consist ot sums ot terms of 
the forms given in (1), (2), and (3). 
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EXAMPLES. 

1. If the shell is homogeneous 

r=27rp(a« — ft«) if r<b, 

4 1 M 

r=^7rp(a«-ft»)- = — if r>a, 
3 '^^ r r 

r=27rpra«-^'-^"] if b<r<a. 

2. If the density is any given function of the distance from the centre 

M 
r=— if r>af and r=a constant if r<b. 
r 

3. If the density at any point of a solid sphere is proportional to the square 
of the distance from a diametral plane 

Tr MFa , 2 a' _ , .."I .. ^ 

4. If the density at any point of a solid sphere is proportional to its distance 
from a diametral plane 

Tr MFa , 1 a' „ , ^. 1.1 a* _ , ^. , 1.1.3 a^ ^ , ^v H 

if r> a. Compare Ex. 2 Art. 80. 

100. We have seen in Art. 18 (c) (3) that 

(l-x«)[P„(x)]" (1) 
^^^ , .-o is a rational fraction and becomes infinite only for a; = 1, 

(1 - x'^iFjxyf 

a; = — 1 , and for the roots of Pm(^) = , all of which are real and lie 
between — 1 and 1, as can be proved by the aid of the relation 

— axrT> , c ^ is finite and determinate and contains no 

(1 - x^[P^(aj)]« 

constant term. Hence if a* > 1 

for the constajit factor of Qm(a;) has been chosen so that C= — 1. 
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K 05* < 1 the second member of (2) is not finite and determinate, and we 
are thrown back to the form (1), and C proves to be unity. 

(1) gives us readily 

«.(-) = § log i±J (3) 

C.(a:)=-l+|log^ (4) 

if a!«<l. 

(2) gives OS g.(x) = \ log |±i (6) 

g»(«) = -H-|log|±| (6) 

if a^>l. 

From Art. 86 (10) it follows that 



<&» L^ -* J («« - 1)-+U 



C can be determined and is equal to ^ ; . if as* < 1, and is equal 

, (-l)'"2"m! ., ,^, (2m)! 

^ ^ (2m)! ^* ^>^' 

Hence Q^(x) = ^ >^^^^^ ^L('''-^)'"/ (x'-l)-^' J <^ 

if a!»<l, 

if x'>l. 

(7) and (8) give us for Qo(x) and Qi{x) the values abeady written in (3), 
(4), (5), and (6). 

By the repeated application of the formula 

(m + l)(?,^i(x)-(2m + l)x(2,(a:) + m(2^_i(a?)=0, (9) 

which may be obtained for the case where x' < 1 from Art 16 (13) and (14), 
and for the case where x* > 1 from Art. 16 (9), any Surface Zonal Harmonio 
of the Second Kind can be obtained from Qo(x) and Qx{x) as given in (3), (4), 
(6), and (6). 
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Analogous formulas for pjx) and q^(x) can be obtained without difficulty 
from Art. 16 (4) and (5). They are 

(m + 1) V«+ 1(^) - (2^ + ^>Pn.{^) - ^'y-.-i(a^) = (10) 

and ;>m+i(aj)+(2m + l)icy^(«)-/>^_i(x) = (11) 

and they hold good for any value of m. 

EXAMPLES. 

1. Confirm the values of Qo(x) and Qi{x) given in Art. 100 (3), (4), (5), and 
(6) by expanding them and comparing them with Art. 16 (13), (14), and (9). 

2. If the value of V on the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of r, V can be found for any 
point in space, cf. Art. 81. 

If r=2^(^«r« + ^) when 6 = a then 

^""M " ^^-^VP^(cosa)• 
3. If r=X(^m^ + ;irr) w^®^ ^=«» 8^d ^=^ wi^ei^ ^=)5, 

V^K'fA r- I ^"^ ^ r ^^fc^^ /g)^m(C08 ^) - P^(COS /g) g^(C0S ^) H 

M"^ ^^"vL^„.(cosa)<2^(cos/8)-P«(cos/8)<?^(cosa)J' 

4. Find F for points corresponding to values of 6 between a and fi when 
V can be given in terms of whole powers of r for $ = a and for $ = fi. 

6. Find by the method of Art. 16 solutions of Legendre's Equation of the 
form 

^ = ,i>,(:r) = 1 + ^^^^ (X - 1) + (" - ^>"^T^ + :>(" + ") (.- 1)« 

(m - 2)(m - l)m(m + l)(m + 2)(m + 3) 
-T 2»(3!)« '^ '' "* ' 

. = .,P^(.)=l-^^^(. + l)+i!^^ 

^ (^-2)(m-l)m(m + l)(m + 2)(m + 3) ^^ ^ ^^. ^ 

If m is a whole number, iP^(x) = F^(x) and _iP«(a)== (— l)*P^(a;). No 
matter what the value of m, iP^i^) is absolutely convergent for — 1 < ar < 3, 
and ^iF„(x) is absolutely convergent for — 3 < x < 1 . 
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6. By the aid of (7) Art. 16 show that 



V=^ -p sin (n log r)k^(cos B) , 

1 
r= -p cos (n log r)A;,(co8 S) , 

are solutions of Laplace's Equation 



F= -p sin (n log r)^,(cos S) , 

r= -p cos (n log r)/,(co8 ^) , 

Vr 



rAVF) + ^T^^ A(8in ^Ar)=0, 



if 



*«(*)=i>-i+«i(«) = l + 



••+(1)' . . ["■+©■][»■+©■] 



2! 



^ + 



4! 



a?* 



, ["+a)'][-+a)i"+(i)i ■ , 



6! 



£IUU 

-+©■ [••+G-)'][-+(i)*] 

H ^^ «'H — . 

k^(x) and ^^(a) are convergent if «' < 1, but are divergent if «*= 1. 
7. Show by the aid of Example 6 that 



F= -p sin (n log r)^„(cos ^) , 
r= -p cos (» log r)^„(co8 B) , 



r= -p sin (» log r)-K'„(— cos d) , 

Vr 

r= -p cos (n log r)JKi,(— cos d), 
vr 



are solutions of rD?{r V) + -^ Z>«(sin BD0V)=O 

-r 2«(2I)* ^ ^ 

["+(iy][»-H- ©-][-+©•] 

2»(3I)» 



(x-l)« + 



• • • 
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and 

-+(5)' 

, [-+©'][-Hy][-^©i ,,,, 

K„(coB0) is convergent except for ^ = 7r, and ^(— cosd) is convergent 
except for d = 0. 

k^(x), l^(x), K^(x)y and K^(^x) are sometimes called Conal Harmonics, 
They are particular values of z which satisfy Legendre's Equation written in 
the form 

c-")£-^i-(-+j)«=«- 

• 
For an elaborate treatment of them see E. W. Hobson on << A Class of Spherical 
Harmonics of Complex Degree." Trans. Camb. Phil. Soc., Vol. XIV. 
8. If V=f(r) when $ = p, , 



— » 



9. If V=f(r) when $ = p and r<a, and F=0 when r=:a, 



— a» 



10. If V=f(r) when $ = and a<r<b, and F=0 when r^a 
and when r^6, 

"^" ^„.(C08 g) r wwr(log r - log g) "| 
^ -iC«.(co8/3) L log «- log a J 

where m' = z — - — ; and 

log — log a 



b 

TflTTX 

log 6 — log a 



^" = k^^Jn^ V;/4/(«^) Bin „_ - T„„ , & ; if ^</». 
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11. If B> p cos ^ must be replaced by (— cos B) in examples 8, 9, and 10. 

12. If V=f(r) when 0=13, and V=0 when e = y, 

at OD 

TT 1 r^v r ^ ^/^\ ^«(COS ^) /a(COS y) — A;a(COS y )/a(COS $) r /v 1 \-i j 

_^ 



if fi<e<y. 

13. If r=/(r) when ^ = )9 and a<r<h, F=0 when tf = y and 
a<ir<ihj and ^=0 when r:=za and when r=zby 



mtmat 



Y =y ^ A^'(cos ^)^'(cos y) — A:m'(cos y)^m'(cos 0) ^.^ m7r(log r — log a) ^ 
^ A:m<cos )8)^ (cos y) — A:m'(cos y)/,n'(cos /3) log * — log a 

where m' = , — ^-^^ and 

log — log a 

^ =;og6-loga V;J "' A"*') «^ log i- log « *» > 



it fi<e<y and a<r<5. 

14. If r=/(r) when = p and a<r<5, and r=(? when r=z a 
and D^V+hV=0 when r = ft, 

"•-• JK.(cos^) . ^ 

• ^ " ^ where 






-:- 



^ = «J!(log 6 - log a) + M[M(log A - log a) + 1]^! ''*-^<'^ '"" "**•*' 
and a„ is a root of the equation 

a cos ia log - j + A5 sin (a log - ) = v. Art. 68 Ex. 5. 



CHAPTER VI. 



SPHERICAL HARMONICS. 



101. When we are dealing with problems in finding the potential function 
due to forces which have not circular symmetry * about an axis and are using 
Spherical Coordinates, we have to solve Laplace's Equation in the form 

rZ>;(rF) +-^ Z)^(sin ^ AH +-A^ ^i^=0 (1) 

[v. (xiii) Art. 1]. 

To get a particular solution of (1) we shall assume as usual that F is a 
product of functions each of which involves but a single variable. 

Let V^ ^.0.*; where E involves r only, involves $ only, and * ^ only. 
Substitute in (1) and we get 

. rrPjrR) 1 T^^ ^ ^) 1 d^ _ 

R dr^ "^0sin^ dB "^ * sin* ^ rf<^« "" ^^ 

d( ' (i^\ 

rsin^Od^CrE) , sinO V^^ dO/ Id^ 
or 3^^ — ' -4 = • 

E rfr* ^ d$ *rf<^« 

As the first member does not contain ^ the second member cannot contain 
<f>, and as it contains no other variable it must be constant; call it n\ Equa- 
tion (2) is then equivalent to the two equations 

^+«'* = (3) 

and Lf(i:^+ 1 '[""'^] -^,0 (4) 

E dr' ^0sin^ dO am^$ ^ ^ ^ 

(3) has been solved before and gives us 

^=2 A cos n<f»'\' B sin n^ (5) 

[v. Art. 13(a)]. 

The first term of (4) does not involve $ and the second and third terms do 
not involve r. 

* See note, page 12. 
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r_^(rK) ^^^^^ ^^^^^ ^^ ^ constant; we shall call it m(m + l) as in Art. 
R di^ 
13(c). Then (4) breaks up into 

r^ = K^ + l)i2 . (6) 

(6) was solved in Art. 13(c) and gives 
If in (7) we replace cos ^ by /li we get 



!;[<- '•■/|J+[-<-+')-rr?.3»=-'>. 



(9) 



the equivalent of 

(l_.^g_2.| + [«(. + l)-^-^],=0 (10) 

t 

[v. (17) Art. 86], which was solved in Art. 86 for the case where inland i.are 
positive integers and n < m + 1. v. (18) and (19) Art. 86. 
From (19) Art. 85 we get as a particular solution of (9) 

if we restrict ourselves to whole positive values of m and n, as we shall do 
hereafter unless the contrary is explicitly stated, and suppose m not less 
than n. 

A second but less useful particular solution of (9) is 

Combining our results we have as important particular solutions of (1) 

V=r^(A cos n<l> + B sin w<^) sin" ^-~^^ » Q - ) 

and r= -^ (A cos n<^ + 7? sin w<^) sin« $ ^*5'"i^ ' ^ ' (^ ^) 

where m and n are positive integers and n < m + !• 
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102. sin" e ^"^"'l^^ or (1 — /i^J ^^^^^^ is a new function of m, that is 

of cos 0, and we shall represent it by Pm(j^) * ^^'^ shall call it an dssociated 
function of the nth order and mth degree. It is a value of satisfying 
equation (9) Art 101. 

By differentiating the value of P«(a5) given in (9) Art. 74 we get the formula 

^mKf^J 2"'m!(w — 7i)!L^ 2.(2m — 1) ^ 

(y;i~n)(m-n-l)(m-n-2)(m-n~3) _, "I ,jx 

^ 2.4. (2m — 1) (2m — 3) ^ J '^ ^ 

the expression in the parenthesis ending with -the term involving ft® if m — ni& 
even and with the term involving fi if m — n is odd. 

For convenience of reference we give on the next page a table from which 
P^(ft) can be readily obtained for values of m and n from 1 to 8. 

cos n<fiF*(/jL) and sin n^ P^(/li), that is, 

cos nd} sin» $ — f^^^-- and sm n<h sin" $ — y^^ 

are called Tesseral Harmonics of the mth degree and nth order, and are 
values of V which satisfy the equation 

»t(m+l)r+-^i),(8in«An + -^-D»F=0 (2) 

^ ' 8in tf ^ ' sm* $ * 

or its equivalent 

m(ni + 1) r + i)^[(l - /i»)Z)^ r] + ^-^, D* r = . (3) 

There are obviously 2m + 1 Tesseral Harmonics of the mth degree, namely 

P„(M), cos .^ sin ^^\ sin ^ sin ^^^^ 

cos 2<^ sin" « ^-^1^ , sin 2A sin» « ^-?4^ 

co8 3<^8in«tf^^4^, sin 3.^ sin* $ '^^"W 

aft* afi* 



cosm<l>sm'^0^-^^, sin m<& sin"* ^ ^^-?2^ • 



If each of these is multiplied by a constant and their sum taken, this sum 
is called a Surface Spherical Harmonic of the mth degree, and is a solution of 
equations (2) and (3). We shall represent it by y,„(fi. <t>) or by ¥„($, <^). 

* Most of the English writers represent this function by T^Oi)* 
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Table for 



m 

1 
2 
3 
4 
5 
6 
7 
8 


n = l. 


n = 2. 


1 
n = 3. 


1 






3/i 


3 




|(5m^-1) 


15/i 


16 


1 (7m« - 3/*) 


f(v-i) 


105/i 


^ (21/i* - 14^3 + 1) 


f(8M.-M) 


T(«''' ') 


^ (33m* - 30/*« + 6/*) 


^ (83m« - 18m» + 1) 


^ (Um' - 3m) 


^ (42V - 496Ai* + 136Ai^ - 6) 


— {UZifi - 110m» + 15m) 


^g^ (148m« - 66m« + 3) , 


~ (715/*T - 1001/i* + 385m« - 35Ai) 


^ (143/*« - 143/*< + 33^2 - 1) 


^ (3 V - 26m» + 3m) 



/^•^^(/Lt, ^) and -^^j ^m(/*> <^) ^r® called iSb/irf Spherical Harmonies of the 

mth degree, and are solutions of Laplace's Equation (1) Art. 101. 
To formulate : — 

MbO 



nvm 



or 



F„(/i, <^) ^ .4oP^(/i) +2;[^« COS n<^P:(/i) + B, sin n<^P:(Ai)] 



(5) 



ns 1 



is a Surface Spherical Harmonic of the wtth degree. 

A Tesseral Harmonic is a special case of a Surface Spherical Harmonic, and 
a Zonal Harmonic a special case of a Tesseral Harmonic; P^Cm) being the 
Tesseral Harmonic of the zeroth order and the mth degree; it might be 
written P„^(At). 

EXAMPLES. 
1. Show that 

reduces to 

(1 - a-*) g - 2(« + l)a: g + [m(m + 1) - »(« + l)]y = 

if we substitute (1 — x^\y for «, even when m and n are unrestricted. 
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-"*p:w=^- 



n = 4. 


n = 6. 


ntMs6. 


n = 7. 


1 

n = 8. 
































106 










M5m 


946 








^ (llM» - 1) 


10805m 


10396 






^(13^ -3m) 


T^^^"' ^) 


135135m 


135135 




^7^66^ 26m«+1) 


^T<«'' ") 


135135 ,,_, ,. 
2 (1^^* 1) 


2027025m 


2027025 



2. Show that if in the second equation of Ex. 1 we let ^s=Sa^ we get 

whence z=^p*(x) and « = ^m(^) ^^ solutions of the first equation of Ex. 1, 
no matter what the values of m and n, if 



and 



+ 41 ^ J 



XV r-i flM» r (^ — ^ — l)('m + » + 2) ^ 
^:(x) = (1 -x^i \x-^ 3^ ^ ^ 

(m — n — l)(wn — 3)(w + n + 2)(m + n+4) , "I 

+ 61 "^^ J' 

If wi — n is a positive integer, pUJ^x) or 3^^(05) will terminate with the term 
involving x*~", and in that case 

. ^ (1 - ^s L«- — ^ 2.(L-i) ^-"- 

. (m — yi)(w-n-— l)(m — n — 2)(m — n — 8) ^ ^ "j 

"*■ 2.4.(2w — l)(2w — 3) ^" " "J' 
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the parenthesis ending with a term involving x^ ii m — n is even and x if 
m — n is odd, is a solution of the first eq^uation of Ex. 1. If m and n are 

integers this value of z is '\ . , — ^ ^Z(x) . 

(2m) I ^ ^ 

103. We have seen in the last chapter that in many problems it is import- 
ant to be able to express a given function of cos 0, that is of fi, in terms of 
Zonal Harmonics of fi. So it is often desirable to express a given function of 
fi and 4> i^ terms of Tesseral Harmonics of fi and <f>. 

If, for example, we are trying to find the Potential Function due to certain 
forces and have the value of the function given for some given value of r, 
that is, on th6 surface of some given sphere whose centre is at the origin of 
coordinates, of course the given value will be a function of $ and <f» and if we 
can express it in terms of Spherical Harmonics of $ and <f» we have only to 
multiply each term by the proper power of r to get the required solution of 
the problem. For we shall then have a value of V satisfying Laplacc'S 
Equation and reducing to the given function of $ and ^ on the surface of the 
given sphere. 

104. Suppose that we have a function of fi and <f» given for all points on 
the unit sphere, that is, for all values of jjl from — 1 to 1 and for all values of 
4> from to 27r, fi and 4> being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonics. 

Assume that 



msOD MSB m 



/(/*, <^) =2[a...^..(m) +2(<- ''"^ "^^a-it") + -^-^ 8in «*p;(m))] . (1) 



maaO Nal 



Let US consider first a finite case, and attempt to determine the coefficients 
so that 

mop ntmm 

f(t^, «) =S[^^-.(/*) +2(^--" ""^ «*^:(M) + B^ sin n^P;(M))] (2) 

ma Has 1 

shall hold good at as many points of the sphere as possible. The expression 
in brackets in the second member of (2) is a Surface Spherical Harmonic of 
the mth degree and contains 2//i + 1 constant coefficients. The whole number 
of coefficients to be determined is then the sum of an Arithmetical Progression 
of ^; + l terms the first term of which is 1 and the last is 2p + l, and is 
therefore equal to (j9 + !)*• 

Let the interval from /i = — ltofi = lbe divided into i> + 2 parts each of 
which is A/Li so that (p + 2) A/it = 2 , and let the interval from ^ = to ^ = 27r 
be divided into p + 2 parts each of which is A^ so that (p + 2)A^ = 27r. 
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Then if we substitute in equation (2) in turn the values (— 1 + Afi, A^), 
(- 1 + 2A/1, A<^), ...[-!+(;, + 1)A^, A<^]; (- 1 + A/t, 2A<^), 
(- 1 + 2lfi. 2A<^), . . . [- 1 + (y, + l)A/t, 2A<^]; • • • [- 1 + A/i, (7> + 1)A<^], 
[- 1 + 2A/i, (p + 1)A<^), ...[-!+(;> + l)AAi, ip + 1)A<^]; since the first 
member in each case will be known we shall have (p + 1)' equations of the 
first degree containing no unknown except the (p + 1)' coefficients, and from 
them the coefficients can be determined. When they are substituted in equa- 
tion (2) it will hold good at the (p + 1)* points of the unit sphere where p + 1 
circles of latitude whose planes are equidistant intersect 7> + 1 meridians 
which divide the equator into equal arcs. If now p is indefinitely increased 
the limiting values of the coefficients will be the coefficients in equation (1), 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant we multiply each of our (;> + 1)* 
equations by Afi A^ times the coefficient of the constant in question in that 
equation and add the equations and then investigate the limiting form 
approached by the resulting equation as j9 is indefinitely increased. 

As ]) is indefinitely increased the summation in question will approach an 
integration; and since dfidKf> = — sin $.d$d<f> is the element of surface of the 
unit sphere, and as the limits — 1 and 1 of fi correspond to tt and of ^ the 
integration is a surface integration over the surface of the unit sphere. 

In determining any coefficient as A^^ in (1) the first member of the limiting 
form of our resulting equation will be 



r^*j7(M, <^) cos n<^ P^CmMm- 



-1 
In the second member we shall come across terms of the forms 

ST 1 «» 1 " 

J^r/^ fsin ^ cos n^ Pj(/*)P:(MyM, ^d^^cm ^ cos n^ PJ,(fi)PZ(lt)dii, 

0—1 0-1 

St 1 Sir 1 

j'dit>fsm n^ cos n^ [P;(/i)]*<^M, fd^fooa* ruf, [P:(/i)]«M, 

-I -I 

and other terms all of which come under the form 

-1 

where Y^(fjLj4>) and Yi(fi,<fi) are Surface Spherical Harmonics of different 
degrees. 

If we are determining a coefficient B^^ the only difference is that sin n^ 
and cos nif> will be interchanged in the forms just specified. 
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105. The integral over the surface of the unit sphere of ike product of two 
Surface Spherical Harrnonics of different degrees is zero. 

Sr 1 

That is fd4>fTf(/^y4>)T^(/i,4>)dfi-'0. (1) 

-1 

For as we have seen U==r^Ti(fi, 4!) and V^r^T^(fA, ^) are solutions of 
Laplace's Equation. Hence by Green's ITieorem 

C{UD^ r— VD^ U)ds = V. Art. 92. 

UD, r- VD, U={m'- 0^^"-^ yi(M, <^) n.(A*, ♦), 

on the surface of the unit sphere; and 

(m - V)CYly., 4) r„(/t, <l,)ds = (i» ~ l)fd4CY^, ^) Tj^^t, <l,)d^^ = . 

-I 

Hence unless l=zm 

2ir 1 

fd4>fY^^, 4>) Y^(fL, <l>)dfi = . 

-1 

EXAMPLES. 

1. Obtain (1) Art. 105 directly from the equation 

m(m + 1) y,(/i, 4>) + 2>m[(1 - M^^M n,(M, *)] + r^, ^ n,(M, *) = 
T. (3) Art. 102, and Art. 91. 

2. Show that the integral over the surface of the unit sphere of the product 
of two Tesseral Harmonics of the same degree but of different orders is zero. 

Suggestion: 

Sir Sir fv 

sin k4> cos l<l}.d4> = j sin k4> sin Ul>.d<f> = | cos A^ cos l^d<^ as Q . 



1 
106. CF{^(fi)FZ(M')dfi=:0 unless I 



2m + 1 (w — n) I 
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For 

-1 -1 

1 



-/^P^-|[o-->-^>. 



by IntegnUion by parts. 

Keplacing n by n — 1 in equation (2) Art 84 and remembering thafe 

cf^-^P (x) 

— - — ^f^ is a possible value of n^*"^^ we get 



dx^ 



or if we multiply by (1 — M*)*"* 

+ (m + n)(m - n + 1)(1 - a»^"-» ^ll^ifi) «0, 

or 

Hence follows the reduction formula 

- (» + »)(m - ,. + 1) r(i - yy "^"'f </*> ■ "^^Jj;?^' *■■ 

-I 

Using this formula Ti" times we get 

1 1 

-1 -1 

= unless Z = m 

h — = — e-. if l^^m 



2m + 1 ( w — n) I 
V. Art. 89 (4) and (6). 
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107. We are now able to complete the solution of the problem in Art. 104 

«ir Sir fv 

and since | cos^ ni^.di^ ^ | sin^ n^^^cUf^ ^=^ ir and Cd^ ss 27r we get as the 



coefficients in (1) Art. 104 



-1 

Sir 1 



4-.=^£^i/'^/M««».^:(M>*., « 



—1 

Sir 1 



*- = ^' • ii^i/'^/^* « •" "^-w*" w 



whence 



-1 



fNBOD iiMm 



/(M, 4>) =X[^o^"('*) +2(^- COS »* + -».M. «n «*)-P:(m)] (4) 



msO ii«l 



and the development holds good for all values of fi and ^ corresponding to 
points on the unit sphere, provided only that the given function satisfies the 
conditions that would have to be satisfied if it were to be developed into a 
Fouri&i^s Series. 

If we use fjLi and <^i in place of fi and <^ in (1), (2), and (3), we can write (4) 
in the form 



*»»«oo 2ir 



/(/»' «^) = ^ 2(2"* + ^) \jS^'^'S^^'^' *o-p»(M)-p«(Mi)«i/*i 



m«0 ~l 



+X£qrj};/''*'//(^i ' <h)P:(l*)P:0*0 cos n(* - <^OrfMi"l . (5) 

Formulas (1), (2), (3), and (4) are convenient for actual work; (6) is rather 
more compactly written. 

108. As an example let us express sin* cos* sin ^ OOB ^ in terms of 

Surface Spherical Harmonics. 

Here /(^i, <^) = i ;i«(l - ;*•) sin 2^. 

^ = ^^^f^'^^ " /i«)P«(M)rfM fsin 2^rf* = , 
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1 ^ 

^ - ^^ • ^^I/m^1 - /*^i»:(M)*»r8lii 2* JOB »*.d« - , 



-1 

1 



flv 



B^ - ^^ • ^q4?/M'(l - M«)Pi(A»)d/*f sin 2* sin n^f^ , 



unless n = 2. 



If n — 2 



I sin 2^ sin n^.(;^ = | sin' 2^<2^ » ir, and 



gm + l («>-2)! r ..!_ -..^P^ . 
•"^ 4 (m + 2)!j'*^^ '*'' dfi* *'* 

-1 

-I 



by repeated integration by parts, 

= if m>4, 

1 



= 720r(/t»-l)«d/*»42?? if M»4, 



19 2! 4096 1 



^^ ^*'*""2U!-4-6!'"l^"i05' 

By a like process we find 

-B,,8 = and ^,, = — . Hence 

8in« tf cos* tf sin ^ cos <^ = j^ A'(m) ^^ ^^ + 1^5 -''^(A^) ^^^ ^^ , (1) 

= ^3in2,^sin«.^)+Jgsin2^sin.^^, (2) 

= jg sin» tf sin 2<^ + ^ sin« $ (7/i« - 1) sin 2<^ . (3) 

The required expression might have been obtained without using the 
formulas of Art 107, by a very simple device, as follows: 

sin' $ cos' $ sin <^ cos if>^'^fi* sin' $ sin 2^ . (4) 
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If now we can express /i* in the form ^ — Ji *^® work will be done. 

'^ 4.3 d/t* 

/*« = ^ P«(/i) + y P.(/*) + 1 Po(M) . (6) -^rt- 95- 

d*(M«) ^ 8 cPP,(M.) 4 d'P^C/t) . 
dfi,* 36 d/i» """t d/i« * 

whence ^.=_^^ + __^, 

and substituting this value in (4) we get (2). 

EXAMPLES. 

1. Show that 

cos» $ sin« tf sin ^ cos» <l> = [^^ Pl(fL) + j^ Pi(fi\\ sin 3^ 

2. Show that 

cos 2.^ = 2 cos 2,^ [|, P.V) + ^' P|(M) + ^' P.V) + •••]• 

3. If in a problem on the Potential Function V=f(fi, 4i) when r=za, we 
shall obviously have 



niBOo Mam 



^=SS [^•"•^-('*) +S(^-.» «08 «* + -»».« sin n*)P:(M)] 



m=0 i»«"l 

at an internal point and 



^=2^' [^o.«P«(m) +X(^-.«. °08 «* + 5.., sin n*)P:(/«)] 



fii«=0 i«=l 



at an external point, where A^^^, -^«.i»> ^nd -B^^^ have the values given in (1), 
(2), and (3) Art. 107. 

4. Solve problems (3), (4), and (6) of Art. 94 for the case where V is not 
symmetrical with respect to an axis. 

109. Any Solid Spherical Harmonic r"» Y^(fif <^) being a value of V that 
satisfies Laplace's Equation in Spherioal Coordinates will transform into a 
function of x, y, and z satisfying V* F= if we change to a set of rectangular 
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axes having the same origin and the same axis of X as the polar system. 
Moreover the new function will be a homogeneous rational integral Algebraic 
function of x, y, «, of the mth degree. 

For each term of r~ cos fuf>Pj^(ji) is of the form 

Cr^ cos"-**<^ sin*'^^ sin" cos"" *-• e 

where 2A;<n + l and 2Km — n + 1. 

This may be written 

Cf^. 7*-«— cos— «— e. r— «* sin— «* $ cos— «* </». r« sin » tf sin«* ^ 

which becomes C(x^ + y* + «*)' a:* ~*~*y" -**«**, 

and is a hQ^K)ge]leon8 rational integral Algebraic function of x^ y, and z of the 
wth degree. The same thing may be shown of each term of r*" sin n<^P^(/ti). 
C'onsequently r^ Y^^^fiy ^) is a homogeneous rational integral Algebraic func- 
tion of the mth degree in x, y, and z, 

110. Any homogeneous rational integral Algebraic function S^(x, y, z) of 
tlie /wth degree in x, y, and «, which is a value of V satisfying V^r=0 con- 
tain 4 2 m + 1 arbitrary constant coefficients. 

For S^(x, y, z) will in general consist of ^ ^ ^ terms and will 

therefore contain ^^ — ■ — -f^ coefficients. 

V**Sf^(a5, y, z) will be homogeneous of the (m — 2)d degree and will contain 

— — ^^ ^ coefficients, which, of course, will be functions of the coefficients in 

S„,{x, y, z). Since ^^S^(Xy y, «) = independently of the numerical values 

of X, y, and z the ^ ^ coefficients in \^^S^(Xy y, z) must be separately 

zero, and that fact will give us ^ ^ equations of condition between the 

(■'l_+±)p+Il original coefficients and will leave ("» + y + 2) _ rn^m-l} 

or 2//i + 1 of them undetermined, ^^(^j y> *) contains, then, the same number 
of arbitrary coefficients as r«F^(/ti,<^). 

We can then choose the coefficients in r*»y^(ft, ^) so that it will transform 
into any given Sj^x^ y, «). 

Consequently a Solid Spherical Harmonic of the mth degree might be 
defined as a homogeneoiis rational integral Algebraic function of x, y, and «, 
S^(x, y, z), of the mth degree satisfying the equation ^*S^(x, y, «) =0; and a 
Surface Spherical Harmonic of the mth degree as such a function divided by 
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EXAMPLES. 

1. Show that if S^(Xf y, z) is a Solid Spherical Hannonio of the mth degree 

S7\r^S^(x, y, z)-] = n(2m + n + l)r--*S^(x, y, z). 
Suggestion: 

V*S„ = 0. V«r = ^- D,S„ = '^- (2),r)«+(2),r)«+(i).r)«=l. 

2. Show that if /„(«, y, z) is a rational integral homogeneous function of as, 
y, and z of the nth degree it can be expressed in the form 

M^y yy «) = ^niP^y yy «) + i^Sn-%{^y y> «) + ^'Sf,.4(a;, y, «) H , (1) 

terminating with r*-*^(a;, y, «) if n is odd, and with r^So(x, y, z) if n is even. 

Suggestion: If a term rS^_i were present in the second member of (1), and 
we were to operate with V^ on both members we should by Ex. 1 have a term 

— S^_i which would be irrational when all the other terms of the resulting 

equation were rational. No such term, then, could occur. In the same way 
it may be shown by operating twice on (1) with V' that there can be no term 
r^S^^s in (1); and thus step by step we can reach the result formulated in (1). 

3. Express x^gz in the form Sj + r^S^ + j^Sq, 

Suggestion: let x^gz = aS, + r^S^ + t^Sq 

and take V* of both members we get 

2yz = US^ + 20j^So. 
Operate again with V*. ^ 120/$;). Whence 

So^O, S^^-yz, and aS^4 = ^ (6x* — y* — «*)y». 

4. Express sin* $ cos* $ sin <f> cos ^ in terms of Surface Spherical Harmonics. 

Suggestion : sin' $ cos* 6 sin <^ cos <^ = ~- • 

For result v. Art. 108 (3). 

111. A transformation of co5rdinates to a new set of axes having the same 
origin as the old set will change a given Surface Spherical Harmonic into 
another of the same degree. For such a transformation does not change the 
form of Laplace's Equation V*F=0 if both sets of axes are rectangular, 
and it is effected by replacing a*, y, and z in the Solid Harmonic correspond- 
ing to the given Surface Harmonic by x cos ai-\- y cos a, + « cos a,, 
X cos Pi + y cos P2 + Z cos p^ , and x cos yi + y cos y, + « cos y, respectively, 
where the cosines are the direction cosines of the new axes, and it will leave 
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the function a homogeneous function of the mth degree in the new ▼ariableSi 
and on dividing this by the mth power of the unchanged radius vector we shall 
have a Surface Spherical Harmonic of the mth degree. 

112. We have seen in Art. 75 that if (xif y^ sci) are the oo5rdinates of a 
given point 

r= ^ (1) 

is a solution of Laplace's Equation VT^O, and transforming to spherical 
coordinates that 

r= , ^ (2) 

yr* — 2rri[oos tf cos tfi + sin $ sin $i cos (^ — ^i)] + rf 
is a solution of 

rDr\r n + -^^ A(8in A F) + ^^ D* V~ . (3) 

If y is the angle between tlie radii vectores r and Ti of the points (x, y, z) 
and (xiy yi, «i) (1) can be written 

V= , ^ (4) 

Vr* — 2rri cos y + r/ 

which must be equivalent to (2), and hence 

cos y = cos cos ^i + sin sin $i cos (^ — ^) • 

(4) which is a solution of (3) is of the same form as (5) Art 76 and by 
developing it as we developed (6) Art. 75 we find that 

r=P«(ooey) 

is a solution of the equation 

m(m + l)r + ^i>^(8in*AF) + ^2);r=0 (6) 

and that r=r«P^(cosy) and F— — ^P«(cosy) 



are solutions of (3). 

If we transform our codrdinates keeping the origin unchanged and taking as 
our new polar axis the radius vector of (ajj, yx, «i) y becomes our new and 
P^(cos y) reduces to P«(co8 $) , a Surface Zonal Harmonic, or a Legendrian,* of 
the mth degree. It is then a Legendrian having for its axis not the original 
])olar axis but the radius vector of (xi, yi, z^. Since a Legendrian is a Sur- 
face Spherical Harmonic, 

P^(cos y) == P,„[cos cos Oi + sin 9 sin tfj cos (^ — ^] 

is a Surface Spherical Harmonic of the mth degree. 

* V. Art. 74. 



210 SPHERICAL HARMONICS. [Art. 113. 

It is, however, of very special form, since being a determinate function of 
Mt 4>j Ml) ^^^ 4>i ^^ contains but two arbitrary constants if we regard it as a 
function of fi and <^, instead of containing 2m + 1. 

It is known as a Laplace? a Coefficient, or briefly as a I^pla^n, of the mth 
degree. 

We shall soon express it in the regulation form of a Surface Spherical 
Harmonic. 

The radius vector of (xi, yi, Zi) is called the axis of the Laplacian and the 
point where the axis cuts the surface of the unit sphere is the pole of the 
Laplacian. 

We shall represent the Laplacian P,„(cos y) by Ljlji, ^, ^tj, <^i). Of course 
Lj^^fi, if>, 1 , <^i) = Pmin) = -f*m(^8 ff), and is really independent of ^. 

113. If the product of a Surfa^ce Spherical Harmonic of the mth degree by a 
LapUician of the same degree is integrated over the surface of the unit sphere, ths 

result is equal to ^ — -t-t multiplied by the value of the Spherical Hamumic at 

the pole of the LapUician. 
That is, 

*' ^ 4 

yd4>yY„,(fi, il^,)L^(fi, ^, flu 4^i)dti = 2m + l ^«(^^' **) ' ^^ 

—1 

Transform to the axis of the Laplacian as a new polar axis, and let Z,^(^fi^ <^) 
be the transformed Spherical Harmonic. J^m(/i, ^, fti, ^i) will become F„(fi), 
and (1) will be proved if we can show that 

-1 

Z„(M, <^)i'„(M) = ^[i'»(M)]* +2(^« «08 "* + ^n Sin n4>)Fi(^)P^(M.) 
(V. (5) Art. 102). 

Cz„(fi, <l>)P^(fi)d4> = 29r^.[P„(M)]* and 



^ ^ 4 

^d,iCz^{t^ 4dPmO^)d* - 2^;;^ ^ (v. (6) Art. 89). 



But Z^(l, 0) — Jo, since P.(l) — 1 and P:(l) contains (1 — 1)J as a factor 
and is equal to zero. 
Hence (2) is proved. 
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114. We can now express a Laplacian in the regulation form as a Spherical 
HarmoniOy by the formulas of Art. 107. 

L^{ft., <t>, fHf ^i) = -P«(cos y) = P„[co8 tf cos ^1 + sin tf sin ^i cos (^ — ^i)] 

2fn, -4- 1 /• /• 
where J^ = ^^ J ^</»J ^m(A*. <^> Mi, 4>i)Pm(M'W' 

-1 

- ^ 2^ ^"^f^ = -^'-<'*'> ^y (^> ^^ "^' 



« —I 



^^ cos «*.P:(/*0 by (1) Art. 113, and 



-»• «. ^ — :^ "7 1 — T". 



% "t" X (7n ~" ft) ' /* /* 

2w^ (m + n)l j ^ V ^"'(^' *' ^' "^'^ ®^^ ^4>^Z(M)dfi 



-1 



" ^(m + n)l 8i^ «*t^:0*0 by (1) Art. 113, 

and Af^^A^=^B^^O by Art 105 unless A; = m. Hence 

i.(M, ^, At,, *0 = -P«(M)-P«(Mi) +2S[^^]p:(/«)-P:(A*i)co8 n(^- ^,)1 . (1) 

»— 1 

Each term of a Laplacian involves a numerical coefficient, a factor which is 
a function of fi, a second factor which is the same function of fii, and a third 
factor which is of the form cos k(4> — <^i). We give on the next page a table 
of the first few Laplacians, taken from Minchin's Statics, omitting in each term 
for the sake of brevity the function of fii. 

By the aid of (1) we can write (6) Art. 107 more compactly. It becomes 

m«» Sir I 

>•• • -I 

■-■ •» » 

or F{0, ♦) = j^ 2 (2»t + t)Cd<^CF($i, *i)i'm(co8 y) sin tf,<W,. (3) 
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EXAMPLE. 

Work the problems of Art. 108 and Art 108 Exs. 1 and 2 by the aid of (3) 
Alt. 114. 

115. Such problems as we have handled in Arts. 98 and 99, and also prob- 
lems differing from them in not having circular symmetry about an axis, can 
now be solved by direct integration. 

For instance let it be required to find the value at an external point of the 
potential function due to the attraction of a solid sphere whose density at any 
point is proportional to the product of any power of the radius vector by a 
Surface Spherical Harmonic. 

Let p=Cr*r^(/ii,^). 

Then using our ordinary notation we have 

But by (3) Art. 77 

,/, ., ^ , =% = \ [ A(coe y) + 5 P,(008 y) 

\r^ — 2/7*1 cos y-j- r{ f^L. r 

+ ^P,(oosy) + - + ^P«(ooey) + -] 

if r>ri. 
Consequently since 

Sir 1 

r«(/ii, ^) r,(f*„ 4^fH -0, 



/'*/' 



V reduces to the single term 



c ' 



0-1 



^ r'-"**''(2^41 F.(M,«))A-a by Art lia 
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EXAMPLES. 

1. Solve by direct integration the problems worked in Arts. 98 and 99 and 
Examples 1, 2, 3, and 4 oi Art. 99. 

2. The density of a solid sphere is proportional to the product of the 
squares of the distances from two mutually perpendicular diametral planes; 
find the value of the potential function at an external point. 

Ans. p = kr} cos* $i sin* Bi cos* ^x 

- ^ ■P4(Mi) + i55 cos 2^,P»(Mi)] . 

3. Solve Example 2 by an extension of the method of Arts. 98 and 99. 

4. A conducting sphere of radius a connected with the ground by a wire is 
placed in the field of force due to an electrified point at which m units ol 
electricity are concentrated. Find the valujB of the potential fimction due to 
the induced charge. 

Suggestion: Let Vi be the potential function due to the point, and Fi that 
due to the induced charge, and let b be the distance of the point from the 
centre of the sphere. Then 



V^* — 2^cos^ + r* 



= ^[Po(cos^)+^Pi(cos^)+^P,(cos^) + ---] if r<h. 
= ^rPo(cos^)+;Pi(co8^) + ^Pa(costf) + ---n if r>h. 

ra = ^oPo(cos^) + ^i-Pi(co8tf) + ^-5Pa(cos^) + --- if r<a 



a ^ a* 



a _ a* _ . ^. . .a* 



= ^- Po(cos^)+ A ;5Pi(cos^) + ^,j5P,(cos «) + ••• if r> a 

When r = a r^ + Tj = . Hence 

. VI . ma . mcf 
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and 

F,=-jrPo(oo8^ + jP,(oo8^ + ^P,(oos«) + — 1 if r<« 

= -^[Po(oo8tf) + £p,(co8tf) + ^P.(oo8 <?) + •••] if r>a. 

Hence the effect of the induced charge is precisely the same at an external 

point as if the sphere were replaced by — units of negative electricity con- 
centrated at the point r = — , ^ = 0. v. Peirce, Newt. Pot. Punc, § 66. 

116. If the two points P and F' are taken on the line OJ?" whose direction 
cosines are X, fi, and v, and if u and u' are the values at P and P' of any con- 
tinuous function of the space coordinates, then ppr _;^/x ppt ^ called the 

partial derivative of u along the line OH and will be represented by D^w. 

Let x,y,zhe the coordinates of P and x -f- ^ y + Ay, z-^-Az the coordinates 
of P*; then 

where € is an infinitesimal of higher order than the first if ^Xj Ay, and A« axe 
infinitesimal (v. Dif. Cal. Art. 198). 

y} — u ^x At/ £kM € 

Hence -pp- = ^*«. ppT + ^ir^*- pp7 + A^- ppT + pp- 
rj 4. Aaj ^ Ay , Asj 

Therefore 2)^w = XD<rW + M^yW + v2>,w. (1) 

If V'm = 0, DSDjDlu is a solution of Laplace's Equation. 

For V\DlDjD:u) = DSD;D;(V* u)=0. 

Hence if V*w = 2)^% is a solution of Laplace's Equation, and if OIli, 
OH^y Offzf"' are a set of lines through the origin D/^^Dj^D^^-'^u is a solution 
of Laplace's Equation. 

117. If H^ is a rational integral homogeneous Algebraic function of x, y, 
and ;;; of the Ath degree 



^'(f)=^'(f)^''-+?^'(^*> 



and is of the form -;^*. 
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The same thing can be proved of Dy y-j) and 2>, (-7) and therefore holds 
good of A (^*). 

If t^ is a homogeneous function of x^ y^ and z oi the degree — m — 1 and 
V'm = then V*(r*-+>M) =0. 

V»(r*-+>tt) = (2m + l)(2m + 2)r*— »w 

+ 2(2m+ l)r*— i(a:2>,tt + yD^u + zD^u) + r^'^^'^u 

= 0, 

since a;2>;ptt + y2>ytt + «2>,tt = — (m + l)tt 

by Euler's Theorem (v. Dif. Cal. Art. 220). 

118. — = -==== is a solution of Laplace's Equation (v. Art. 75) 
^ V«* + ^ + «* 

6 

and is of the form — - • 

r 

Df,^Df^^Df,^"Di^^i — ) is then a solution of Laplace's Equation by Art 116; 

JT 

it is of the form ^ ^, by Art. 117 and is a homogeneous function of the 

degree — w— 1. 

Therefore »*"'^^AiA,A,'**-^a^( — ) is a solution of Laplace's Equation, 

and is a rational integral homogeneous Algebraic function of Xj y, and z of the 
mtli degree, and is consequently a Solid Spherical Harmonic of the mth 

degree (v. Art. 110) ; and r^'^^D^.^i^j^ • '^A^i — ) is a Surface Spherical Har- 
monic of the ?nth degree. 

Moreover since the direction of each of the lines OHxy OH^^ • • • OH^ depends 
upon two angles which may be taken at pleasure, these aneles and M are 

2m + 1 arbitrary constants and may be so chosen that ^*'-0aj-0a,"*-^a^(— j 
may be any given Surface Spherical Harmonic. 

Consequently any given Surface Spherical Harmonic may be regarded as 

formed by differentiating — successively along m determinate lines OHx^ OH^ • • • 

OH^^ and is given except for the undetermined factor M when these lines are 
given. 

The lines O^i, OH^^ OH^,**'OH^ are called the axes of the Harmonic, and 
the points where they meet the surface of the unit sphere the poles of the 
Harmonic. The m axes of a Zonal Haimonic coincide with the axis of co5rdi- 
nates (v. Art. 86) and consequently the m axes of a Laplacian coincide with 
what we have called the axis of the Laplacian (v. Art 112). 
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119. Any Surface Zonal Harmonic P^C/^) is equal to zero for m real and 
distinct values of fi which lie between — 1 and 1 ; and any Associaied Func- 
tion P;^(fi) is equal to zero for m — n real and distinct values of fi which lie 
between — 1 and 1 . 

P /») = _J_. ^!!(^ilzJ:i!!. V. Art 83 (1). 



m 

^ - contains (/a*-— !)"•"* as a factor, v. Art. 89. 



< f*(/i' — 1) 
dye 

From Rolle's Theorem, " If f(x) is continuous and single-valued and is equal 

to zero for the real values a and h of a, ^ ^ is equal to zero for at least one 
real value of x between a and ft," (v. Dif. Cal. Art. 126) it follows that since 

(ft^— 1)"* = when /i = — 1 and when /i = l ^ — — =0 for at least 

diu?^ — 1)"* ^ 

one value of /i between — 1 and 1. j cannot be equal to zero for 

more than one value of /i between — 1 and 1, for it contains (/i* — l)"*"^ as a 
factor and is a rational Algebraic polynomial of the 2m — 1st degree. 

In like manner we can show that ^ ^ = has w — 2 roots equal to 

— 1, m — 2 roots equal to 1 and two real roots between —1 and 1 which 

separate the three distinct roots of ■ ^ — '— = 0; and in general if A; < m + 1 

that — ^ ^ = has m — k roots equal to — 1, m — k roots equal to 1, 

and k real roots separating the k-^-l distinct roots of j ^_^ = . 

Hence P„,(ii) =0 or r :. — ^ , ^ ^ =0 has m real and distinct roots 

"•^'^^ 2'»m! diA^ 

between — I and 1, and it has no more since it is of the mth degree. 

The same reasoning shows that ) m+n ^^ ^ ^^ m— n distinct real 

roots between — 1 and 1, and therefore that PZiM) ^^ equal to zero for m — n 
distinct real values of fi between — 1 and 1. Since Fii(fi) contains sin" ^ as a 
factor it is also equal to zero when /i = — 1 and when /i = 1 . 

cos n<f> is equal to zero for 2n equidistant values of <^, and sin mfi is equal to 
zero for 2n values of <f>. Hence any Tesseral Harmonic sin n<liP^(fjL) or 
cos 7i<^P*(/i) is equal to zero for 2m equidistant values of <^, for /i = l, for 
fi = — 1, and for m—n real and different values of fi between — 1 and 1. 

It follows that the value of any Surface Zonal Harmonic Fm(H') ^-t a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on one of the zones into which the surface of the sphere is divided by 
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the m circles of latitude corresponding to the m roots of Pf^ip) = 0, and will 
change sign whenever the point passes from one of these zones into an adjoin- 
ing one; and that the value of any Tesseral Harmonic sin m^P^i^fi) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on any one of the tesseras into which the surface of the sphere is 
divided by the m — n circles of latitude corresponding to the roots of PZiH') = ^ 
and the 2n meridians corresponding to the roots of sin n<^ = 0, and will change 
sign whenever the point passes from one of these tesserae into an adjoining 
one. 



CHAPTER VII. ♦ 

CYLINDRICAL HARMONICS (BESSEL'S FUNCTIONS). 

120. In Arts. 11 and 17 we obtained 

z = AJ^(x) + BK^i^) (1) 

as the general solution of Fourier^ s Equation 

rt« J..(,) = i_g + Jl_j^+... (3) 

and is called a Cylindrical Harmonic or BesseVs Function of the zeroth order; 
and where 

and is called a Cylindrical Harmonic or BesaePa Function of the Second Kind, 
and of the zeroth order. 

In Art. 17 we found that z = Jn(x) 

is a particular solution of BesseVs Equation 

d^z . Idz . /. n*\ ^ .-^ 

where if n is unrestricted in value 



a?" r" aj* JB* 

^n{^) = 2«r(7i + 1) L^ "" 2«(n + 1) "^ 2*.2l(n + l)(n + 2) 



«• 



•] (6) 



2*.3!(n + l)(n + 2)(n + 3) ' 

and is called a Cylindrical Harmonic or BessePs Function' oi the nth order; 
and that unless n is an integer 

z = AJ,(x) + BJ_,(x) 

is the general solution of Bessel's Equation. 

* The student should re-read carefully Arts. 11, 17, and 18(d) before beginning this 
chapter. 
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If n is an integer it can be shown that 
(▼. Forsyth's Diff. Eq. Art 102), and then 
is the general solution of Bessel's Equation and 






^WgVy (-1)^ ri4.i + i + ,„ + l 

2V2/ ^(n+A;)!A;!L 2 3 t 



+^+i+i+'+r^]Gr (') 



▼. M. Bdeher, Ann. Math. VoL VI, No. 4. 

121. A useful expression foi: '7, (a:) as a definite integral can be obtained 
without difficulty from Bessel's Equation [(5) Art 120] by a slight modifica- 
tion of the method given by Forsyth (Difif. Eq. Art. 136). 

It was shown in Art. 17 that z = x^u is a solution of Bessel's Equation if 
V satisfies the equation 

b 
Assume v = j Tcos (xt)dt (2) 

a 

where x and t are independent, T is an unknown fonotion of ^ and a and b 
are at present undetermined. 

Then ^ = - pT sin (xt)di 



a 
b 



and ^a = — J ^^cos {xt)dt. 

a 

Substituting in (1) after multiplying through by x, we have 
b b 

C(l — t^Tx cos {xt)dt —f(2n + l)^rsin (xt)dt — 0. (8) 
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By integration by parts we find that 



b 5 

C{1 — ^Tx cos (xt)dt^ V{1 — ^Tsin (orf)"] 



a 
5 



- J*[(l - <*) ^- 2<r] sin (a*)rf« , 

a 

and (3) reduces to 



b h 



r (1 — ^^ T sin (xt) 1 — rr (l — t^^ + (2n — 1)^^] sin (aO^ = 0. (4) 



a a 

If we determine T so that 



and a and h so that (1 — ^Tsin (xt) 



(^-^?+(2»-l)«T-0, (6) 

6 

= (6) 



(4) will be satisfied and our problem will be solved. (5) giyes 

T=C(1 — <*)—♦, (7) 

and (6) will obviously be satisfied if a = — 1 and J =« 1. 

Hence „=cj^^—^=J^^^ i« a solution of (1), 

and K = Cx^ Al - tr cos {xt)dt .g. 



n-? 



is a solution of Bessel's Equation. 
If we let t = cos <f> in (8) we get 



z= Cx^ j sin** ^ cos (a cos 4^)^* 



Expand cos (x cos <^) into a series involving powers of x cos ^, integrate 
term by term by the aid of the formulas 

Jsin« x.(te = ^. V ^ V [I^*- CaL (1) Art 99], 



2 



€+0 
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9 

I sin* X cos*" x,dx = 



2r(^"+i) 



(Int. Cal Art. 99 Ex. 2), and compare with (6) Art. 120, and we get 



05" /» . 

— ;^ — itM^ 



e7J|(a;) = — — — ^ I sin** ^ OOB (x cos ^)c^. (9) 

2«i 



If n is a positive integer (9) reduces to 



1 * 

'^■<'"> ° ;;• 1.3.5. • • (2n - 1) /"^" »«»(»«« ^)«^- . (10) 



Let w = in (9) or (10) and we get 



1 ' 
«7Jj(aj) = — j cos (x cos ^)^. (11) 



EXAMPLES. 



1. Obtain Formula (11) directly from Fourier's Equation, (2) Art. 120. 

2. Prove by integration by parts that if n > — ^ 

n w 

j sin** ^ cos ^ sin (x cos <^)rf^ = , j sin**"*"* ^ cos (x cos ^)d^. 



3. Prove by integration by parts that if » > ^ 



/ 



sin** ^ cos ^ sin (x cos <f)>)d4> 



1 "^ 
= - j [2n sin*" <^ — (2n — 1) sin**-* <^] cos (x cos 4)d^ . 



122. We can now readily obtain a number of useful formulas. 
Differentiate (11) Art. 121 with respect to x and we get 



^ == j cos ^ sin (a? cos ^)<^ 



(I 



— - Tsin*^ cos (xooB4i)cU^ by Ex. 2 Art 121. 



I 
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Hence by (10) Art. 121 ^^^ = - J^(x). (1) 

In like manner by the aid of £xs. 3 and 2, Art. 121, we can obtain the 
relations 

^t^5^ = -V._,(.) (2) 



if«>2. 



if»>-|- 



dx 



^t?=^ = — V.,.(.) (3) 



(2) can be written 



if«>^ 



X 

J^'Jn - i(x)dx = X»J,(«) (4) 



(2) and (^) can be written 



*"^^ + «5"-'^.(x) == X'J,_,(X) 



ft J /^•^ 



or 






dx • IV / J, 



'-^•^d ^ = -'^..i(*) + ;^»(x); (6) 



dx -'»+n-/ ■ a; 

whence 2 ^^ = J. _ ,(x) - J. ^ ,(*) (7) 

2n 
and - J,(a;) = J,_,(x) + J.^ ,(x). (8) 

The repeated use of formula (8) will enable us to get from Jo(x) and Ji(x) 

any of Bessel's Functions whose order is a positive integer. For example, we 

have 

2 

3/ 



«^.(*) = (^-l)«A(a;)-^«^o(«). 
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From a table giving the values of Jo(x) and Ji(x)f then, tables for the 
fiuietioiis of higher order are readily constructed. Such a table taken from 
liayleigh's Sound (Vol. I., page 265) will be found in the Appendix (Table VI.). 

By the aid of (5) and (6) any derivative of «/»(«) can be expressed in terms 
of «/»(«) and «/,+i(a;). For example 

^=["-^-o-'-<')+i-'-w- 

If we write Jq(x) for z in Fourier's Equation [(2) Art. 120], then multiply 
through by xdx and integrate from zero to a, simplifying the resulting equa- 
tion by integration by parts, we get 



whence by (1) I xJo(x)dx = xJi(x) . (9) 



If we write Jq(x) for z in Fourier's Equation, then multiply through by 

x^ — ^^ dx and integrate from zero to x, simplifying by integration by parts 
ax 

we get 



' s 

whence by (1) jx(J^(x)ydx = | [(Ji(a;))« + (Ji(a;))*]. (10) 







In like manner we can get from BessePs Equation [(6) Art. 120] the formula 

X 

J^r(J,(a:))^ = ^ [x'(^) + (^-n')(J,(x)y'] (11) 



which (6) enables us to reduce to the form 

fx(J,(x)ydx = ^l(J,(x)y+ (Jn^^(x)y^-nxJ,(x)J.^,(x). (12) 



Formulas (9), (10), (11), and (12) will prove useful when we attempt to 
develop in terms of Cylindrical Harmonics, 



Chap. VII.] PROPERTIES OF BESSEL's FUNCTIONS. 226 

Values of Ji,(a) for larger values of x than those given in Table VL, 
Appendix, may be computed very easily from the formula 



•^(-)=va^- "'"^t£--°'> 



+V 



(l«-4n«)(y-4n«)(5«-4«')(7«-4n') H / ^ jr\ 

_ ^ 4!(8a!)« J°°T 4 '*2/ 

2 r i"— 4»' 
wxL 1 ! 8x 

V. Lommel, Studien liber die BessePschen Functionen, page 59. 

The series terminates if 2n is an odd integer, but otherwise it is divergent. 
It can be proved, however, that in any case the sum of m terms differs from JJix) 
by less than the last term included, and consequently the formula can safely 
be used for numerical computation. 

EXAMPLES. 

1. Confirm (1), (2), and (3), Art. 122, by obtaining them from ^) and (6), 
Art. 120. 

2. Confirm (1), Art. 122, by showing that Fourier's Equation will differ- 
entiate into the special form assumed by Bessel's Equation when n = 1. 

3. Show that (9), Art. 122, is a special case of (4), Art. 122. 

4. Show that the limit approached by JJx) as n increases indefinitely is 
zero, and by the aid of this fact and of (8), Art. 122, prove that 

c/,.,(a:) =^[nJ,(a.) - (n + 2K.^,(aj) + (n + 4) J,^,(x) + ...]. 

5. Prove that 

^^ =\\.\^n{=^) - (« + 2)J.+,(a;) + (« + 4) J.^,(*) -...]. 

6. Show that the substitution of ( 1 — ^ j for x in Legendre's Equation 
will reduce it to the form 

(-S)&-+C-l)|+('+i)'=«. 

and that the limiting form approached by this equation as n is indefinitely 
increased is Fourier's Equation, and hence tliat Jq(x) can be regarded as some 

constant factor multiplied by the limiting value approached by i^«( 1 — ^) 
as n is indefinitely increased. 
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123. To complete the solution of the drumhead problem taken up in 
Art. 11, we found that it would be necessary to develop a given function of r 
in the form 

where fti, fHy^ti &c., are the roots of the transcendental equation Ji(fta) = ; 
and in Art. 11, Ex. the development of unity in a series of precisely the 
same form was needed. 

(a) Let us consider another problem. 

The convex surface and one base of a cylinder of radius a and length b are 
kept at the constant temperature zero, the temperature at each point of the 
other base is a given function of the distance of the point from the centre of 
the base ; required the temperature of any point of the cylinder after the 
permanent temperatures have been established. 

Here we have to solve Laplace's Equation in Cylindrical Coordinates 
([xiv] Art. 1). 

D^hc + i I),H + ^ niu + I)^,u = (1) 

subject to the conditions 

n ^ when « = 

w r= " r = a 

and from the symmetry of the problem we know that Dlti = 0. 
Assuming as usual u^= Jt,Z we break (1) up into the equations 

whence u = sinh (fiz)Jo(fjLr) (2) 

and u = cosh (fiz)Jii(fir) (3) 

are jxirticular solutions of (1). 

I f fit, is a root of «^(/Aa) = (4) 

u = sinh (^fjL^)jQ(fij^r) 

satisfies (1) and two of the three equations of condition. 

If then /(r) = Ay^J^,{ix^r) + A^^fi^r) + A^^{ti^r) H (5) 

Mi» /^2j A'-sj &c., being roots of (4), 

, sinh (tiiz) ^ , N , i sinh (fiz^) ^ , . , i sinh (fi»z) ^ , 

satisfies (1) and all of the equations of condition, and is the required solution. 
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(b) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we surround it by a jacket impervious to heat, the equation of 
condition m = when r = a will be replaced by D;u = when r^a, or if 

u = sinh (fiz)Jo(fir)f 

dJJiir) 
by — ^--^ = when T=-a. 

ar 

that is by M'(M = * or (v. (1) Art. 122) 

by J,(;ia)=0. (7) 

If now in (5) and (6) /ix, /Aj? Ms* &c., are roots of (7), (6) will be the solu- 
tion of our new problem. 

(c) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we allow it to cool in air at the temperature zero, the condition u^O 
when r = a will be replaced by D;u + hu = when r = a, or if 

u = sinh (fiz)jQ(fir) 
by fiJo'(fir) + hJo(fir) = when r=^a 

that is by /jLaJo'(fia) + ahJo(fia) =0 or (v. (1) Art. 122) 

by /jLaJi(fia) — ahJ^ijia) = 0. (8) 

If now in (5) and (6) /Xi, /l^, /ij? &c., are roots of (8), (6) will be the 
solution of our present problem. 

124. It can be shown that «^(«) = (1) 

Ji(x)=0 (2) 

and xJq\x) + \Jo{x) = (3) 

have each an infinite number of real positive roots (v. Riemann, Par. Dif. Gl., 
§ 97). The earlier roots of these equations can be computed without serious 
difficulty from the table for the values of Jo(x) (Table VI., Appendix). 

The first twelve roots of «/o(a') =0 and Ji{x) =0 are given in Table IV., 
Appendix, a table due to Stokes. Large roots of Jq(x) = and of J\(x) = 
may be very easily computed from the formulas 

?!l — — 9^ _L Q^^^^^ _ .053041 .2620 51 _ 
TT "^ .^5+ ^^_^ (45-l)»'^(45-"l)» '" (**^ 

ar^;^ _ .151982 .015399 _ .245270 

V""'' + -'^^""17+r'^(4* + i)» (4s + iy'^'" (''>^ 

given by Stokes in Camb. Phil. Trans., Vol. IX., a^J^ representing the sth root 
of Jo(x) = 0, and a^f the «th root of Ji(x) = 0. 

* We shall find it convenient to UBe the familiar noUtion of /'(2) = ^^ (v. Dif. CaL, p. 119). 
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125. We have seen in Ai-t. 123 tluit 

U=smh(fi,^z)Jo(fitr)a,nd V =^ smh (fijz)Jo(fiir) are solutions ot V*^=0 
and V*F=0 if we express Laplace's Equation in terms of Cylindrical 
Coordinates (v. (1) Art. 123). 

Hence, if fdS represents the surface integral over any closed surfacei we 
have 

by Green's Theorem (v. Art. 92). 

If we take the cylinder of Art. 123 as our surface, and perform the 
integrations and simplify the resulting equation, we find 

r ' -1 










Hence if /a^ and fij are different r<jots of 

or of Ji(fifi) = i), 

or of fiaJi(/jL(f) — \J,i(/J'ff) = 0, 



/( 



then JrJo(fJi'ir)Jo(fiir)dr = 0. (2) 

u 

EXAMPLE, 
Obtain (1) Art. 125 directly from Fourier's Equation 

126. We are now able to obtain the developments called for in Art. 123. 
Let /(r) = A,J,(fi,r) + A^f^^fi^r) + A^J^{fi^r) + • • • (1) 

Mi> M2> /^8) &c., being roots of Jo(fJ^') =0, or of Ji(fia) =0, or of 

To determine any coefficient A^. multiply (1) by rjQ(fA^)dr and integrate 
from zero to a. The first member will become 



a 
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Every term of the second member will vanish by (2) Art. 125 except the 
term 







M*0 



fr(Jo(f^,r)ydr=^ j-/fx(J,(x)ydx = |' l(Jo(^,a)y + (J^(fi,a))^ 



^*o 



by (10) Art. 122. 

The development (1) holds good from r = to r = « (v. Arts. 24, 25, and 88). 
If /Ai, /ij, /Aj, &c., are roots of Jo(f^) =0, (2) reduces to 

2 r 

^* = «Vi(M*«))V ''n>')Mt^^)dr. (3) 

If /ii, /is, /As, &c., are roots of Ji(fia) =0, (2) reduces to 

'^* = a\J,La)y /'•/('•)«^o(Mrfr . (4) 



If /ii, /ij, /i,, &c., are roots of fiaJi(fi(i) — XJ^^fia) =0, (2) reduces to 

2/i,« 



2/i/ /• 



For the important case where /(r) = 1 

a a M<« 



jrf{r)J^Qit,r)dr =JrJo(fitr)dr = — jxJorx)dx = ^^ (6) 

by (9) Art. 122, and (3) reduces to 

^*= — h n' (7) 

(4) reduces to At'=0 except for A' = l when /iit = and we have Ai = l^ 

(5) re.luces to .-/, = ^^^j-^-^^^^^ . (8) 
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EXAMPLES. 

1. Show that in (12) Art. 11 any coefficient A^ has the value g^ven in (3) 
Art. 126 ; and in the answer to Art. 11, Ex. the value given in (7) Art. 126. 

2. Show that if a drumhead be initially distorted so that it has circular 
symmetry, it will not in general give a musical note ; that it may be initially 
distorted so as to give a musical note ; that in this case the vibration will be 
a steady vibration ; that the frequencies of the various musical notes that can be 
given when the distortion has circular symmetry are proportional to the roots 
of Jo(x) = ; that the possible nodes for such vibrations are concentric circles 
whose radii are proportional to the roots of Jo(x) = 0. 

3. A cylinder of radius one meter and altitude one meter has its upper 
surface kept at the temperature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. Find the tempera- 
ture at points on the axis 25 cm., 50 cm., and 75 cm. from the base, and also 
at a point 25 cm. from the base and 50 cm. from the axis. 

A71S,, 29°.6 ; 47°.6 ; 71°.2 ; 2o°.8. 

4. An iron cylinder one meter long and twenty centimeters in diameter has its 
convex surface covered with a so-called non-conducting cement one centimeter 
thick. One end and the convex surface of the cylinder thus coated are kept at the 
temperature zero, the other end at the temperature of 100°. Find to the nearest 
tenth of a degree the temperature of the middle point of the axis, and of the 
points of the axis twenty centimeters from each end after the temperatures 
have ceased to change. Given that the conductivity of iron is 0.185 and of 
cement 0.000162 in C. G. S. units. Find also the temperature of a point on 
the surface midway between the ends, and of points on the surface twenty 
centimeters from each end. Find the temperatures of the three points of the 
axis, supposing the coating a perfect non-conductor, and again, supposing the 
coating absent. Neglect the curvature of the coating. 

Am., 15°.4 ; 40°.85 ; 72°.8 ; 15°.3 ; 40°.7 ; 72°.5 ; 0°.0 ; 0°.0 ; 1^3. 

127. If instead of considering the cooling of a cylinder as in Art. 123 we 
have to deal with a cylindrical shell whose curved surfaces are co-axial 
cylinders, we are obliged to use the Bessel's Functions of the second kind. 
Let our equations of condition be 

u = when z = 0, w = when r = a, 

u=f(r) " « = 6, w = « r = c. 

Then (v. Art. 123) 

u = sinh (^^^Jo(fi,r) - ^^ Ao(/i.r)] 
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* 

where /ij^ is a root of the equation 

will satisfy Laplace's Equation [(1) Art 123] and all of the equations of 
condition except the second. 

is the required solution if 

f(r) = S ^* ['^•C**^) - ^ ^0**^)]- (3) 



&-1 



The development (3) is easily obtained. 

Call the parenthesis for the sake of brevity B^Qui^). Then by the method 
of Art. 125 we get if we integrate over our cylindrical shell 

e 

JrBo(fi^)Bo(fHr)dr = (4) 

a 

if fi^ and fj^ are roots of (1); .and by an easy extension of (10) Art. 122 

e 

Jr[5.(/*»r)]Wr = i{c«[5.'(M]« - at^.V**)]*^- (6) 

a 

Determining the coefficients in (3) as in Art. 124 and simplifying by the 
aid of (4) we have 

J^ s= *» . (O) 

EXAMPLE. 

If a membrane bounded by concentric circles of radius a and radius by and 
fastened at the edges, is initially distorted into a form symmetrical with respect 
to the centre, and then allowed to vibrate 

J, ^X A, cos (M*c«)[ji(M - ^^) i£i(M*r)] 
where A^ is obtained from (6) Art. 127 by replacing c by & 
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[Art. 128. 



128. If in the cooling of a cylinder u = when « = 0, m = when z=sb, 
and u =f(z) when r = a, the problem is easily solved. 

If in (2) and (3) Art. 123 /* is replaced by fii we can readily obtain 

z ^ sin (/*«) Jo(H'ri) 
and « = cos (/i«) Joif^rt) 

as particular solutions of Laplace's Equation [(1) Art. 123] ; and 



or or CF 

J^(xi) ^ 1 + — + ga^a + 2«.4*.6* 



(1) 



and is reaL 



»»ao 



f{z) =^A, sin 



ft 



where 

by Art. 31 (7) and (8). 

Hence 
is our required solution. 



A. 



=;^//(^)8i 



kirz 
b 

kirz 



o 



(2) 



»-oo 



tt = V ^^ sin 



A^TTSJ 



irsl 



( kwri X 
6 / 



b - fhrrai^ 



(3) 



EXAMPLES. 



1. If the cylinder is hollow and we have w = when « ^ 0, m ^ when 
« = 6, w =s when r ^ c, and u =f(z) when r = a ; then 



i:«ao 



1« 



= X ^* sin 



A^TT* 



irsl 



( A;7rrr \ 

( A;7rgt \ 






(kirai 
~b 



') 



'/hirai 



\— 



') 






•( 



n^) 



X' 



where Aj^ has the value given in (2) Art. 128, and 

Ko(xi) = Kq(xi) — Jo(xi) log i 

x^ a* 
= j;,(xi)logg-^-^^,(| + ^)- 2«.4a.6» ^^"^^"^*^ 

[v. (4) Art. 120], and is real. * 

2. A hollow cylinder 6 feet long whose inner surface has the radius 3 inches, 
and whose outer surface has the radius 1 foot, has its bases and outer surface 
kept at the temperature 0**, and its inner surface at the temperature 100®, until 
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the permanent state of temperatures is established ; find the temperatures of 
two points in a plane parallel to the bases and half-way between them, one of 
which is 6 inches and the other 9 inches from the axis. Ans., 49^6; 20®,2. 

129. If in the problem of Art. 123 the temperatures of the points of the 
upper base of the cylinder are unsymmetrical so that u :=f(r,<f>) when « =» 6, 
we have to get particular solutions of Laplace's Equation [(1) Art. 123] for 
the case where D^u is not equal to zero. We readily find that 

u = sinh (AMf)[-4 cos n<^ + -^ sin n<f>'\J^(fir) 

and u = cosh (AMf)[-4 cos n^ + ^ sin n<t>']Jtt(fir) 

are such solutions, and that 

is the solution of the given problem if 

/(»-. <^) = X X ('^"Jt^^^^'I' + ^M* 8™ «*y»(/V) (2) 

where ;i^ is a root of the equation 






(8) 



EXAMPLE& 

1. Show that 

a 






2. Show that 



/'•[.^.(wW'tf'— |[«V.'(M*«))* + («*-£,)(«^.(M^))*] 



a* . vv- . , -r . VV-. na 



=^ [(J,(A**a))» + (J.+ i(/iW)*] - -Jn(.lha)J,Ul'hfl). 
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a Show that in Art 129 



Sir a 



Jd4,jrf(r,4,)J^{li^)dr 

%w a 

fd4>Jrf(r,4>) cos n<f>J^(fii^)dr 



9v a 



Cd4>jrf(r,4,) sin n4>J^{ii,„r)di 



4. Obtain the coefficients for the case where the convex surface of the 
cylinder is impervious to heat. 

5. Obtain the coefficients for the case where the convex surface of the 
cylinder is exposed to air at the temj)erature zero. 

6. Show that if in a drumhead problem of Art. 11 the initial distoi-tion is 
unsymmetrical, so that we have to solve the equation [xi] Art. 1 subject to 
the conditions «=/(^,^) when ^ = 0, i>,« = when ^ = 0, « = when r = a, 
the solution is 

« = X X ^^ (m*^)(^«.* cos n<^ + ^^t sin n4>)J^(fA.^) 

mbO 4rBl 

where A^, B^j^, A„j^, and B^j^ have the values given in Ex. 3. 

7. What modifications do the statements made in Ex. 2, Art. 126, need to 
make them apply to the unsymmetrical case treated in Ex. 6 ? 

Show that any possible nodal system in Ex. 6 is composed of concentric 
circles and of radii whose outer extremities are equidistant, v. Rayleigh's 
Sound, Vol. I., Arts. (202-207). 

8. Solve the problem of Art. 127 and of Art. 127, Ex. for the unsym- 
metrical case. Suggestion: AJ„(x) •}- BK^(x) is a solution of Bessel's 
Equation. 

9. Solve the problem of Art. 128 and of Art. 128, Ex. 1, for the case where 
v =/(«, <l>) when r = a. Suggestion : u = sin /jlz(A roa n<f>-{' B sin n<^)J^(firi) 
is a solution of Lai)laciVs Equation, and f(z, <^) can be developed into a double 
Fourier's Series [v. (15) Art. 71]. 
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10. Show that in dealing with a wedge cut from a cylinder by planes 
passed through the axis, or with a membrane in the form of a circular sector, 
it may be necessary to use Bessel's Functions of fractional or incommensurable 
orders. 

11. BemouUWs Problem (v. Chapter IX). In considering small transverse 
vibrations of a uniform, heavy, flexible, inelastic string fastened at one end 
and initially distorted into some given curve, we have to solve the equation 
Df^t/ = c\xDJli/'^ D,y), subject to the conditions D,y = when ^ = 0, 
i/=f(x) when ^ = 0, y^O when a5 = a; the origin being taken at the 
distance a below the point of suspension and the axis of X taken verticaL 

Show that y = 2) ^* ^® ^*^ -^o(m/^) > 



where 



X , x^ 

• •• 



Bo(x) — l 2^ + 18 2« 1*.2*.3*"^ 
and /ijt ^s a root of the equation 



and A^ = 



a a 







fi'a\Bo'(fi,'a)y alJ,(2fjL,^a)J 



12. As a simple case under Example 10 consider the vibrations of a circular 
membrane fastened at the perimeter and also along a radius and then initially 
distorted (v. Rayleigh's Sound, Art. 207). In this case we must modify the 
formula given in Ex. 6 by dropping out the terms involving cosit^ and by 

17V 

taking n = — • The required solution is 



« = X % ^mjt (^08 fljfit sin -^ Jm(fXj^) 



1 k^\ 



Jm(fia) 
where fJL]t ^ ^ ^^^^ of '^ ^ = 



and B^^jt = --^ 



iw a 



8 
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For the terms in which m is odd, iTm(x) can be readily obtained from (13) 

Art. 122, which will become a finite sum. 
For example, (13) Art. 122 gives the values 

13. The question of the flow of heat in three dimensions involves a problem 
not unlike the last. 

Suppose the initial temperatures of all points in a sphere of radius c given, 
and let the surface be kept at the temperature zero. Then we have to solve 
the equation 

^.« = ^' [ A(r*Aw) + -^ i>.(8in <92),«) + ^ D^] (1) 

([iv] Art. 1) subject to the conditions 

tf = when r := c, 
w =/(r, d, <^) when < = 0. 

If we assume u = T.R. V where T is a function of t only, ^ of r only, and V 
of 6 and ^ only, (1) can be broken up into 

f+«W=0 (2) 

«(m + 1) r+ -L Z),(sin tf 2), F) + ^ D* F- (3) 



d^R 2dR r ^ m(m-M)-| 



(4) 



Hence T = e-^, V= Y„(n, ^) [v. Art. 102 (2)], and 5 is staU to be found. 
If in (4) we let x^ar and z ^ R^ar it becomes 



j^. 1^ [- (m + l)n 



which is satisfied by « = «^m+»(*)- (v. Art 17.) 
Therefore B = -= eT"^ ^ »(«»*)• 
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««• flr n 



/(n«,#)-^S(2^+^) r^//(^'*i^*i)-P«(«>8y)8*^*i^ by (8) Art 114, 



■-0 

■•BOS • 



2 %i<nf^.(r)cMn^'{-B^J'^,(r)smn^1P:,(),), 



■••0 ««0 



where a^ is a root of the equation 

(ac)« + » 

c 

2/H/^,(»-y«+,(ap-)dr 

it-flO 

C 

where ■D|».».*=-* 



c\J:^t(a^)y 



The final solution is 



of. Riemann, Par. Dif. Gl., §$ 72 and 73. 



CHAPTER VIII. 

LAPLACE'S EQUATION IN CURVILINEAR COORDINATES. 

ELLIPSOIDAL HARMONICS. 



130. Orthogonal Curvilinear Coordinates. 
If F,(x,y,z)=p, 

^«(«,y>«) = p2 (1) 

^8(«, y, «) = />«] 

are the equations in rectangular coordinates of three surfaces that are mutually 
perpendicular no matter what the values of pi, p^, and p^, the parameters pi, 
P2, and pz9 may be regarded as a set of coordinates for a point of intersection 
of the three surfaces, in the sense that when pi, p2, pz are given the point in 
question is determined, and when the point is given the corresponding values 
o^ pi} pt9 Ptj ^^^^ ^ found. 

From equations (1) «, y, and « can be expressed in terms of pu p,, and p,. 
Suppose this done. If now a, y, « are the rectangular coordinates of the 
point /»! = «, />i = ^, p8 = <^> the rectangular coordinates of the points 
Pi = (i + dp^,Pi = b, p8 = c, are obviously x + D^x.dp^ + ci, // + D^i/.dp^ + c^, 
« + i>pj«.cZpi + €5, where ci, cj, and cg are infinitesimals of higher order than 
dpi. Hence the square of the distance between the points will differ by an 
infinitesimal of higher order than that of dpj from dnj where 



Let 



dr^ = [(^P.^)' + (^P.v)" + {K^yypi^ 



^^=(D^xy+(D^yr+(I)^zr 



(2) 



Then if dni is the element of length normal to the surface p^ssa, dn^ 
normal to p% = by and dn^ normal to p9 = c 



. dpi 
hi 



. dp% 






(3) 
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The element of surface dSi on the surface pi = a is easily seen to be 



dS,=^, (4) 



and the element of volume dv is 

d„=^e^^. (S) 

EXAMPLE. 

Show that hf = (D,piy + (D^Pi)* + (Af>i)* 

hi = (D,p,)' + (D,p,y + (D.p,y 
h( = (D,p,y + (D,p,r + (Ap.)*. 

Suggestion: If h^ has the value just given — f^'» ~f^' ~f^ *'* ^^ 

ill R\ fti 

direction cosines of the normal at any given point of pi = a. (v. Int. Cal. 
page 161.) Then 

131. Laplace^ 8 Equation in orthogonal curvilinear coordinates. 
If we apply the special form of Green's Theorem 

fJJ'^^ Vdxdydz = Jd^ VdS (V. Art. 98) 

to the space bounded by the surfaces p^=^a, pa = ^, P« = <^> />i = <^ + ^pi> 
Pi = b-\'dp^j p^=^c-{-dp^f we have 



- *^» ^ + *^« --^ + ^.GJs; ^- ''K.**. i 



whence 



and Laplace's Equation in our curvilinear system is 
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If it happens that VVi = 0, V==pi will satisfy (7) and we shall have 
^i^h^»^f^(i~j~) = 0. In like manner if VV2 = we have -^p,( t"t- ) = 0, 
and if Ws = we have -^Pa( T~f" ) ^ ^ > ^-nd therefore (7) reduces to 

A«/>;^ V+ hiD^V+ hlD^V= (8) 

when VVi = 0, VV« = 0, and V% = 0. 

132. If instead of having the value of the Potential Function V given on 
the surface of a sphere as in our Spherical Harmonic problem, we have it 
given at all the points on the surface of an oblate spheroid, and are required to 
find its value at any internal or external point, we can easily get a solution by 
methods in no essential respect different from those already employed, if only 
we rightly choose our system of coordinates. 

If we take an ellipse and an hyperbola having the same foci, and revolve 
them about the minor axis of the ellipse, we shall get a pair of surfaces which 
are mutually perpendicular ; a plane through the axis of revolution will cut 
both the spheroid and the hi/perboloid orthogonally. 

The equations of the three surfaces can be written : — 

i^,(x,y,^,X)=^; + 3^, + j;-l=0 (1) 

i..(.,y,.,M)=^; + ^. + ^,-l=0 (2) 

Fj^(x,yyz,v) = z-'vx = 0y (3) 

where k*> b*> /jl*, 2b being the distance between the foci. 

For all values of X, /n, and v consistent with the inequality above written 
the surfaces (1), (2), (3) intersect in real points and cut orthogonally. 

X, fi, and V can be so chosen that the surfaces will intersect in any given 
point, and therefore can be taken as a set of curvilinear coordinates, and 
Laplace's Equation can be expressed in terms of them by the aid of Formula 
[xv] Art. 1. 

From (1), (2), and (3) we readily get 



x^ = ^— 



b\l + v') 



^~ b^ 



) 



w 
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whence D,x=-^^==, 2)^ = -^^^^-^, 2),. = ^^^==; 

and -r, = 77— -r. (6) 



[v. 130 (2)]. In like manner we get 



A,' 


X»-6» 


re get 


1 


X«-/t» 


hi 


~lA-iJi* 


1 


w 


'i,'" 


4'(l + «''') 



(6) 

and Ti = /^/rK..ax2 ' C^) 

and [xv] Art. 1 becomes 



which is Laplace's Equation in terms of our Spheroidal Coordinates X, /i, and v. 
If now in place of X, /Lt, and v we can introduce some function of A, some 
function of /Lt, and some function of v which, therefore, will represent the 
same set of orthogonal surfaces, and if we can choose these functions a^ p, 
and y, which of course are functions of x, y, and «, so that Va:=0, 
V^^ = 0, and V^ = 0, equation (8) must reduce to the simple and sym- 
metrical form given in [xvi] Art. 1. 

These functions a, p, and y are easily found. Equation (8) is VT=0 
expressed in terms of X, ;*, and v. Assume that F is a function of A only ; 
then i>^F=0, and DyV=0, and (8) reduces to 



■ 

whence XVx^ — b^ "^ ~ ^** ' 

dV= ''^^ 



XVX« - h^ 



and F'=Y8ec~^T> 

o 

and is a function of X which satisfies Laplace's Equation. 
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Take this as a leaving Ci at present undetermined, so that 

da^ — , and a = -7sec *t' 

In the same way we get 

dB= ,^^ => and j8=-?sech-i^, 



(V. Int. Cal. Art. 46, Ex.) 

'^y = TT^' ^^ y = Ctan-^v. 

Substituting these values in (8) and taking Ci = — c, = 6, and ^8 = 1, 
(8) reduces at once to 

or since X = 6seca, fjL = bsechPf and i/ = tany, (10) 

to cos* a D^V+ cosh» j3i>/ F+ (cosh« p — cos*-* a)D^V= (11) 

which is Laplace's Equation in terms of what we may call Normal Oblate 
Spheroidal Coordinates, 

In using (11) it is to be noted that the point whose coordinates are (a, ^, y) 
is the point of intersection of an oblate spheroid whose semi-axes are b sec a 
and b tan a, an unparted hyperboloid of revolution whose semi-axes are 
&8ech)9 and 6tanh)9, and a plane containing the axis of the system and 
making the angle y with a fixed plane ; and that if the axis of revolution is 
the axis of Y and the fixed plane is the plane of XYy the rectangular coordi- 
nates of (a, p, y) are 

x=^b sec a sech p cos y, y = ^ tan a tanh p, z-=b sec a sech p sin y (12) 

[V. (4)]. 

TT 

If now we let a range from to -^y p from — oo to oo , and y from to 27r, 

we shall be able to represent all points in space ; and if we agree that negative 
values of p shall belong to points below a plane through the orij^in and 
perpendicular to the axis of revolution and positive values of p to points 
above that plane, not only shall we have no ambiguity, but also the rectangular 
coordinates of any point as given in (12) will have their proper signs. • 
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EXAMPLES. 

1. If the spheroid is a prolate spheroid, the ellipse and confocal hyperbola 
must be revolved about the major axis of the ellipse, and the plane must con- 
tain that axis. In place of equations (1), (2), and (3) of Art. 132 we have, 
then, 

-4--^— 4-— ?!— -1 —0 



— H ^H 1 = 



«Vi I/" 1 ^' -._A 



z — i/y = 
where \^> b*> fx^. 

"^ K^-fi* * \' — ii* ^ (\» — *»)(** — /**) 
Laplace's Equation becomes 

+ (5^T^^t^A[(H-^i),F] = 0. (1) 

(1) reduces to ^ + ^,+ ^^^-^^^^2>,«r=0. (2) 

where aa=^ — -= — 75? »p=ii 5' »y=T~T — i' 

X* — 6* or--fi* ' 1-hir 

a = ctnh~^T' i8 = tanh""^T' and y = tan~^v. 

b b ' 

Since X = 6ctnha, fi^^btanhfi, and i/ = tany 

(2) can be reduced to 

sinh« a A* r+ cosh* ^ 2)^* r+ (sinh« a + cosh* i3)2>y' r= 0. (3) 

In using (3) it is to be noted that the point (a, p, y) is the point of inter- 
section of a prolate spheroid whose semi-axes are ftctnha and ftcscha, a 
biparted hyperboloid of revolution whose semi-axes are b tanh p and b sech fi, 
and a plane containing the axis of revolution and making the angle y with a 
fixed plane. 
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If the fixed plane is that of (XY) the rectangular coordinates of any point 
(a, p, y) are 

a: = ^ ctnh a tanh j3, y = 6 csch a sech j3 cos y , ;!; = ^cschasech)3siny, 

and a may range from oo to 0, p from — oo to oo , and y from to 2v. 
y Negative values of p are to be taken for points lying to the left of a plane 
through the origin perpendicular to the axis of revolution. 

2. Transform Laplace's Equation in Spherical Coordinates [xiii] Art. 1 
to the symmetrical form 

a*D;V+co9h^pD^V + cosh^pDy^F=^0 

1 

where a = -> j3 = logtan-> and y = <^. 

3. Transform Laplace's Equation in Cylindrical Coordinates [xiv] Art. 1 
to the symmetrical form 

where a = logr, P = <f>f and y = «. 

133. In each of the cases we have considered, it has been easy to pass 
from Laplace's Equation in terms of the chosen cobrdinates representing an 
orthogonal system of surfaces to the symmetrical form [xvi] Art. 1 ; and it is 
evident that our new coordinate a is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to pi are 
equipotential surfaces ; that /? is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces; and that y is a value of f^ corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces. a, )8, and y are called by Lam^ ^^ thermometrie 
parameters,^^ 

The condition that these values should exist, for a given system of surfaces, 
that is, that the distribution described above should be possible, is readily 
obtained. We shall work it out for a. It is merely the condition that V in 
Laplace's Equation may be a function of pi alone. 

If r is a function of pi alone 

^'^=^^"'" -^'^=^^'''>' ^-^^^^.p- 

{PV dV 
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d^V dV 

Therefore ^D^p,)* + (^»P.)* + (D.px)*] ^, + [i>.Vi + AV. + A«Pi]^' 



whence 



or 



2>,V, + AV, + AVi ^ d*V .dV 

(D.Piy + (i>,Piy + (D.Pir dp} - dp,' 



where ^i(pi) may be any function of pi alone. Our required conditions are 

then 



if=w 



V* 



A,' 



£?_ 



= .PiO»i) 



v 



A/ 



E»_ 



= P»(p,) 



(1) 



and when they are fulfilled the original curvilinear coordinates pi, ^, ^, 
correspond to possible equipotential or isothermal surfaces, thermometrio 
parameters a, fi, and y exist, and the reduction of Laplace's Equation to the 
symmetrical form [xvi] Art. 1 is possible. 

134. Returning to our Oblate Spheroid problem of Art. 132 we can proceed 
as usual to break up our equation (11) Art 132. 

Assume that V^=L.M.N, where X is a function of a only, Jf of ^only, 
and iVof y only. (11) Art. 132 becomes 

cos'ac^'Z . Qosh^pd^M . [cosh'ff — co8^a](£*i\r 



or 



cos* a 



d'L 1l_ 



cosh'ff d^M ^ 1 



L cosh* p — cos* a da^ Jf cosh* p — cos* a dp^ 



Id^N 
Ndy^' 



The first member is independent of y, and the second member is independent 
of a and P^ and the two members are identically equal. The second member 
is then independent of a, p, and y and must be constant; call it n*. We have, 

then, 

d*N 

^+n«.V=0 (1) 
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(1) gives us iV= A cos ny + ^ sin ny. (3) 

(2) can be written 

whence co8*a^+ [n'cos^a — m(m + l)]Z = (4) 

and cosh« ^~d^'^ C^(^ + 1) — '** cosh* P']M^ 0. (5) 

If we introduce x = tanh^ in (5) it becomes 

where since x ^= tanh ^ and fi may have any value from — oo to 00 , a; may 
have any value between — 1 and 1. (6) is a familiar equation having for a 
particular solution 

M= (1 - a^l ^-^^ = FZ{x) = P:(tanh p). (7) 

(V. Arts. 101 and 102) 
If we introduce in (4) x = tan a it reduces to 

(l+a^|^ + 2.f+[j^.-«.(m + l)]i = 0. (8) 

(8) is an unfamiliar equation, but it can be treated as (6) was treated if we 
take the pains to go back to the beginning and follow the steps of the treat- 
ment of Legendre's Equation. 

This labor can be saved, however, by noting that if we let a5 = t (8) becomes 

and is identical in form with (6). Hence 

Z = P^(y) and Z = (1 - y»)l ^^^^^^ (v. Art. tOl). 

where y^i tan a, are particular solutions of (4). 
We can avoid imaginaries if we use the values 

2;=(— 0«-"Pi(//) and L = /"'-^"-^^l — y«)l^!^^^. (9) 
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Since we assmned F= L.M.N we have 

r= (A oo8ny + B sin ny)Pi(tanh /8)(— t)«-"P»(t tan a) 

and r=(-4cosny + ^8inny)P:(tanh/8>-"*+-+iBec-a^?^^^^ [ ^^^^ 

as particular solutions of (11) Art. 132. 

If the problem is symmetrical with respect to the axis of the spheroid 
i>^F=0, n' = and our particular solutions (10) reduce to 



r= (- i)-P«(t tan a)P«(tanh fi) 
and r= *"• ■»• ^C«(t tan a)P«(tanh p). 



(11) 



If, then, F is given on the surface of a spheroid as a function of fi and y, 
we must express it as a function of tanh/3 and y, and shall be obliged to 
develop it in terms of Spherical Harmonics of tanh /3 and y by the formulas of 
Chapter VII, using the first equation in (10) for the value of T at an internal 
point, and the second for the value of V at an external point. If the problem 
is symmetrical, we must develop in Zonal Harmonics of tanh fi by the formulas 
of Chapter VI. 

A convenient form for Q^(i tan a) is obtained from (2) Art. 100 ; it is 

Q^(i ten a) = - iP^(i tan a) J ^ ^p^^^-^y . ' (12) 

tana 

Hence Qo(i tan a) = — ij ^ ^^ =: — i^^aj- (13) 



tana 



EXAMPLES. 

1. A conductor in the form of an oblate spheroid whose semi-axes are 
b sec a© and b tan a© is charged with electricity and is found to be at ix)tential 
Vq ; find the value of the potential function at any internal or external point. 

Here Vq = FaPo(tanh /8). Hence at an internal point 

and at an external point 

r= ro#:f^^Po(tanh)3) = Fo^^-^. (2) 

"yo(*tanao) "^ "^^ (- — Oo) 

Since V in (2) involves a only, the equipotential surfaces are all spheroids 
confocal with the conductor. 
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2. The upper half of an oblate spheroid whose semi-axes are h sec a© and 
b tan tto is kept at the temperature unity, and the lower half at the tempera- 
ture zero. Find the permanent temperature at any internal point. 

Ans ii~^ \^ P^ji^a) p .tanh j3) ^ ^ P.(itana) 

An3, '^ ~ 2 ^ 4 P,(t tan a©) '^^^ ^^8 2 P,(t tan Oo) ^'^^""^ ^^ + 

(v. Art. 93). M may be expressed in terms of x, y, and z without serious 
difficulty [v. (12) Art. 132]. 

_1 , 3//__7 1 1 [251/" - 15y(x« + ,/ + z^^ b^) ~ 9^^^] 
^ 2'^4c*8*2'2 6c» + 3^c '^"' 

if 2c = 25 tan a© = minor axis of spheroid. 

135. Let us now find the potential function at an external point due to 
the attraction of a solid homogeneous oblate spheroid, using the method em- 
ployed in Arts. 98 and 99. 

Consider first the potential function due to a shell bounded by the spheroids 
for which a = <^ and a = <^ -+- rf<^ . 

By (1) Art. 98 we have 

4^pK = [2>, V, - 2>, r,]_ ^, (1) 

where p is the density and k the thickness of the shell, Vi the value of the 
potential function at an internal point, and V^ the value of the potential 
function at an external point. 

Let V, = XM- O'^PmC* tan a)P,„(tanh /8) 

and F, = ^B^ i"» + ^Q^(i tan a)P^(tanh P) [v. (11) Art. 134]. 

Since Vi and Fj must have the same value when a^<f> 



utn <p 



[v. (12) Art. 134]. 

Hence V, = "^i^B^P^iUaih. p)P„(i tan a)f-^^^r- 



dx 



(i+^iP^(xi)y 

UnQ 



00 

and r, = 2)t"'^„P„(tanhi8)P„(itana)J' 



rfa- 



tana 



{i+^iP„{xi)Y 



(3) 



J>,Vi = I),ri.D^a. D,Vt = D^V^. D,a 
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[2). r, - Z). F,], _ « = [Z). Fi - Z). F,]. . «(2).a). . ^ 

= [Z).(r,-F,)]..^[2),a]..^. 

tan a 

v.- r, = S--^- ^^ (tanh ^) P„ a tan a) /^^ ^ ^'[^ , ■ 

tan ^ 

A( ^^i - ^0 = X*'"^-^m(tanli i8)[p„.(i tan a) 



sec* a 



(1 + tan2a)[P^(ttana)]« 

tan a 






nrv — vi — V/^p -Pm(tanh/3) 



X'^a = — 

rfn = ^ = ~ = ^^l^:^'rfX = 6secaVtan2a + tanh2/8.rfd (4) 

V. Art. 130 (3), and Art 132 (5) and (10). 

[^n«]a = 4» = 



6 sec <^ Vtaii* </> + tanh« )3 



Hence fD V - B VI ^- ^ V/my? -Pm(tanhff) 

Hence [D.F, 2>,rj.,, -^^^^^^^^^^_^^^^^^^2,^ ^mp^^.,^^) 



jc = [rfn]a.^^^ sec<^Vtan*<^ + tanh*/8.rf<^ 
by (4), and (1) may be written 

Ayrpb^ sec- <^(tan^ <^ + tanh«)3)c/<^ = S'^^-f^fS^* ^^ 

Since tanh* )3 = J Po(tanh i3) + § P,(tanh p) 

by (5) Art. 95, to satisfy (6) we must give m the values and 2 and 

ifo = J ,rpA* sec-^ </»(3 tan^ </> + l)d<f> 
and -^2 = J 'rp^^ sec^ <^(3 tan" </> + l)rf<^ . 
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So that by (3) 

Vi = i irpl^ sec* ^(3 tan« ^ + l)d^V fj^, 

tan ^ 

- P.(tanh p)F,ii tan „)jf ^^-^_^^^] (6) 

and ^s = J ^p^ sec' ^(3 tan' <^ + i)d<l>[iQo(i tan a) 

+ t^/^j(tanh /8) e,(t tan a)] . (7) 

The potential function at an external point due to the solid spheroid for 
which a = ao is 

F = f Fs = J wpb^ sec' ao tan ao\_iQo(i tan a) + /•^Pj(tanh fi) Q^(i tan a)]. (8) 

If 2a is the major axis and 2c the minor axis of the spheroid 

iirpo* sec' tto tan ao = J -^, — = -7- 
where M is the mass of the spheroid. Therefore 

F = - liQo(i tan a) + i»P2(tanh p) Q^(i tan a)] (9) 

is the required value. (9) can be reduced to 

F = :^||-a+^[(|-a)(3tan'a + l)-3tana][3tanh'/8-l]|. (10) 

EXAMPLES. 

1 . Break up the equation (3) Ex. 1, Art. 132, for the prolate spheroid, and 
obtain particular solutions of the term 

F= (A cos ny + B sin wy)P-(tanh )3)Pi(ctnh a), 
V=(A cos ny + B sin ny)P -(tanh p) (- 1)' csch« a ^]^'^^^^\^^ • 

2. Break up and solve the equations of Exs. 2 and 3, Art. 132, and show 
that they lead to familiar forms. 

3. If in Ex. 1, Art. 132, the conductor is a prolate spheroid whose semi- 
axes are&ctnhao and ^cschoo show that 

V= Vq at an internal point. V= Fi— at an external point. 
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4. Show that the potential function at an external point due to the attrac' 
tion of a homogeneous solid prolate spheroid is 

V=j\_ Qo(otnh a) — P,(tanh /8) C,(ctnh a)] . 

Ellipsoidal Harmonics, 

136. If we are dealing with an ellipsoid instead of a spheroid, we can take 
as our orthogonal system of surfaces a set of confocal quadrics ; 



— H ^ 1 1=0 

^+^y!_ + _^! 1=0 



(1) 



where A*>c*>/i*>6'> i/*. Here the first surface is an ellipsoid, the 
second an unparted hyperboloid, and the third a biparted hyperboloid. Each 
of the three principal sections of the system consists of confocal conies, and it 
is well known and is easily shown that the surfaces cut orthogonally. X, /i, 
and V will be our curvilinear coordinates, and are known as UUipsoidal 
Coordinates. 
We find without difficulty that 

To avoid ambiguity, we shall suppose that of the nine semi-axes in (1) 
Vc* — /i* is to be taken with the positive sign for a point on the half of the 
unparted hyperboloid on which z is positive, and wi th the negative sign for a 
point on the half on which z is negative ; ^b^ — v^ is to be taken with the 
positive sign for a point on the half of the biparted hyperboloid on which y is 
positive, and with the negative sign for a point on the half on which y is 
negative ; v is to be taken positive for a point on the half of the biparted 
hyperboloid on which x is positive, and negative for a point on the half on 
which X is negative, and that the remaining six are to be always positive. It 
follows that our Ellipsoidal Coordinates have the disadvantage that to fully 
fix a point we need to know not merely the values of its coordinates X, /i, and 
V, but the signs of ^^ — /i^, and ^b^ — v^ as well. 
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We shall see later, Art. 139, when we come to introduce what we may call 
the Normal Ellipsoidal Coordinates a, /8, and y that they are free "from this 
disadvantage. 

It is to be observed that X may range from c to oo, /i from 6 to c, and v from 
— 6 to ft. 

The element of length perpendicular to the Ellipsoid is 






The element of Ellipsoidal surface is 



and the element of volume is 

^A^ V(X2 — 6^(A* — c^(/Lt« — A«)(c2 — /Lt^(ft*— v*)((^—v^) ^ 

The surface integral of any given function of fi and v taken over the 
ellipsoid is 

6 e 

-6 6 



where /i(/a,i'), /2(m,i'), /sCm*^) and /4(/i>^) are the values of the given function 
on the four quarters of the ellipsoid into which it is divided by the planes ot 
{XY) and {XZ), 

Laplace's Equation proves reducible to 

(/i« - v^Dl F+ (A« - v^Dl r+ (A^ - /i»)2>^' r= (8) 

n d\ n r ^M 

where a^^c I -7 > /3 = <5 I . 



y/(X^-b%X^ - c«) J ^(c^-fi^(fL^-b^ 






Chap. VIIL] NORMAL ELLIPSOIDAL C05rdINATE8. 258 

a, p, and y can be expressed as Elliptic Integrals of the first class and are 



«='{;'i)-<;"'"-D' ^ = '(Vi -?•"»- J^') 



r=Fli,^n-^l); (10) 



whence X = — 77^ r(mod-) = c (mod-)j 

— a)\ c/ cnaV c/ 



sn(JSr— a) 

^ = d^(^^^C-^7)' ^ = *«ny(n^od^) (11) 

(v. Int Cal. Arts. 179, 192, and 196). 

137. If in (8) Art. 136 we assume r= L.M.N where L involves a only, 
M involves /8 only, and -AT involves y only, (8) can be written 

(1) is too complicated to be broken up by our usual method. 
If, however, we let 

Id'L^^ ^, ld^M_^. , Id^N ^ . 

substitute in (1) and make use of the fact that the result must be identically 
zero, we find that the coefficients are zero for all values of k except A; = and 
Ar = 2, and that ao = — bo = Co, and 02 = — 62 ^ Cj. 

Therefore (1) can be broken up into the three equations 



dfi" 

dm 



= (ao + d^N. 
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[Art. 137. 



We shall find it convenient to take a, as m(m + 1) and Oq as — (^ + f^P ; 
whence 



Mr 

— , - [m(»» + 1)X» - (6* + <i')p]L = 

^+ [m(m + 1)^» - (*« + c^p-]M= 



, — [m(m + l)v* — (b* + (F)p\N^ 0. 



(2) 



If now in (2) we replace a, /3, and y by their values in terms of X, /i, and 
v, we get 



(?Jf 



(^a«^(^a«^_ + ^(^a-./,a + ^2_^^^ 



— [m(m + 1)A« — (ft* + c^jo]Z; = 



— [m(m + 1)/a' — (ft* + ^p]M= ^ 



d^N dN 



(3) 



— [m(m + l)i^ — {^ + c^pW= ^' 
Whence if i = ig2;(X), it follows that M=EP(fi) and N=Ei(v)j and that 



is a solution of Laplace's Equation, (S) Art. 136. 
The equation 

(x«-ft«)(a:«-c«)g + ar(a^-ft* + ^'-^)^ 



(*) 



dit" 



da; 
— [m(m + !)«« — (ft* + c*)i?]« = (5) 



is known as Lamp's Equation, and Es,(x) as a Lame^s Function or an EUijh 
saidal Harmonic, We shall suppose m a positive integer. 

To get a particular solution of (5) let z^'^uj^. Substitute in (5) and 
reduce and we get 



[A;(A; + l)-m(m + l)>*-(ft"+0[(* + 2)«-i>]a,^, 

+ ft'c*(A; + 3)(A; + 4)a4+4 = 0. 



(6) 



We have now only to choose a sequence of coefficients satisfying (6), and we 
may take any two consecutive coefficients arbitrarily. 
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(6) which is ordinarily a relation connecting three consecutive coefficients 
reduces to a relation between two when k = m, when A; = — 3, and when 
A: = — 4. If we take am-^-s^^y ^m+if <*«+6> &c., will vanish. Let a^ = l. 
If m is even the coefficient of a© in (6) will be zero ; if p has such a value 
that a_, is zero, a_4, a_e, &c., will be zero, and there will be no terms in 
the solution involving negative powers of x» 

If we write the values of a,^_i, a,„_4, &c., by the aid of (6) we see that 
«m-j is of the first degree in^, a^_4 of the second degree in p, &c., and a_, 

of the degree n'+ 1 in^. There are then "o + 1 values of p which we shall 

call Pi, Pi, ptj &c., for which a_2 will vanish, and for which our solutions will 
be of the form 

if w is even. 

If m is odd, the coefficient of Oi in (6) will vanish and we can choose p so 
that a.i shall be zero, and then all coefficients of lower order will vanish. 

a_i is of the degree — 5 — in py and there will be — 5 — values pi^ ^,, ^, 

&c., of p for which 

JS(x) = «"• + a,^-a«*"' + a«-4«""* H h «!«. 

Following Heine we shall call the solution just obtained KS^(x) so that 

ii2(x) = x«» + a.,_,x— « + a—4^"'-*+-- (7) 

terminating with a© if m is even, and with OjX if m is odd. If m is even, 
there are ^+1 of these functions A>(ar), -ffi»(x), &c., and there are — 5 — 
of them if m is odd. The coefficients can be computed by the aid of (6). 
1 1 in Lamp's Equation (5) we let z = « Vx^ — ^ we get the equation 

— [(»»+ 2) (m — l)a^ + c» — (i» + c')p> = 0. (8) 

Letting v as ^a^i^ we obtain the relation 

[ft(A + 3) - (m + 2) (» - l)]a, - {(i« + o^[(A: + 2)» -^j] + o»(2A + 5)} a^^ 

+ 6«c»(A + 3)(A + 4)a;^^, = 0. (9) 



256 ELLIPSOIDAL HARMONICS. [AmT. 137. 

Proceeding exactly as before, we find that there are -^ TidoeB ^, q^y q^y ^^ 

^ m + 1 

of p for which tr = ar"-* -|-a._,jc"~*H b<h^ if w is even, and — ^ — 

Talues for which tT:=ar"-' + a._,jc"~*H |-a, if m is odd. 

CaUing v ^ar — b^ Li(x) so that 

terminating with OiX if m is even and with Oo if m is odd, we have 7^ 

art 

values of ES,(x)j namely X*>(x), Xf(x), &c., of the form (10) if m is even 
and — ^— values if m is odd. 

By interchanging h and c in (8), (9), and (10) we may show that if 

ifi;(x) = Vjr* — c*[ar—' + a._,ar—» + «—,ar— *+•••] (11) 

there are ^ values of -£2;(x), namely M2(x), M^{x)^ -^^C?(*)» *^» ®^ *^® ^<^>'°^ 

m, I 1 

(11) if m is even and — - — values if m is odd. 



Finally if in Lamp's Equation (5) we let z = iV(a5* — ^(^ -" «*) we get 

- [(m + 3)(m — 2)x» - (^ + c»)(p — l)]r = 0. (12) 

If now we let v := 2<**^ we obtain the relation 
\k(k + 5) — (-in — 2)(w + 3)]a4 

- (^' + 0[(^- + 2)(A: + 4) + 1 -/>>*^. + ^V(A- + 3)(A- + 4)a,^, = 0. (13) 

Proceeding as before we find that there are — values #i, s^^ «,, &c., of p 

for which r = x*~* + <*m-4^"* + <^«-«a!^"*H |-«o if w is even, and 

fn. -4- 1 

— 5 — values for which t;^x*""'4-««-4^~*H hai^: if m is odd. 

Calling iV(Jr* — ^(ar* — c«) iV2(a:) so that 



iV>(x) = V(ar'-6»)(a:'-c»)[ar— « + a^.^af "* + a^_.a-— + • • •] (14) 

terminating with o^ if m is even and with Oi^; if m is odd, we have "^ values 
of EHx), namely iVJ(a:), iV>»(x), iVJ(x), Ac, of the form (14) if m is even and 
— :; — values if m is odd. 
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Summing up our results we see that there are 2m-|-l Ellipsoidal Har monics 
JBi(x) each o f which is a finite su m of th e mt h degre e in Xy ot inx and V«*— ^, 
or in a? and ^--?, or in a; and VaJ*— ^ and Va:*— c*. 

It was proved by Lam^ that the 2m + 1 values of p, namely pup^f Pu &c., 
yi> ?jj 9t9 ^'1 ^i> ^21 ''if &c., «i, «2, «s, &c., were all real, and by Liouville that 
they were all different. 

We give tables of the Ellipsoidal Harmonics for m ^ 0, m = 1, m =: 2, and 
m=iS. The coefficients were obtained by the aid of formulas (6), (9), 
and (13). 

Eo(x) E^{x) 





E,(x) 



Kt(x) 


= x»- 


J[ft' + '^- 


-V(6» + «»)'- 


-3«»c»] 


Ki*(x) 


= 0^ — 


J[6' + c» + V(6» + c»)'- 


-36»c»] 


i,(x) ■■ 


= x^ 


-«« 






M,(x) 


=w^ 


-<* 






ir,(x) 


= v'(a:» 


-6»)(a^- 


■«*) 





-&,(«) 



jq^(x) = «» - 1 [2(«« + c») - V4(6» + «^* - 15i'c'] 



jrf.(a:) = x» - g [2(6« + «^ + V4(6' + O' - 15**«*] 

Lt(x) = ^F^^lx* - J(i» + 2c» - V(*» + 2«*)* - 56»c»)] 
Z|.(a;) = ^^^^^[x* - J (i» + 2(^ + V(^ + 2c»)* — 66»c*)] 
Jf;«(a:) = V?^^[** - K26* + «* - v'(26» + ^)' - 5ft*c»)] 

JV,(a;) =a:V(ijr' — 6»)(a:*-c») 
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It is to be noted that since in the solution (4) of Laplace's Equation, 

we have the same m and ji? in each of the three factors, we shall have to deal 
merely with products made up of factors of the same form, for example, 

K:\\) K:*(^l) K:*(y) , LJ^X.) ^.V) i^-'W . &C.; 
and that in a solution of the form 

^=X^n^ ^£(^) ^i(f^) ^i^(y) 

we shall have for a given m just 2m + 1 terms. 

138. From the particular solution of Lamp's Equation [(6) Art. 137] 
z = -^^(aj), we can get by forniula (6), Ai-t. 18, the general solution. 

It is z = AEP(x) + BEP(x) ('j==^= (1) 

Making -4 = and ^ ^ 2m + 1 we get a second form of particular solution of 
Lamp's Equation, z = Fp(x) where 

FP,(x) = (2m + l)EP(x) \ , -^— (2) 

We shall call Fp(x) a Lame^s Function of the second kind. 

It is easily seen to approach the value zero as x is indefinitely increased. 

EXAMPLES. 

1. If an ellipsoidal conductor is charged with electricity, and is found to 
be at potential Fo, show that since Vq=^ VqKq(\), 

r= VoKo(X)Ko(fi)M^) = ^0 
at an internal point, and 

v= r^(M)Jir.(v)rito(x) r-^======-— — 

L r V («' — b*)(x* — c*) lKa(x)y 



= F. 






n /* dx C dx ~1 \c \/ 
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whence F= V^ f \ v. (10) Art. 136. 

41)- 

2. Find the value of the potential function at an external point due to the 
attraction of a solid homogeneous ellipsoid (v. Art. 135). 
Observe that 

(Z« - /i^(^ - 1;^ = i[3^ - 2(5« + c^l^ + 1^(^2Ko(m)Ko(v) 
+ *[! + 



+ 
and that 






V-^gSSr"=>'>''^ w-^<^--^ =" 



where Jtf is the mass of the ellipsoid. 

MM 

dx 



Ans, 






^{x^ — h^Xx'-c^ 



A 

— , ^ — rjrr(/i)AY'(i;)ir/i(A) f-p_t= 

^^ 2 V / 2 V /J V^(aj» _ ^(a:2 - c«).(^/'«(a:))0 > 

139. If for the sake of brevity we represent - by ky and (l ~;5) ^y k' in 
the formulas (11) Art. 136 we have 

^ = *'^<'"°^*>' ^ = dn;8(mod;fc') ' .' = 68ny(modA) (1) 

and from these we get without difficulty (v. Int. Cal. Art. 192) 



Vy-.,;« = 6cny(modA;), \/5?^^ = ^^^^^(modAj), 

V?^« = ^^^(mod AjO, Vc^-i^ = c dn y (mod ;k). 



(2) 
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If we let a range from to JT, and fi from to 2K\ and y from to 4^, 

where K and if are the complete Elliptic Integrals Fyki—j and Flk',-^\ 

respectively, (a, )3, y) may represent any point in space, and there will be no 
ambiguity in sign (v. Art. 136). 

We may note that if 0<p<K\ z is positive ; if K'<p< 2K\ z is 
negative ; if < y < -fiT, x and y are both positive ; if K<,y<,2K, x is 
positive and y negative ; if 2K<,y<,SK, x and y are l)oth negative ; and if 
SK<i y < 4 A', X is negative and y positive (v. Art. 136). 

We can write the values in (4), (5), (6), and (7), Art. 136, more neatly by 
bringing in a, /8, and y. We get 

rfn=iV(A»-/i«)(A«-i/«)rfa, (3) 

c 

dS = 7, (/*• - «^)V(X« - m') (X* - v^dfidy, (4) 

c 

dv = -, (A* — /i») (A» — !/») (/i* — v^ dadpdy. (5) 

For the integral of any function of a, /8, and y over the ellipsoid a = a^y we 
shall have 

Ji!'(a, P, y)dS = -Jd^JFia,, /3, y) (/*' - k») V(A» - /*«) (A» - /) rfy. (6) 



140. If we make use of the formula (2) Art. 92 

C{ UD^ V - VD^ U)dS =0 (1) 

and take as our closed surface any given ellipsoid, we can get a very important 
result. 

If U=£P(\)EP(,i)EP(v) and V= E;{\)Ei{,i)Ei(y) 

then V*t/'=V*r=0. 

^^ mv / ^^ v^(A*-/i«)(A«-i;«) 

and A ^= ^a F2)„a = EiU)Ei(v) 5^(^-_£=_, 

^ «v / ^^ ^(X«-/i«)(A«-i;«) 

^E£(^)Ei(.)ES(^)E!(.)^^^^^^ 
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Integrating UD^ V— VD^U over the whole ellipsoid, and writing the result 
equal to zero, we have 



11 o 

2K' 4Jr 



Hence J'rf)8j^£(/*)^£(v)£.'(/*)^»(v)(^» - v»)dy = (2) 

unless ' °^,(x)^(^-^,(X)^(^ = 0. 



da '*^ da 



(3) 



But as our ellipsoid may be taken at pleasure, A and a are unrestricted, and 
if (3) is true it must be true identically. 
If we divide (3) by [i^£(X)]* it becomes 

4r§m=0 and f^ = a constant; 

and this obviously cannot be true unless n = m and q =p, 

EXAMPLES. 
1. Show that it follows from (2) Art. 140 that 

A" A' 

JdpCEl-(^li.)Ei:,(y)Ei{^^)ES(yXn^ - v')dy = 0. 

-K -K 

Suggestwii : 

u 

2ir' 



+j'EP(^i)Es(^i)(,l* -v^d^ 



K* 

If in the last integral we replace /8 by )8 + 2K' it becomes 

n 



± ^ El{iJ>,Ei{y)(y^ - v')dp 



-K 

V. Arts. 136 and 139 and Int. Cal. Art. 196. 
2. Show that 



jdpjlES,{fi)Ei,{y)y{,i* - v^dy = sfdfif[E£,(^L)ES,(p)y(M-* - ^dy. 
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141. We can now solve the problem of finding the value of V at any point 
in space when it is given at all the points on the surface of the ellipsoid 
a ^ ttg. 

We have first to develop in Ellipsoidal Harmonics a function of /i and v or 
rather of a and j3 given at all points on the surface of the ellipsoid in question; 
and this is now easily accomplished by our usual method, which leads us to 
the result 

A«..Ay)=2; xa^,e:\i*)e:*(v), (i) 

fdpffia,, /S, yX*(/*)^:*(v)(M' - *^<h 

where A,,»=' it—k (2) 

8 Jrf^J[^:*(MX*(»')]'(M' - t^dy 



Our final solution is 

m=0 *-l ^m(Ao; 

at an internal point; 

at an external point. 

Lam^ has proved rather ingeniously that 



jdpj[Ef:\,i.)El%v)y{^f - ^dy 



TT 

can always be found and that it is equal to — multiplied by a rational integral 

function of the coefficients of E^''(x) and of c* and l-j • 

Of course the labor of obtaining even a few terms of the development of a 
function that is in the least complicated is enormous. 

142. If in Laplace's Equation (8) Art. 136 we let V=Ep(\)U supposing 
?7 to be a function of p and y only, we get after replacing — -=J-^ 

by its value m(vi + 1)\* —(l^ + (^)p [v. (2) Art. 137] 
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and since by hypothesis U is independent of X, the coefficient of >f in (1) 
must vanish. Hence 

2>|^+2>*^+(/i*-i^m(m + 1)^=0. (2) 

Of course Cr= ES,{fi)ES,(y) will satisfy (2). 

EXAMPLES. 

1. Substitute «7= EP(fi)ES,(v) in (2) Art. 142 and by the aid of (2) Art 137 
show that the equation (2) Art. 142 is satisfied. 

2. Obtain (2) Art. 140 directly from (2) Art. 142. 

3. Conical CoordiruUes. Consider the system of co5rdinates defined by the 
equations 

«* + y* + ^ = ^ 









(1) 



where c* > /x* > ^ > i^. 
Show that 

J**!* *^ l^{l^ — t?) <»{<? — IP) 

Laplace's Equation is 

i)f V+DIV+ (/*' - v^DrifD, F) = (2) 

where a= * — -^ '^ — * 



a = I — and B^ i . f 

If V= U.E (2) breaks up into 

D.«Cr+i)|i7+m(m + l)(M'-^i^=0. (4) 

(3) gives E = At^ + Br-'^-K 

(4) gives Cr= EP(fi)EP(v) (v. Art. 142). 
So that a solution of (2) is 

V=Ar^EP(fi)EP(v). 

But since (2) is Laplace's Equation, r=^r"»F^(/i,<^), if expressed in 
Conical Co5rdinates, must satisfy it, consequently EP(fi)EP(v) must be simply 
a Spherical Harmonic of the mth degree. 
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[Art. 143. 



Toroidal Coordinates. 



143. Any pair of circles belonging to the oithogonal system obtained and 
ligured in Art. 46 can be represented by the equations 

2ax _x^ + i/ + a*^ 



sinha 
sinfi 



cosh a 

COS fi 



(1) 



if we take 2a instead of 2 as the distance between the points common to the 
second set of circles. 

If we rotate the system about the axis of i/ we get a set of splieres and a 
set of anchor rings which cut orthogonally. These and a set of planes tlirough 
the axis of revolution will form an orthogonal system of surfaces, and the 
parameters corresponding to them may be taken as a set of curvilinear 
co5rdinates and may be called Toroidal Coordinates, 

If we take the axis of the system as the axis of Z, the equations of a set of 
the surfaces may be written 



4a»fr' + /r) ^ [3^ + // + ^ + «']n 
sinh* a cosh* a 

2az ar -\- f/^ -\' z^ — «* 

sin p cos p 

i/ = x tan y 



(2) 



a, P, and y being regarded as the coordinates of a point of intersection of the 
three surfaces. 

Finding Laplace's Equation in the usual manner we get 



a sinh a cos y 

cosh a ip cos p 



x = 



U 



(t sinh a sin y 

cosh a z^ cos li 



a sin P 



z = 



r = v/?+7 = 



a sinh a 



cosh a :f cos fi 

, cosh a zf cos fi 

hi ^ -^ » 



ft 4- z ctn B = — 



cosh a ^ cos)S 
a cosh a 



cosh a ^ cos /8 



cosh a IE cos 3 
ho ^ -^- 9 Aj = 



a 



cosh a q: cos ff , 

a sinh a 



and Laplace's Equation becomes 



r asiuha -1 r a sinh a H 

Lcosh o :p cos /8 J '^Lcosho ^ cos/3 "^ J 

+ !)[ ^ 

'^'Lsinh a(cosh a ^ cos p) 



D,v] = 



0. (1) 
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D^(rl)^ V) + D,(rD, V) + ^jD*V= 0. (2) 

We cannot proceed further by our usual method, for the assumption that V 
is a function of a alone, or that F is a function of j3 alone, proves to be 
iiiathnissible. Indeed, not only are a, )8, and y not thermametric parameters 
(v. Alt. 133), but no thermometric parameters exist, and no possible distribu- 
tion can make our anchor rings or our spheres a set of equipotential surfaces. 

We can, however, simplify (2). It can be written 

Dl( V\P) + 2)|( VsR) + ^T^ D',{ V>/7) - V(D!^r + D^7) = 0. (3) 

I>W^+ 1>^ proves equal to -- . , ^ > hence if (7= V\lr (3) becomes 

8inh« a(i)fi7+ DlU) + D^(/+ J U= 0, (4) 

:for which particular solutions can readily be found by our usual process. 
(4) can l)e broken up into the three equations 

^+(>"+iyiy=o (6) 

'^f + „^M= (6) 

sinh^a^,- [///(/// + 1 ) + //■ sinh« a]L = 0. (7) 

-.V= A 0()S(/// + ^)y + // 8in(/// + ^)y 
M = Ai cos ftp -\- lix sin n^. 
If we introduce into (7) x = otnh a it becomes 

a solution of which is 

/. = Pn^ix) = (1 - =4'^-^^^^ (^- Art. 102). 

It is to be noted that since ctnh a is greater tlian 1 



P-(ctnh a) = /-' csch" a — f^ — ^' 
"^ ^ (d ctnh a)" 
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n 

The constant coefficient i^ can be rejected and we get 

U=IA eos(m + i)y + B sin(m + i)y](^i cos np + B, sin n)S)c8ch« a ^z^^^^^^,^ 
as a particular solution of (4). 

^ "^ ^ (rfctnha)* 

has been called a Toroidal Harmonic. 

EXAMPLES. 

1. Given the value of the potential function at all points on the surface of 
an anchor ring ; find its value at any point within the ring. 

Sttggestion: If F'=/(j3, y) when a = ao> the function to be developed is 

and the development will be in a double Fourier's Series (v. Art. 71). 

2. Show that if we let a range from to oo, jS from — tt to tt, and y from 
to 2'n'y each of the double signs on page 264 may be replaced by the minus 
sign without loss of generality. 



CHAPTER IX.* 



HISTORICAL SUMMARY. 



The method of development in series which has enabled us in the precediug 
chapters to solve problems in various branches of mathematical physics, had 
its origin, as might have been expected, in the theory of the musical vibrations 
of a stretched string. It was in the year 1753* that Daniel Bernoulli 
enunciated the principle of the coexistence of small oscillations, which, in 
connection with Taylor's and John Bernoulli's theory of the vibrating string, 
led him to believe that the general solution of this problem could be put in 
the form of a trigonometric series. This principle also led him and Euler to 
treat in a similar manner the problems of the vibration of a column of air and 
of an elastic rod. The problem of the vibration of a heavy string suspended 
from one end was also treated in the same manner by these mathematicians 
and deserves special mention here as in it BessePs functions of the zeroth 
order appear for the first time.^ In none of these cases, however, was any 
method given for determining the coefficients of the series. 

This last remark also applies to the more complicated problems of the 
vibration of rectangular and circular membranes, which were discussed by 
Euler* in 1764, and in the last of which the general BessePs functions of 
integral orders occur. 

It is in problems connected with astronomy that the first completely 
successful application of the method here considered occurs. Legendre in a 
paper published in the M^moires des Savants Strangers for 1785, first 
introduced the zonal harmonics F^ and applied them to the determination of 
the attraction of solids of revolution. He was followed by Laplace, who in 
one of the most remarkable memoirs ever written * determined tlie potential 
of a solid differing but little from a sphere by means of the development 
according to the spherical harmonics Y^. 

^ See two articles by Bernoulli and one by Euler in the Memoirs of the Academy of 
Berlin for this year. 

« See the Transactions of the Academy of St. Petersburg for 1732-38, 1734 and 1781. 

» Transactions of the Academy of St. Petersburg. 

^'*Thtorie des attractions des sph^roides et de la figure des Plan^tes" M^moires de 
Pacad^mie des sciences 1782. This article, although bearing an earlier date than that of 
Legendre, was really inspired by it. It is here that *< Laplace's equation*' first appears, 
occurring, however, only in polar coordinates. 

* See preface. 
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Very closely related to this problem is Grauss's celebrated treatment of the 
theory of terrestrial magnetism,^ which we will for that reason mention here, 
although it was not published until more than half a century later. This 
paper is particularly noteworthy as it contains a numerical application of the 
method on a larger scale than has ever been attempted before or since. 

After the researches of Legendre and Laplace there was a pause of a 
quarter of a century until in 1812 Fourier's extensive memoir : Theorie du 
mouvement de la chaleur dans les carps solides was crowned by the French 
Academy. Although not printed until the years 1824-26,* the manuscript of 
this work was in the meantime accessible to the other French mathematicians 
presently to be mentioned. The first part of this memoir, which was repro- 
duced with but few alterations in the Theorie analytique de la chaleur (1822), 
contains a treatment of the following problems and of practically all of their 
special cases : 

(a) The one dimensional flow of heat, (h) The two dimensional flow of 
heat in a rectangle, (c) The three dimensional flow of heat in a rectangular 
parallelepiped, (d) The flow of heat in a sphere when the temperature 
depends only on the distance from the centre, (e) The flow of heat in a 
right circular cylinder when the temperature depends only on the distance 
from the axis. In these problems not merely the simpler boundary conditions 
are considered but also the question of radiation into an atmosphere. In 
special cases of the first three problems just mentioned (when one or more 
dimensions become infinite) the series degenerate into " Fourier's integrals." 

More important even than any of these special problems is the great 
advance which Fourier caused the theory of trigonometric series to make. 
In a posthumous paper Euler had given the formulae for determining the 
coefficients,' but Fourier was the first to assert and to attempt to prove that 
any function, even though for different values of the argument it is expressed 
by different analytical formulae, can be developed in such a series. The fact 
that the real importance of trigonometric series was thus for the first time 
shown justifies us in associating Fourier's name with them, although, as we 
have seen, they were known long before his day. 

Fourier's results were extended by Laplace in 1820* to the general (unsvm- 
metrical) case of the flow of heat in a sphere, and by Poisson* (1821) to the 
unsymmetrical flow of heat in a cylinder. 

1 Resultate aus den Beobachtungen des magnetischen Vereins im Jahre 1838. Leipzig, 
1839. Reprinted in Gauss's collected works, Vol. V., p. 121. 

2 M^moires de T academic des sciences for 1819-20 and 1821-22. 

8 Lagrange had practically determined these coefficients long before but failed to notice 
what he had got. 

* Connaissance des Temps pour Tan 1823. 

6 Journal de T l^xole Polytechnique, 19« Cahier. Although the final forms to which Poiaaon 
reduces his results are similar to Fourier's, his methods are very different. 
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In 1836 Green published a paper ^ in which the method we are considering 
is employed to determine ihe potential of a heterogeneous ellipsoid. This 
pa|)er, in which the analysis is performed at once for space of n dimensions, 
anticipates much that was subsequently done by others, but has failed to 
exert an influence proportional to its importance. 

At about this time Lam^ began a series of publications which have con- 
nected his name inseparably with the problem of the permanent state of 
temperature of an ellipsoid. In the first of these* the equation V*F=0 is 
transformed to ellipsoidal coordinates and is then broken up into three 
ordinary differential equations. The rest of the solution, however, is hardly 
touched upon. Lamp's most important work on this subject* was published 
in Liouville's Journal in 1839, and in it the complete solution of the problem 
is given. Lam^ clearly shows in this paper how he arrived at his solution, by 
considering first the simpler case of a sphere where, instead of the polar 
coordinates and <^, the parameters of two families of confocal cones of the 
second degree are used as coordinates. This system of curvilinear coordinates, 
which, when applied to the complete sphere, merely gives the old results of 
Laplace in a new form, is barely mentioned in Lame's later publications. In 
the same volume of Liouville's Journal Lam^ published a second paper in 
which he applies his results to the special cases of ellipsoids of revolution. 

These two papers form the starting-point for a series of articles on the 
same subject by Heine and Liouville. Heine in his doctor dissertation* (1842) 
determined the potential not merely for the interior of an ellipsoid of 
revolution when the value of the potential is given on the surface, but also 
for the exterior of such an ellipsoid and for the shell between two confocal 
ellipsoids of revolution. Even in the first of these problems, which is 
equivalent to that of Lam^, he simplified Lamp's solution materially by 
showing that the functions used may be reduced to spherical harmonics, 
while in the other two problems he introduced spherical harmonics of the 
second kind, which were then new. Shortly afterwards^ Heine and Liouville 

^ ** On the determination of the exterior and interior attraction of ellipsoids of variable 
densities.*' Transactions of the Cambridge Philosophical Society. 

^•M^moires des Savants (strangers, Vol. V. Although the volume is dated 1838 this paper 
(which was reprinted in Liouville^s Jounial, 1887) must have appeared at least as early as 18.'$r). 

• "Sur r^quillbre des Temperatures dans un ellipsoide k trois axes in^gaux." An article 
by the same author on the two dimensional potential will be found in Vol. I. of this Journal. 

* Reprinted in Crelle's Journal, Vol. 2fi (1843). 

In the same Journal for 1847 F. Neumann discussed the related problem of the magnet- 
isation of a soft iron ellipsoid of revolution. 

^ Heine: Crelle's Journal, Vol. 29, 1845. Liouville: Liouville's Journal, Vol. X., 
1845, and Vol. XI., 1846. For a treatment of the problem of the potential of an ellipsoidal 

shell by means of a development of in terms of Lamp's functions, see a paper by Heine 

in Crelle's Journal, Vol. 42, 1851. 
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published simultaneously two papers in which they arrived independently of 
each other at about the same results. In each of these papers attention is 
called to the fact that the product of two Lamp's functions is a spherical 
harmonic, and this fact is made use of to throw Lamp's solution of the 
problem of the permanent state of temperatures of an ellipsoid into a more 
elementary form. Besides this the second solution of Lamp's equation is 
introduced for the sake of solving the potential problem for the exterior of 
the ellipsoid. 

In thus following up the theory of heat and the related potential problems, 
we have lost sight of the question of small vibrations, to which during the 
early part of the century a great deal of attention had been devoted by 
Poisson, who frequently made use of the method of development in series. 
In his memoirs ^ most of the problems left unfinished by Bernoulli and Euler 
are thoroughly treated, as well as various slight modifications of them. 
When, however, he attacked the problem of the vibration of an elastic plate 
lie was unable to make much progress, owing in part to the erroneous form of 
his boundary conditions. He was, nevertheless, able to solve the problem of 
the symmetrical vibration of a free circular plate. The complete theory of the 
vibration of a free circular plate was first given by Kirchhoff.' 

Passing now to a new subject, the theory of the equilibrium of an elastic 
spherical shell, we find a solution by Lam^ in Liouville's Journal for 1854, 
and by Sir William Thomson (1862) in the Philosophical Transactions for 
1863. Both of these papers consist of an application of the spherical harmonic 
analysis to this rather complicated problem. Thomson, however, considers 
besides Lamp's problem certain related questions and the form of his analysis 
is very different from Lame's, being of the same nature as that used in the 
Appendix B of his Natural Philosophy of which we shall have to speak 
presently. These investigations form the starting point for a number of 
recent memoirs among which those of G. H. Darwin on cosmographical 
questions deserve special mention. 

Closely related to this last mentioned problem is the theory of the small 
vibrations of an elastic sphere. While the simplest case of this problem was 
treated by Poisson in the memoir referred to above, the general solution. has 
been only recently obtained by Jaerisch (1879)^ and Lamb (1882).* The 
functions involved are the same as those which occur in the problem of the 
non-stationary flow of heat in a sphere as solved by Laplace. 

The Appendix B of Thomson and Tait's Natural Philosophy, ' to which we 
have already referred, deserves to be regarded as one of -the most important 

1 See especially the one in the M^moires de 1' academic des sciences, Vol. VIII., 1829. 

2 Crelle's Journal, Vol. 40, 1850. « Crelle's Journal, Vol. 88. 

* Proc. Lend. Math. Soc. * First edition, 1867. This appendix 

was evidently written as early as 1862, as Thomson refers to it in the memoir quoted above. 
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contributions to the general theory. The way in which spherical harmonics 
are introduced (as homogeneous functions of the rectangular coordinates) was 
then new,' and the solution of the potential problem for a variety of new 
solids was indicated ; viz., for solids whose boundaries consist of concentric 
spheres, cones of revolution, and planes. We shall have more to say presently 
concerning the method employed for the solution of these problems. 

Although connected only indirectly with the theory we are discussing, it 
will be well to mention at this point the method of electrical images which is 
also due to Sir William Thomson (1845). This method enables us to solve 
many potential probletns for the inverse of any solid when once we have 
solved it for the solid itself. By means of this method most of the solutions 
of potential problems obtained by our method may be applied at once with 
very little modification to systems of curvilinear coordinates derived by 
inversion from those we have used. It will not be necessary to mention 
separately problems of this sort, as it is clearly immaterial whether they be 
solved directly or by means of the method of inversion.* 

Returning now to the Continent, we find as the next important question 
taken up the problem of the potential of an anchor ring. The first publication 
on this subject is a monograph by C. Neumann ' (1864), but in Riemann's 
posthumous papers which were not published until 1876, ten years after his 
death, will be found a short fragment on this subject, which (cf, the last page 
of Hattendorf s edition of Riemann's lectures : *' Partielle Differentialglei- 
chungen ") would appear to date back to the winter 1860-61. This fragment 
is of peculiar interest, as the opening paragraphs clearly show that Riemann 
had in mind an extended article on the fundamental principles of our subject. 

We will next mention two papers by Mehler in wliich the functions known 
as " conal harmonics," which had already been introduced by Thomson in the 
Api>endix B above mentioned, were applied to the solution of two problems in 
electrostatics. The first of these papers* (1868) deals with the solid bounded 
by two intersecting spheres, while in the second * (1870) the infinite cone of 
revolution is treated. Both of these problems are essentially different from 
those discussed in the " Appendix B," inasmuch as the infinite series which 
we usually have degenerate in these cases into definite integrals, just as they 
do in some simpler cases treated by Fourier. The later of the two paj)ers 
just quoted also contains valuable information concerning the nature of the 

^ The same method was used at about t)ie same time by Clebsch. 

* A case in point would be the potential problem for the shell between two non-intersecting 
eccentric spheres, since these spheres can be inverted into concentric spheres. This problem 
was treated directly by C. Neumann in a monograph published in Halle in 18*»2. 

• ** Theorie der Elektricitats- und Warme-Vertheilung in einem Ringe.*' Halle. 
< Crelle's Journal, Vol. 08, 18(58. 

^ Jahresbericht des Gyniniisiunis zu Elbing. 
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solution of similar problems for the hyperboloids and paraboloids of revolu- 
tion. The solutions of these problems are not, however, given. 

It remains, in order to close the history of this part of the subject, to mention 
a number of memoirs which although treating entirely new problems are of far 
less imj)ortance than most of those considered up to this i)oint, partly because 
the solution is not brought to a point where it can be of much immediate use, 
and partly because most of the methods employed are such as could not fail 
to present themselves to any one attacking these problems. 

Of these the first is a paper by Mathieu* on the vibration of an elliptic 
membrane (1868), in which the functions of the elliptic cylinder occur for the 
first time. 

Tliis was followed in the same year by a paper on closely allied subjects by 
H. Weber,* in which not merely the case of the complete ellipse is briefly 
considered, but also that in which the boundary consists of two arcs of 
confocal ellipses and two arcs of hyperbolas confocal with them. The special 
case in which the ellipses and hyperbolas become confocal parabolas is also 
considered, whereby the functions of the parabolic cylinder are for the first 
time introduced. 

In Mathieu's "Cours de physique mathematique " (1873) the problem of 
the non-stationary flow of heat in an ellipsoid is touched upon, and an 
elaborate though not very satisfactory treatment of the special cases where 
we have ellipsoids of revolution is given. New functions appear in all of 
these problems. 

Of late years C. Baer has supplied a number of missing links in the chain 
of problems here considered by treating in succession the potential problem 
for the paraboloid of revolution,*'' the parabolic cylinder* and the general 
l)araboloid.^ In the first of these problems Vessel's functions occur, as had 
already been stated by Mehler, while in the last we find the functions of the 
I llijitic cylinder. For each of the three systems of coordinates employed the 
same author also touches upon the more general problem of the non-stationary 
flow of heat, in which new functions occur. 

Except in the case of the anchor ring we have found so far only such solids 
treated by our method as are bounded by surfaces of the first or second 

1 Liouville'8 Journal, Vol. XIII. 

2 ** Ueber die Integration der partlellen Differentialgleichung — + 7-7 + k!hi = 0." 

Math. Ann., Vol. I. No physical problem Is mentioned in this paper. 

8** Ueber das Gleichgewicht and die Bewegung der Warme in einem Rotationspara- 
boloid.'' Dissertation, Ilalle, 1881. 

♦ **Die Funktion des parabolischen Cylinders," Gymnasialprogramm Ctistrin, 1883. 

5 ** Parabolische Coordinaten,'' Frankfurt, 1888. See also a paper by Greenhill in the 
Proc. Lond. Math. Soc., Vol. XIX., 1889 (read Dec. 8, 1887). Also a posthumous paper by 
Lam6 in Liouville's Journal for 1874, Vol. XIX. 
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degree. Wangerin* (1876-76) considered in connection with the theory of 
the potential, more general systems of curvilinear coordinates than had 
previously been used in physical questions, namely, cyclidic coordinates.* He 
showed, however, merely how to break up Laplace's equation into three 
ordinary differential equations.* 

An important branch of our theory which we have not yet touched upon 
dates back to the year 1836, when Sturm published a series of fundamentally 
important papers in the first two volumes of Liouville's Journal. The 
physical question which lies at the basis of these papers is the problem of the 
flow of heat in a heterogeneous bar.* The method here employed depends 
upon the fact that the functions which occur are characterized by the number 
of times they vanish in a certain interval. This same idea reappears in 
Thomson and Tait's Appendix B already referred to, but first finds its full 
expression in this more general field of the three dimensional potential in an 
article by Klein : " Ueber Korper welche von confocalen Flachen zweiten 
Grades begrenzt sind " ^ (1881). Still more recently (1889-90) Klein has in 
his lectures extended this theory to the treatment of solids bounded by six 
confocal eyelids, and has indicated how all the potential problems heretofore 
treated by our method are special cases of this one.^ 

Of late years, especially since the year 1880, the younger English mathe- 
maticians have done a vast amount of work in the theory we are here 
considering. Although much of this work is of great value, hardly any of it 
can be regarded as being a real development of the method ; it is rather an 
application of it to a great variety of problems. We must therefore content 
ourselves with giving a mere list of a few of the more important of these 
papers. 

Niven: On the Conduction of Heat in Ellipsoids of Revolution. Phil. 
Trans., 1880. 

Niven: On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells. Phil. Trans., 1881. 

1 Preiflschriften der Jablanowski'schen Gesellschaft, No. XVIII., and Crelle's Journal, 
VoL 82. See also, concerning a still further extension, the Berliner Monatsberichten 
for 1878. 

* Cyclids are a kind of surface of the fourth order (see Salmon's Geom. of three Dimen- 
sions, p. 527). In his first memoir Wangerin considers only cyclids of revolution. 

« See also a paper by this author in Griinert's Archiv for 1873, where the problem of the 
equilibrium of elastic solids of revolution is treated. 

* The similar problem of the vibration of a heterogeneous string under the action of an 
external force was treated by Maggi (Giomale di Matcmatiche, 1880). Several special cases 
are also considered here in detail. 

* Math. Ann., 18. 

^ For an exposition of this theory see the treatise : Ueber die Keihenentwickelongen der 
Potentialtheorie, Leipsic, Teubner, 1894, by the writer of the present chapter. 
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Hicks : On Toroidal Functions. Phil. Trans., 1881. 

Hicks : On the Steady Motion and Small Vibrations of a Hollow Vortex 
Phil. Trans., 1884, 1886. 

Lamb: On Ellipsoidal Current Sheets. Phil. Trans., 1887. 

Chree: The Equations of an Isotropic Elastic Solid in Polar and Cylin- 
drical Coordinates, their Solution and Application. Camb. Phil. Soc. Trans., 
XIV., 1889. 

Hobson: On a Class of Spherical Harmonics of Complex Degree with 
Applications to Physical Problems. Camb. Phil. Soc. Trans., XIV., 1889. 

Chree: On some Compound Vibrating Systems. Camb. Phil. Soc. Trans.. 
XV., 1891. 

Niven: On Ellipsoidal Harmonics. Phil. Trans., 1892. 

The historical sketch we have just given would naturally require as a 
supplement some account of the work that has been done on the question of 
the convergence of the various series which occur. This, however, would 
carry us too far, and we will content ourselves with mentioning the two 
fundamental memoirs by Dirichlet in Crelle's Journal, one in 1829 on 
Fourier's series, and one, which has been criticised to some extent by subse- 
quent mathematicians, in 1837 on Laplace's spherical harmonic development. 

Another subject which naturally presents itself here is the theory of tlie 
various new functions we have met. Those properties of these functions, 
however, which the physicist needs have usually been investigated by the 
physicists themselves in the papers mentioned above ; while any thorough 
account of the development of the theory of these functions would lead us 
into tlie vast region of the modern theory of linear differential equations. 

We will therefore close by merely giving a list of books which will be 
found useful by those wishing to continue their study of the subject further. 

We begin with the books relating directly to physical questions : 

Fourier: Th^orie Analytique de la Chaleur, 1822. 

Lame : Leqons sur les Fonctions inverses des Transcendantes et les Surfaces 
isothernies, 1857. 

Lame: Leqons sur les Coordonn^es Curvilignes et leurs di verses Applica- 
tions, 1859. 

Math leu : Cours de Physique Math^matique, 1873. 

Riemann: Partielle Differentialgleichungen, und deren Anwendung auf 
physikalische Fragen (edited by Hattendorf), third edition, 1882. 

F. Neumann : Tlieorie des Potentials und der Kugelf unktionen (edited by 
C. Neumann), 1887. 

Thomson and Tait : Natural Philosophy, second edition, 1879. 

Rayleigh : Theory of Sound, 1877. 

Basset: Hydrodynamics, 1888. 

Love : Theory of Elasticity, 1892. 
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Heine : Handbuch der Kugelfunktioneu (second edition), 1878-81. 

Ferrers: Spherical Harmonics, 1881. 

/faentzschel : Reduction der Potentialgleichung auf gewolinliche Differential- 
gleichungen, 1893. 

These last three books would also belong in the following list of books 
relating to the theory of the various functions we use : 

Todhunter: The Functions of Laplace, Lam^ and Bessel, 1876. 

Lommel: Studien ttber die BessePschen Eunktionen, 1868. 

K Neumann: Beitrage zur Theorie der Kugelfunktioneu, 1878. 

And finally concerning the question of convergence : 

C, Neumann: tJber die nach Kreis-, Kugel- und Cylinder-Functionen 
fortschreitenden Entwickelungen, 1881. 
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TABLES. 



Table I., a table of Surface Zonal Harmonics (Legendrians), gives the values 
of the first seven Harmonics Pi (cos ^), Pj (cos 0), -" P7 (cos 0) for the argument 
^ in tlegitfes^ 4t is: taken from the Philosophical Magazine for December, 
1891» and 'was computed by Messrs. C. E. Holland, P. R. James, and C. G. 
Lamb, under the direction of Professor John Perry. 

Table II., a table of Surface Zonal Harmonics (Legendrians), gives the 
values of the first seven Harmonics Pi (or), P2(x), • • • P7 (x) for the argument x. 
It is reduced from the Tables of Legendrian Functions computed under the 
direction of Dr. J. W. L. Glaisher, and published in the Report of the British 
Association for the Advancement of Science for the year 1879. 

Table III., the table of Hyperbolic Functions, gives the values of e^, e~', 
sinho*, cosh a:, and gdx (Gudermannian of x) for values of x from 0.00 to 1.00; 
and the values of logsinho; and log cosh a; for values of x from 1.00 to 10.0. 
The values of gda*, logsinha*, and log cosh a? are taken from the Mathematical 
Tables prepared by Professor J. M. Peirce (Boston: Ginn & Co.). 

The logsinha; and log cosh ar for values of x between 0.00 and 1.00 can be 
obtained from the values given for the Gudermannian of x in the table by the 
aid of the relations 

log sinh X = log tan (gd x) 

log cosh X = log sec (gd x). 

Table IV. gives the first twelve roots of Jq (x) = and Ji (x) = each 
divided by tt. The table is taken from Lord Rayleigh's Sound, Vol. I., 
page 274, and is due to Professor Stokes, Camb. Phil. Trans., Vol. IX., 
page 186. 

Table V. gives the first nine roots of Jq (x) = 0, Jx («) = 0, • • • J^ (x) = 0. 
The table is taken from Rayleigh^s Sound, Vol. I., page 274, and is due to 
Professor J. Bourget, Ann. de TEcole Normale, T. III., 1866, page 82. 

Table VI., the table of Bessel's Functions, gives the values of the Bessel's 
Functions Jo{x) andt7i(a*) for the argument x from ar = to x = 15. It is 
taken fi-om Rayleigh's Sound, Vol. I., page 265, and from LommePs Bessel'sche 
Functionen. 
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//H5 


.^/336 


.9674 


.9459 


.91'>f 


.SSSl 


.S522 


7 


///25 


.9777 


.9557 


.9267 


.3911 


.S4r6 


.79S6 


d 


//Xi3 


.9709 


.9423 


.9<HS 


.SSS9 


.5053 


.744$ 


9 


/>S77 


.9633 


.9273 


.SS03 


.V.i2 


.75n 


.6&31 


10 


/>S4S 


.954S 


.9106 


,S532 


.7840 


.7045 


t6I6f 


11 


//J16 


.9f54 


.8923 


,S2XS 


.7417 


.64S3 


.5461 


12 


//7S1 


.9352 


.8724 


i .7920 


.6966 


.5S92 


.4732 


13 


//744 


.9241 


.8511 


.7582 


.6489 


.5273 


.3910 


14 

1 


//70J 


.9122 


.S2S.^ 


.7224: 


.5990 


.46.\5 


.3219 

L 


15 


.9659 


.8995 


.S(H2 


.68*7 


.5471 


.39&2 


.2454 


16 


.9613 


.SS60 


-7787 


.6*54 


.4937 


.3322 


.1699 


17 


.9563 


.S71S 


.7519 


.60*6 


.4391 


•2660 


.0961 


18 


.9511 


.8568 


.7240 


.5624 


.3836 


.iua> 


.0289 


19 


.9455 


.8410 


.6950 


.5192 


.3276 


.1347 


— .0«3 


20 


.9397 


.8245 


.6649 


.4750 


.2715 


.0719 


.1072 


21 


.9336 


.8074 


; .6338 


.4300 


.2156 


.0107 


.1662 


22 


.9272 


.7895 


.6019 


.3845 


.1602 


—.0481 


—.2201 


23 


.9205 


.7710 


.5692 


.3386 


.1057 


.1033 


.2681 


24 


.9135 


.7518 


.5357 


.2926 


.0525 


—.1559 


.3095 


25 


.9063 


.7321 


.5016 


.2465 


.0009 


.2053 


—.3463 . 


26 


.8988 


.7117 


.4670 


.2007 


— .04S9 


.2478 


— .3717 


27 


.8910 


.6908 


.4319 


.1553 


.0964 


—.2869 


—.3^21 


28 


.8829 


.669f 


.396f 


.1105 


.1415 


—.3211 


—.4052 


29 


.8746 


.6474 


.3607 


.0665 


.1S39 


—.3503 


.4114 = 

1 


30 


.8660 


.6250 


.3248 


.0234 


—.2233 


—.3740 


1 
—.4101 


31 


.8572 


.6021 


.2887 


—.0185 


.2595 


—.3924 


—.4022 


32 


.8480 


.5788 


.2527 


—.0591 


.2923 


—.4052 


— .0O40 1 


33 


.8387 


.5551 


.2167 


—.0982 


.3216 


—.4126 


.3670 


34 


.8290 


.5310 


.1809 


—.1357 


—.3473 


-.4148 


.3409 

1 


35 


.8192 


.5065 


.1454 


.1714 


1 

—.3691 


—.4115 


.3096 


36 


.8090 


.4818 


.1102 


—.2052 


.3871 


—.4031 


—.2738 


37 


.7986 


.4567 


.0755 


.2370 


.4011 


.3898 


—.2343 . 


38 


.7880 


.4314 


.0413 


—.2666 


—.4112 


.3719 


.1918 


39 


.7771 


.4059 


.0077 


.2940 


—.4174 


—.3497 


—.1469 


40 


.7660 


.3802 , 


.0252 


.3190 


—.4197 


—.3234 


—.1003 


41 


.7547 


.3544 


—.0574 


.3416 


.4181 


—.2938 


—.0534 


42 


.7431 


.3284 


.0887 


—.3616 


.4128 


—.2611 


—.0065 


43 


.7314 


.3023 


.1191 


—.3791 


.4038 


.2255 


.0398 


44 


.7193 


.2762 


—.1485 


.3940 


.3914 


—.1878 


.0846 


45'' 

1 


.7071 


.2500 


.1768 


—.4062 


-.3757 


.1485 


.1270 
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TABLE I. — Surface Zonal Harmonics. 



e 


Pi (cos ^) 


Pa (cos ^) 


P8(C06^) 


P4(C0Stf) 


P6(C0S6) 


Pe(co8^) 


P^(cme) 


45«> 


.7071 


.2500 


—.1768 


.4062 


—.3757 


.1485 


.1270 


46 


.6947 


.2238 


—.2040 


—.4158 


—.3568 


.1079 


.1666 


47 


.6820 


.1977 


—.2300 


—.4252 


—.33.50 


.0645 


.20.S4 


48 


.6691 


.1716 


—.2547 


.4270 


.3105 


—.0251 


.2349 


49 


.6561 


.1456 


—.2781 


—.4286 


—.2836 


.0161 


.2627 


50 


.6428 


.1198 


—.3002 


.4275 


—.2545 


.0563 


.2854 


51 


.6293 


.0941 


—.3209 


—.4239 


—.2235 


.0954 


.3031 


52 


.6157 


.0686 


—.3401 


.4178 


.1910 


.1326 


.3153 


53 


.6018 


.(H33 


.3578 


—.4093 


—.1571 


.1677 


.3221 


54 


.5878 


.0182 


—.3740 


—.3984 


.1223 


.2002 


.3234 


55 


.5736 


.0065 


.3886 


—.3852 


—.0868 


.2297 


.3191 


56 


.5592 


.0310 


.4016 


—.3698 


.0510 


.2559 


.3095 


57 


.5446 


.0551 


.4131 


.3524 


—.0150 


.2787 


.2949 


58 


.5299 


.0788 


.4229 


.3331 


.0206 


.2976 


.2752 


59 


.5150 


.1021 


—.4310 


.3119 


.0557 


.3125 


.2511 


60 


.5000 


—.1250 


.4375 


.2891 


.0898 


.3232 


.2231 


61 


.4848 


—.1474 


.4423 


.2647 


.1229 


.3298 


.1916 


62 


.4695 


.1694 


—.4455 


—.2390 


.1545 


.3321 


.1571 


63 


.4540 


—.1908 


—.4471 


.2121 


.1844 


.3302 


.1203 


64 


.4384 


—.2117 


—.4470 


.1841 


.2123 


.3240 


.0818 


65 


.4226 


—.2321 


.4452 


.1552 


.2381 


.3138 


.0422 


66 


.4067 


.2518 


-.4419 


.1256 


.2615 


.29% 


.0021 


67 


.3907 


—.2710 


.4370 


.0955 


.2824 


.2819 


—.0375 


68 


.3746 


.28% 


—.4305 


.0650 


.3005 


.2605 


.0763 


69 


.3584 


—.3074 


.4225 


—.0344 


.3158 


.2361 


—.1135 


70 


.3420 


—.3245 


—.4130 


—.0038 


.3281 


.2089 


—.1485 


71 


.3256 


.3410 


—.4021 


.0267 


.3373 


.1786 


.1811 


72 


.3090 


.3568 


—.3898 


.0568 


.3434 


.1472 


—.2099 


73 


.2924 


.3718 


.3761 


.0864 


.3463 


.1144 


.2347 


74 


.2756 


.3860 


.3611 


.1153 


.3461 


.0795 


—.2559 


75 


.2588 


.3995 


.3449 


.1434 


.3427 


.0431 


.2730 


76 


.2419 


.4112 


.3275 


.1705 


.3362 


.0076 


—.2848 


77 


.2250 


.4241 


.3090 


.1964 


.3267 


.0284 


.2919 


78 


.2079 


.4352 


.2894 


.2211 


.3143 


—.0644 


.2943 


79 


.1908 


—.4454 


—.2688 


.2443 


.2990 


—.0989 


.2913 


80 


.1736 


.4548 


.2474 


.2659 


.2810 


—.1321 


.2835 


81 


.1564 


.4633 


.2251 


.2859 


.2606 


.1635 


—.2709 


82 


.1392 


.4709 


—.2020 


.3040 


.2378 


—.1926 


.2536 


&3 


.1219 


—.4777 


—.1783 


.3203 


.2129 


-^.2193 


.2321 


84 


.1045 


.4836 


—.1539 


.3345 


.1861 


.2431 


—.2067 


85 


.0872 


.4886 


—.1291 


.3468 


.1577 


—.2638 


—.1779 


86 


.0698 


.4927 


—.1038 


.3569 


.1278 


.2811 


.1460 


87 


.0523 


.4959 


.0781 


.3648 


.0969 


.2947 


.1117 


88 


.0349 


—.4982 


.0522 


.3704 


.0651 


—.3045 


.0735 


89 


.0175 


—.4995 


.0262 


.3739 


.0327 


—.3105 


.0381 


^0° 


.0000 


-.5000 


.0000 


.3750 


.0000 


—.3125 


.0000 


- — - 
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TABLE II. — Surface Zonal Harmonics. 



X 


Piix) 


P2{X) 


Pz{x) 


Piix) 


PUx) 


Ptix) 


PAx) 


0.00 


0.0000 


—.5000 


0.0000 


0.3750 


0.0000 


—.3125 


0.0000 


.01 


.0100 


—.4998 


—.0150 


.3746 


.0187 


.3118 


—.0219 


.02 


.0200 


.4994 


.0300 


.3735 


.0374 


.3099 


-.0436 


.03 


.0300 


—.4986 


— .0H9 


.3716 


.0560 


.3066 


—.0651 


.04 


.0400 


—.4976 


—.0598 


.3690 


.0744 


—.3021 


.0862 


.05 


.0500 


— .4%2 


.0747 


.3657 


.0927 


—.2962 


—.1069 


.06 


.0600 


—.4946 


—.0895 


.3616 


.1106 


—.2891 


—.1270 


.07 


.0700 


—.4926 


—.1041 


.3567 


.1283 


—.2808 


.1464 ' 


.08 


.0800 


.4904 


.1187 


.3512 


.1455 


—.2713 


.1651 , 


.09 


.0900 


.4878 


.1332 


.3449 


.1624 


—.2606 


—.1828 1 


.10 


.1000 


—.4850 


—.1475 


.3379 


.1788 


—.2488 


— .19*;5 1 


.11 


.1100 


.4818 


.1617 


.3303 


.1947 


.2360 


.2151 


.12 


.1200 


—.4784 


.1757 


.3219 


.2101 


—.2220 


—.2295 


.13 


.1300 


.4746 


.1895 


.3129 


.2248 


—.2071 


—.2427 


.14 


.1400 


—.4706 


—.2031 


.3032 


.2389 


.1913 


.2.S45 ' 


.15 


.1500 


—.4662 


.2166 


.2928 


.2523 


.1746 


—.2649 1 


.16 


.1600 


—.4616 


—.2298 


.2819 


.2650 


—.1572 


.2738 1 


.17 


.1700 


.4566 


—.2427 


.2703 


.2769 


.1389 


—.2812 , 


.18 


.1800 


.4514 


.2554 


.2581 


.2880 


—.1201 


—.2870 


.19 


.1900 


—.4458 


—.2679 


.2453 


.2982 


.1006 


—.2911 1 


.20 


.2000 


—.4400 


.2800 


.2320 


.3075 


.0806 


.2935 


.21 


.2100 


.4338 


.2918 


.2181 


.3159 


.0601 


— .2SH3 1 


.22 


.2200 


—.4274 


.3034 


.2037 


.3234 


—.0394 


—.2933 


.23 


.2300 


.4206 


—.3146 


.1889 


.3299 


—.0183 


—.2906 


.24 


.2400 


.4136 


.3254 


.1735 


.3353 


.0029 


—.2861 


.25 


.2500 


.4062 


.3359 


.1577 


.3397 


.0243 


.2799 ! 


.26 


.2600 


—.3986 


—.3461 


.1415 


.3431 


.0456 


.2720 


.27 


.2700 


.3906 


.3558 


.1249 


.3453 


.0669 


—.2625 


.28 


.2800 


—.3824 


—.3651 


.1079 


.3465 


.0879 


—.2512 


.29 


.2900 


.3738 


.3740 


.0906 


.3465 


.1087 


.2384 


.30 


.3000 


—.3650 


.3825 


.0729 


.3454 


.1292 


.2241 


.31 


.3100 


.3558 


.3905 


.0550 


.3431 


.1492 


—.2082 


.32 


.3200 


—.3464 


.3981 


.0369 


.3397 


.1686 


.1910 


.33 


.3300 


-.3366 


.4052 


.0185 


.3351 


.1873 


.1724 


.34 


.3400 


.3266 


.4117 


.0000 


.3294 


.2053 


.1527 


.35 


.3500 


—.3162 


—.4178 


.0187 


.3225 


.2225 


.1318 


.36 


.3600 


.3056 


—.4234 


.0375 


.3144 


.2388 


—.1098 


.37 


.3700 


.2946 


.4284 


—.0564 


.3051 


.2540 


-.0870 


.38 


.3800 


.2834 


—.4328 


.0753 


.2948 


.2681 


—.0635 


.39 


.3900 


.2718 


—.4367 


.0^2 


.2833 


.2810 


—.0393 


.40 


.4000 


.2600 


—.4400 


—.1130 


.2706 


.2926 


—.0146 


.41 


.4100 


.2478 


—.4427 


.1317 


.2569 


.3029 


.01(H 


.42 


.4200 


—.2354 


.4448 


.1504 


.2421 


.3118 


.0356 


.43 


.4300 


.2226 


.4462 


.1688 


.2263 


.3191 


.0608 


.44 


.4400 


.2096 


—.4470 


.1870 


.2095 


.3249 


.0859 


.4."> 


.4500 


.1962 


—.4472 


.2050 


.1917 


.3290 


.1106 


.46 


.4600 


.1826 


.4467 


.2226 


.1730 


.3314 


.1348 


.47 


.4700 


.1686 


.4454 


.2399 


.1534 


.3321 


.1584 


.48 


.4800 


.1S44 


.4435 


—.2568 


.1330 


.3310 


.1811 


1 .49 


.4'X)0 


. 1398 


—.4409 


.2732 


.1118 


.3280 


.2027 

1 


' .50 

1 


.5000 


—.1250 


—.4375 

1 


.2891 


.0898 


.3232 


.2231 
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TABLE II. — Surface Zonal Harmonics. 



X 


PA^) 


P^{x) 


P8(X) 


P, (x) 


PcM 


Ptix) 


Piix) 


.50 


.5000 


.1250 


—.4375 


.2891 


.0898 


.3232 


.2231 


.51 


.5100 


.1098 


—.4334 


—.3044 


.0673 


.3166 


.2422 


.52 


.5200 


—.0944 


.4285 


—.3191 


.0441 


.3080 


.25% 


.53 


.5300 


.0786 


—.4228 


.3332 


.0204 


.2975 


.2753 


.54 


.5400 


—.0626 


.4163 


.3465 


—.0037 


.2851 


.2891 


.55 


.5500 


.0462 


—.4091 


—.3590 


—.0282 


.2708 


.3007 


.56 


.5600 


—.0296 


—.4010 


—.3707 


.0529 


.2546 


.3102 


.57 


.5700 


—.0126 


—.3920 


.3815 


—.0779 


.2366 


.3172 


.58 


.5800 


.0046 


—.3822 


—.3914 


.1028 


.2168 


.3217 


.59 


.5900 


.0222 


.3716 


—.4002 


—.1278 


.1953 


.3235 


.60 


.6000 


.0400 


—.3600 


—.4080 


.1526 


.1721 


.1226 


.61 


.6100 


.0582 


.3475 


.4146 


—.1772 


.1473 


.3188 


.62 


.6200 


.0766 


.3342 


—.4200 


—.2014 


.1211 


.3121 


.63 


.6300 


.0954 


.3199 


—.4242 


—.2251 


.0935 


.3023 


.64 


.6400 


.1144 


.3046 


—.4270 


—.2482 


.0646 


.2895 


.65 


.6500 


.1338 


.2884 


-.4284 


—.2705 


.0347 


.2737 


.66 


.6600 


. 1 534 


.2713 


—.4284 


—.2919 


.0038 


.2548 


.67 


.6700 


.1734 


—.2531 


—.4268 


—.3122 


—.0278 


.2329 


.68 


.6800 


.1936 


—.2339 


.4236 


.3313 


.0601 


.2081 


.69 


.6900 


.2142 


.2137 


.4187 


—.3490 


.0926 


.1805 


.70 


.7000 


.2350 


—.1925 


.4121 


.3652 


—.1253 


.1502 


.71 


.7100 


.2562 


—.1702 


.4036 


.3796 


.1578 


.1173 


.72 


.7200 


.2776 


—.1469 


.3933 


.3922 


.1899 


.0822 


.73 


.7300 


.2994 


—.1225 


.3810 


—.4026 


.2214 


.0450 


.74 


.7400 


.3214 


—.0969 


—.3666 


—.4107 


.2518 


.0061 


.75 


.7500 


.3438 


.0703 


—.3501 


—.4164 


-.2808 


.0342 


.76 


.7600 


.3664 


—.0426 


—.3314 


.4193 


.3081 


.0754 


.77 


.7700 


.3894 


.0137 


— .31(H 


.4193 


—.3333 


—.1171 


.78 


.7800 


.4126 


.0164 


—.2871 


—.4162 


—.3559 


.1588 


.79 


.7900 


.4362 


.0476 


—.2613 


—.4097 


.3756 


—.1999 


.80 


.8000 


.4600 


.0800 


—.2330 


.3995 


.3918 


.2397 


.81 


.8100 


.4842 


.1136 


.2021 


—.3855 


.4041 


—.2774 


.82 


.8200 


.5086 


.1484 


.1685 


.3674 


.4119 


—.3124 


.83 


.8300 


.5334 


.1845 


.1321 


—.3449 


.4147 


—.3437 


.84 


.8400 


.5584 


.2218 


.0928 


.3177 


.4120 


—.3703 


.85 


.8500 


.5838 


.2603 


.0506 


.2857 


—.4030 


.3913 


.86 


.8600 


.6094 


.3001 


.0053 


-.2484 


.3872 


—.4055 


.87 


.8700 


.6354 


.3413 


.0431 : 


.2056 


.3638 


.4116 


.88 


.8800 


.6616 


.3837 


.0947 ' 


—.1570 


.3322 


—.4083 


.89 


.8900 


.6882 


.4274 


.1496 


—.1023 


—.2916 


.3942 


.90 


.9000 


.7150 


.4725 


.2079 


.0411 


.2412 


.3678 


.91 


.9100 


.7422 


.5189 


.2698 


.0268 


—.1802 


—.3274 


.92 


.9200 


.7696 


.5667 


.3352 


.1017 


.1077 


.2713 


.93 


.9300 


.7974 


.6159 


.4aH 


.1842 


—.0229 


.1975 


.94 


.9400 


.8254 


.6665 


.4773 


.2744 


.0751 


.1040 


.95 


.9500 


.8538 


.7184 


.5541 


.3727 


.1875 


.0112 


•96 


.9600 


.8824 


.7718 


.6349 


.47% 


.3151 


.1506 


.97 


.9700 


.9114 


.8267 


.7198 


.5954 


.4590 


.3165 


.98 


.9800 


.9406 


.8830 


.8089 


.7204 


.6204 


.5115 


.99 


.9900 


.9702 


.9407 


.9022 


.8552 


.8003 


.7384 


1.00 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 
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TABLE III. — Hyperbolic Functions. 



X 


C 


e-' 


Binh X 


coshx 


1 
gdx ^ 


0.00 


1.0000 


1.0000 


0.0000 


1.0000 


o!oooo 


.01 


1.0100 


0.9900 


.0100 


1.0000 


0.5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1.1458 


.03 


1.0305 


.9704 


.0300 


1.0004 


1.7186 


.04 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.05 


1.0513 


.9512 


.0500 


1.0012 


2.8636 


.06 


1.0618 


.9418 


.0600 


1.0018 


3.4357 


.07 


1.0725 


.9324 


.0701 


1.0025 


4.0074 


.08 


1.0833 


.9231 


.0801 


1.0032 


4.5788 


.09 


1.0942 


.9139 


.0901 


1.0040 


5.1497 


.10 


1.1052 


.9048 


.1002 


1.0050 


5.720 


.11 


1.1163 ■ 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 


.8869 


.1203 


1.0072 


6.859 


.13 


1.1388 


.8781 


.1304 


1.0085 


7.428 


.M 


1.1503 


.8694 


.1405 


1.0098 


7.995 


.15 


1.1618 


.8607 


.1506 


1.0113 


8.562 


.16 


1.1735 


.8521 


.1607 


1.0128 


9.128 


.17 


1.1853 


.8437 


.1708 


1.0145 


9.694 


.18 


1.1972 


.8353 


.1810 


1.0162 


10.258 


.19 


1.2092 


.8270 


.1911 


1.0181 


10.821 


.20 


.1.2214 


.8187 


.2013 


1.0201 


11.384 


.21 


1.2337 


.8106 


.2115 


1.0221 


11.945 


.22 


1.2461 


.8025 


.2218 


1.0243 


12.505 


.23 


1.2586 


.7945 


.2320 


1.0266 


13.063 


.24 


1.2712 


.7866 


.2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.0314 


14.177 


.26 


1.2969 


.7711 


.2629 


1.0340 


14.732 


.27 


1.3100 


.7634 


.2733 


1.0367 


15.285 


.28 


1.3231 


.7558 


.2837 


1.0395 


15.837 


.29 


1.3364 


.7483 


.2941 


1.0423 


16.388 


.30 


1.3499 


.7408 


.3(H5 


1.0453 


16.937 


.31 


1.3634 


.7334 


.3150 


l.(H84 


17.484 


.32 


1.3771 


.7261 


.3255 


1.0516 


18.030 


,33 


1.3910 


.7189 


.3360 


1.0549 


18.573 


.34 


1.4049 


.7118 


.3466 


1.0584 


19.116 


.35 


1.4191 


.7047 


.3572 


1.0619 


19.656 


.36 


1.4333 


.6977 


.3678 


1.0655 


20.195 


.37 


1.4477 


.6907 


.3785 


1.0692 


20.732 


.38 


1.4623 


.6839 


.3892 


1.0731 


21.267 


.39 


1.4770 


.6771 


.4000 


1.0770 


21.800 


.40 


1.4918 


.6703 


.4108 


1.0811 


22.331 


.41 


1.5068 


.6636 


.4216 


1.0852 


22.859 


.42 


1.5220 


.6570 


.4325 


1.0895 


23.386 


.43 


1.5373 


.6505 


.4434 


1.0939 


23.911 


.44 


1.5527 


.6440 


.4543 


1.0984 


24.434 


.45 


1.5683 


.6376 


.4653 


1.1030 


24.955 


.46 


1.5841 


.6313 


.4764 


1.1077 


25.473 


.47 


1.6000 


.6250 


.4875 


1.112S 


25.989 


.48 


1.6161 


.6188 


.4986 


1.1174 


26.503 


.49 


1.6323 


.6126 


.5098 


1.1225 


27.01 S 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27!524 
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TABLE III. — Hyperbolic Functions. 





X 


c' 


e-' 


siub X 


cosh 2 


gdx 




0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27!524 




.51 


1.6653 


.6005 


.5324 


1.1329 


28.031 




.52 


1.6820 


.5945 


.5438 


1.1383 


28.535 


' 


.53 


1.6989 


.5886 


.5552 


1. 1438 


29.037 




.54 


1.7160 


.5827 


.5666 


1.1494 


29.537 




.55 


1.7333 


.5770 


.5782 


1.1551 


30.034 




.56 


1.7507 


.5712 


.5897 


1.1609 


30.529 




.57 


1.7683 


.5655 


.6014 


1.1669 


31.021 




.58 


1.7860 


.5599 


.6131 


1.1730 


31.511 




.59 


1.8040 


.5543 


.6248 


1.1792 


31.998 




.60 


1.8221 


.5488 


.6367 


1.1855 


32.483 




.61 


1.8404 


.5433 


.6485 


1.1919 


32.%5 




.62 


1.8589 


.5379 


.6605 


1.1984 


33.444 




.63 


1.8776 


.5326 


.6725 


1.2051 


33.921 




.64 


1.8%5 


.5273 


.6846 


1.2119 


34.395 




.65 


1.9155 


.5220 


.6%7 


1.2188 


34.867 




.66 


1.9348 


.5169 


.7090 


1.2258 


35.336 




.67 


1.9542 


.5117 


.7213 


1.2330 


35.802 




.68 


1.9739 


.5066 


.7336 


1.2402 


36.265 




.69 


1.9937 


.5016 


.7461 


1.2476 


36.726 




.70 


2.0138 


.4966 


.7586 


1.2552 


37.183 




.71 


2.0340 


.4916 


.7712 


1.2628 


37.638 




.72 


2.0544 


.4867 


.7838 


1.2706 


38.091 




.73 


2.0751 


.4819 


.7966 


1.2785 


38.540 




.74 


2.0959 


.477r 


.8094 


1.2865 


38.987 




.75 


2.1170 


.4724 


.8223 


1.2947 


39.431 




.76 


2.1383 


.4677 


.8353 


1.3030 


39.872 




.77 


2.1598 


.4630 


.o4o4 


1.3114 


40.310 




.78 


2.1815 


.4584 


.8615 


1.3199 


40.746 




.79 


2.2034 


.4538 


.8748 


1.3286 


41.179 




.80 


2.2255 


.4493 


.8881 


1.3374 


41.608 




.81 


2.2479 


.4449 


.9015 


1.3464 


42.035 




.82 


2.2705 


.4404 


.9150 


1.35.S5 


42.460 




.83 


2.2933 


.4360 


.9286 


1.3647 


42.881 




.84 


2.3164 


.4317 


.9423 


1.3740 


43.299 




.85 


2.33% 


.4274 


.9561 


1.3835 


43.715 




.86 


2.3632 


.4232 


.9700 


1.3932 


44.128 




.87 


2.3869 


.4190 


.9840 


1.4029 


44.537 




.88 


2.4109 


.4148 


.9981 


1.4128 


44.944 




.89 


2.4351 


.4107 


1.0122 


1.4229 


45.348 




.90 


2.45% 


.4066 


1.0265 


1.4331 


45.750 




.91 


2.4843 


.4025 


1.W09 


1.4434 


46.148 




.92 


2.5093 


.3985 


1.0554 


1.4539 


46.544 




.93 


2.5345 


.3946 


1.0700 


1.4645 


46.936 




.94 


2.5600 


.3906 


1.0847 


1.4753 


47.326 




.95 


2.5857 


.3867 


1.0995 


1.4862 


47.713 1 




.% 


2.6117 


.3829 


1.1144 


1.4973 


48.097 




.97 


2.6379 


.3791 


1.1294 


1.5085 


48.478 




.98 


2.6645 


.3753 


1.1446 


1.5199 


48.857 




.99 


2.6912 


.3716 


1.1598 


1.5314 


49.232 




1.00 


2.7183 


0.3679 


1.1752 


1.5431 


49!605 
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TABLE III. — ^ Hyperbolic Functions. 



X 


1 8inli X 


I cohIi X 


X 


I sinh X 


I cosh X 


X 


I sinh X 


I cosh X 


1.00 


0.0701 


0.1884 


1.50 


0.3282 


0.3715 


2.00 


0.5595 


0.5754 


1.01 


.0758 


.1917 


J. 51 


.3330 


.3754 


2.01 


.5640 


.57% 


1.02 


.0815 


.1950 


.1.52 


.3378 


.3794 


2.02 


.5685 


.5838 


1.03 • 


.0871 


.1984 


1.53 


.3426 


.3833 


2.03 


.5730 


.5880 


1.04 


.0927 


.2018 


1.54 

1 


.3474 


.3873 


2.(H 


.5775 


.5922 


1.05 


.0982 


.2051 


1.55 


.3521 


.3913 


2.05 


.5820 


.5964 


1.06 


.1038 


.2086 


1.56 


.3569 


.3952 


2.06 


.5865 


.6006 


1.07 


. 1093 


.2120 


1.57 


.3616 


.3992 


2.07 


.5910 


.6048 


1.08 


.1148 


.2154 


1.58 ' 


.3663 


.4032 


2.08 


.5955 


.6090 


1.09 


.1203 


.2189 


1.59 


.3711 


.4072 


^.09 


.6000 


.6132 


1.10 


.1257 


.2223 


1.60 


.3758 


.4112 


2.10 


.6044 


.6175 


1.11 


.1311 


.2258 


1.61 


.3805 


.4152 


2.11 


.6089 


.6217 


1.12 


.1365 


.2293 


1.62 


.3852 


.4192 


2.12 


.6134 


.6259 


1.13 


.1419 


.2328 


1.63 


.3899 


.4232 


2.13 


.6178 


.6301 


1.14 


.1472 


.2364 


1.64 


.3946 


.4273 


2.14 


.6223 


.6343 


1.15 


.1525 


.2399 


1.65 


.3992 


.4313 


2.15 


.6268 


.6386 


1.16 


.1578 


.2435 


1.66 


.4039 


..4353 


2.16 


.6312 


.6428 


1.17 


.1631 


.2470 


1.67 


.4086 


.4394 


2.17 


.6357 


.6470 


1.18 


.1684 


.2506 


1.68 


.4132 


.4434 


2.18 


.6401 


.6512 


1.19 


.1736 


.2542 


1.69 


.4179 


.4475 


2.19 


.6446 


.6555 


1.20 


.1788 


.2578 


1.70 


.4225 


.4515 


2.20 


.6491 


.6597 


1.21 


.1840 


.2615 


1.71 


.4272 


.4556 


2.21 


.6535 


.6640 


1.22 


.1892 


.2651 


1.72 


.4318 


.4597 


2.22 


.6580 


.6682 


1.23 


.1944 


.2688 


1.73 


.4364 


.4637 


2.23 


.6624 


.6724 


1.24 


.1995 


.2724 


1.74 


.4411 


.4678 


2.24 


.6668 


.6767 


1.25 


.2046 


.2761 


1.75 


.4457 


.4719 


2.25 


.6713 


.6809 


1.26 


.2098 


.2798 


1.76 


.4503 


.4760 


2.26 


.6757 


.6852 


1.27 


.2148 


.2835 


1.77 


.4549 


.4801 


2.27 


.6802 


.6894 


1.28 


.2199 


.2872 


1.78 


.4595 


.4842 


2.28 


.6846 


.6937 


1.29 


.2250 


.2909 


1.79 


.4641 


.4883 


2.29 


.6890 


.6979 


1.30 


.2300 


.2947 


1.80 


.4687 


.4924 


2.30 


.6935 


.7022 


1.31 


.2351 


.2984 


1.81 


.4733 


.4%5 


2.31 


.6979 


.7064 


1.32 


.2401 


.3022 


1.82 


.4778 


.5006 


2.32 


.7023 


.7107 


1.33 


.2451 


.3059 


1.83 


.4824 


.5048 


2.33 


.7067 


.7150 


1.34 


.2501 


.3097 


1.84 


.4870 


.5089 


2.34 


.7112 


.7192 


1.35 


.2551 


.3135 


1.85 


.4915 


.5130 


2.35 


.7156 


.7235 


1.36 


.2600 


.3173 


1.86 


.4%1 


.5172 


2.36 


.7200 


.7278 


1.37 


.2650 


.3211 


1.87 


.5007 


.5213 


2.37 


.7244 


.7320 


1.38 


.2699 


.3249 


1.88 


.5052 


.52.S4 


2.38 


.7289 


.7363 


1.39 


.2748 


.3288 


1.89 


.5098 


.52% 


2.39 


.7333 


.7406 


1.40 


.2797 


.3326 


1.90 


.5143 


.5337 


2.40 


.7377 


.7448 


1.41 


.2846 


.3365 


1.91 


.5188 


.5379 


2.41 


.7421 


.7491 


1.42 


.2895 


.3403 


1.92 


.5234 


.5421 


2.42 


.7465 


.7534 


1.43 


.2944 


.3442 


1.93 


.5279 


.5462 


2.43 


.7509 


.7577 


1.44 


.2993 


.3481 


1.94 


.5324 


.5504 


2.44 


.7553 


.7619 


1.45 


.3041 


.3520 


1.95 


.5370 


.5545 


2.45 


.7597 


.7662 


1.46 


.3090 


.3559 


1.% 


.5415 


.5587 


2.46 


.7642 


.7705 


1.47 


.3138 


.3598 


1.97 


.5460 


.5629 


2.47 


.7686 


.7748 


) 1.48 


.3186 


.3637 


1.98 


.5505 


.5671 


2.48 


.7730 


.7791 


1.49 


.3234 


.3676 


1.99 


.5550 


.5713 


2.49 


.7774 


.7833 


2.50 


0.3282 


0.3715 

1 


; 2.00 


0.5595 


0.5754 


2.50 


0.7818 


0.7876 
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TABLE III. — Hyperbolic Functions. 



X 


• 

I sinh X 


Zcoshx 


X 


I sinh X 


Zcoshx 


X 


I sinh X 


I cosh X 


2.50 


0.7818 


0.7876 


2.75 


0.8915 


0.8951 


3.0 


1.0008 


1.0029 


2.51 


.7862 


.7919 


2.76 


.8959 


.8994 


3.1 


1.0444 


1.0462 


2.52 


.7906 


.7962 


2.77 


.9003 


.9037 


3.2 


1.0880 


1.0894 


2.53 


.7950 


.8005 


2.78 


.9046 


.9080 


3.3 


1.1316 


1.1327 


2.54 


.7994 


.8048 


2.79 


;9090 


.9123 


3.4 


1.1751 


1.1761 


2.55 


.8038 


.8091 


2.80 


.9134 


.9166 


3.5 


1.2186 


1.2194 


2.56 


.8082 


.8134 


2.81 


.9178 


.9209 


3.6 


1.2621 


1.262S 


2.57 


.8126 


.8176 


2.82 


.9221 


.9252 


3.7 


1.3056 


1.3061 


2.58 


.8169 


.8219 


2.83 


.9265 


.9295 


3.8 


1.3491 


1.3495 


2.59 


.8213 


.8262 


2.84 


.9309 


.9338 


3.9 


1.3925 


1.3929 


2.60 


.8257 


.8305 


2.85 


.9353 


.9382 


4.0 


1.4360 


1.4363 


2.61 


.830} 


.8348 


2.86 


.93% 


.9425 


4.1 


1.4795 


1.4797 


2.62 


.8345 


.8391 


2.87 


.9440 


.9468 


4.2 


1.5229 


1.5231 


2.63 


.8389 


.8434 


2.88 


.9484 


.9511 


4.3 


1.5664 


1.5665 


2.64 


.8433 


.8477 


2.89 


.9527 


.9554 


4.4 


1.6098 


1.6099 


2.65 


.8477 


.8520 


290 


.9571 


.9597 


4.5 


1.6532 ' 


1.6533 


2.66 


.8521 


.8563 


2.91 


.%15 


.9641 


4.6 


1.6%7 


1.6968 


2.67 


.8564 


.8606 


2.92 


.%58 


.9684 


4.7 


1.7401 


1.7402 


2.68 


.8608 


.8649 


2.93 


.9702 


.9727 


4.8 


1.7836 


1.7836 


2.69 


.8652 


.8692 


2.94 


.9746 


.9770 


4.9 


1.8270 


1.8270 


2.70 


.86% 


.8735 


2.95 


.9789 


.9813 


5.0 


1.87(H 


1.8705 


2.71 


.8740 


.8778 


2.% 


.9833 


.9856 


6.0 


2.3(H7 


2.3047 


2.72 


.8784 


.8821 


2.97 


.9877 


.9900 


7.0 


2.7390 


2.7390 


2.73 


.8827 


.8864 


2.98 


.9920 


.9943 


8.0 


3.1733 


3.1733 


2.74 


.8871 


.8907 


"2.99 


.9964 


.9986 


9.0 


3.6076 


3.6076 


2.75 


0.8915 


0.8951 


3.00 


1.0008 


1.0029 


10.0 


4.0419 


4.0419 
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TABLE IV. — Roots of Bessel's Functions. 





-ioTJo{x)-'0 


-for/i(a;)=0 




- for Jo{x) = 


-forj,(z)=0 


1 

2 
3 

4 
5 
6 


0.7655 
1.7571 
2.7546 
3.7534 
4.7527 
5.7522 


1.2197 
2.2330 
3.2383 
4.2411 
5.2428 
6.2439 


7 

8 

9 

10 

11 

12 


6.7519 
7.7516 
8.7514 
9.7513 
10.7512 
11.7511 


7.2448 

8.2454 

9.2459 

10.2463 

11.2466 

12.2469 



TABLE v. — Roots of J^(x) = 0, 





n = 


n = l 


n— 2 


n = 3 


n = 4 


n = 6 


1 


2.405 


3.832 


5.135 


6.379 


7.586 


8.780 


2 


5.520 


7.016 


8.417 


9.760 


11.064 


12.339 


3 


8.654 


10.173 


11.620 


13.017 


14.373 


15.700 


4 


11.792 


13.323 


14.7% 


16.224 


17.616 


18.982 


5 


14.931 


16.470 


17.960 


19.410 


20.827 


22.220 


6 


18.071 


19.616 


21.117 


22.583 


24.018 


25.431 


7 


21.212 


22.760 


24.270 


25.749 


27.200 


28.628 


8 


24.353 


25.903 


27.421 


28.909 


30.371 


31.813 


9 


27.494 


29.047 


30.571 


32.050 


33.512 


34.983 
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TABLE VI. 


— Bessel's Functions. 








X 


Jo(x) 


Ji{x) 


X 


Jo{x) 


1 
Ji(x) 


X 


Jo{x) 


Ji{x) 




0.0 


1.0000 


0.0000 


5.0 


—.1776 


—.3276 


10.0 


.2459 


.(H35 




0.1 


.9975 


.0499 


5.1 


—.1443 


—.3371 


10.1 


—.2490 


.0184 




0.2 


.9900 


.0995 


5.2 


.1103 


.3432 


10.2 


—.24% 


.0066 




0.3 


.9776 


.1483 


5.3 


.0758 


—.3460 


10.3 


—.2477 


.0313 




0.4 


.9604 


.1960 


5.4 


— .(H12 


.3453 


10.4 


—.2434 


—.0555 




0.5 


.9385 


.2423 


5.5 


—.0068 


—.3414 


10.5 


.2366 


.0789 




0.6 


.9120 


.2867 


5.6 


.0270 


—.3343 


10.6 


.2276 


—.1012 




0.7 


.8812 


.3290 


5.7 


.0599 


—.3241 


10.7 


.2164 


—.1224 




0.8 


.8463 


.3688 


5.8 


.0917 


—.3110 


10.8 


.2032 


—.1422 




0.9 


.8075 


.4060 


5.9 


.1220 


—.2951 


10.9 


—.1881 


—.1604 




1.0 


.7652 


.4401 


6.0 


.1506 


—.2767 


11.0 


—.1712 


—.1768 




1.1 


.71% 


.4709 


6.1 


.1773 


—.2559 


11.1 


.1528 


—.1913 




1.2 


.6711 


.4983 


6.2 


.2017 


.2329 


11.2 


.1330 


—.2039 




1.3 


.6201 


.5220 


6.3 


.2238 


.2081 


11.3 


—.1121 


—.2143 




1.4 


.5669 


.5419 


6.4 


.2433 


.1816 


11.4 


—.0902 


—.2225 




1.5 


.5118 


.5579 


6.5 


.2601 


.1538 


11.5 


—.0677 


—.2284 




1.6 


.4554 


.5699 


6.6 


.2740 


.1250 


11.6 


—.0446 


.2320 




1.7 


.3980 


.5778 


6.7 


.2851 


.0953 


11.7 


—.0213 


.2333 




1.8 


.3400 


.5815 


6.8 


.2931 


—.0652 


11.8 


.0020 


—.2323 




1.9 


.2818 


.5812 


6.9 


.2981 


—.0349 


11.9 


.0250 


.2290 




2.0 


.2239 


.5767 


7.0 


.3001 


—.0047 


12.0 


.0477 


—.2234 




2.1 


.1666 


.5683 


7.1 


.2991 


.0252 


12.1 


.0697 


—.2157 




2.2 


.1104 


.5560 


7.2 


.2951 


.0543 


12.2 


.0908 


—.2060 




2.3 


.0555 


.5399 


7.3 


.2882 


.0826 


12.3 


.1108 


—.1943 




2.4 


.0025 


.5202 


7.4 


.2786 


.1096 


12.4 


.12% 


—.1807 




2.5 


—.0484 


.4971 


7.5 


.2663 


.1352 


12.5 


.1469 


.1655 




2.6 


—.0968 


.4708 


7.6 


.2516 


.1592 


12.6 


.1626 


—.1487 




2.7 


—.1424 


.4416 


7.7 


.2346 


.1813 


12.7 


.1766 


—.1307 




2.8 


—.1850 


.4097 


7.8 


.2154 


.2014 


12.8 


.1887 


—.1114 




2.9 


.2243 


.3754 


7.9 


.1944 


.2192 


12.9 


.1988 


—.0912 




3.0 


—.2601 


.3391 


8.0 


.1717 


.2346 


13.0 


.2069 


—.0703 




3.1 


—.2921 


.3009 


8.1 


.1475 


.2476 


13.1 


.2129 


—.0489 




3.2 


—.3202 


.2613 


8.2 


.1222 


.2580 


13.2 


.2167 


—.0271 




3.3 


—.3443 


.2207 


8.3 


.0960 


.2657 


13.3 


.2183 


—.0052 




3.4 


—.3643 


.1792 


8.4 


.0692 


.2708 


13.4 


.2177 


.0166 




3.5 


.3801 


.1374 


8.5 


.0419 


.2731 


13.5 


.2150 


.0380 




3.6 


—.3918 


.0955 


8.6 


.0146 


.2728 


13.6 


.2101 


.0590 




3.7 


—.3992 


.0538 


8.7 


.0125 


.2697 


13.7 


.2032 


.0791 




3.8 


—.4026 


.0128 


8.8 


—.0392 


.2641 


13.8 


.1943 


.0984 




3.9 


—.4018 


—.0272 


8.9 


.0653 


.2559 


13.9 


.1836 


.1166 




4.0 


—.3972 


.0660 


9.0 


.0903 


.2453 


14.0 


.1711 


.1334 




4.1 


—.3887 


—.1033 


9.1 


—.1142 


.2324 


14.1 


.1570 


.1488 




4.2 


.3766 


—.1386 


9.2 


—.1367 


.2174 


14.2 


.1414 


.1626 




4.3 


—.3610 


.1719 


9.3 


—.1577 


.2004 


14.3 


.1245 


.1747 




4.4 


—.3423 


.2028 


9.4 


.1768 


.1816 


14.4 


.1065 


.1850 




4.5 


—.3205 


.2311 


9.5 


.1939 


.1613 


14.5 


.0875 


.1934 




4.6 


.2%1 


—.2566 


9.6 


—.2090 


.1395 


14.6 


.0679 


.1999 




4.7 


—.2693 


—.2791 


9.7 


—.2218 


.1166 


14.7 


.0476 


.2043 




4.8 


—.2404 


.2985 


9.8 


—.2323 


.0928 


14.8 


.0271 


.2066 




4.9 


—.2097 


—.3147 


9.9 


—.2403 


.0684 


14.9 


.0064 


.2069 




5.0 


—.1776 


—.3276 


10.0 


—.2459 


.0435 


15.0 


—.0142 


.2051 



ANNOUNCEMENTS 



BOOKS IN 
HIGHER MATHEMATICS 



COURSE IN MATHEMATICAL ANALYSIS 

By £douakd Goursat. Tnmalated tqr E. R. Hbdkick, Univenity of Blinonri, 
and Otto Dunkbl, Washington University. Volume I, 548 pages; Volume II, 
Fart I, 259 pages ; Volume if, Part II, 308 pages. 

A STANDARD French work well known to American mathematicians for its 
clear style, its wealth of material, and its thoroughness and rigor. Volume I 
covers the subjects of a second course in calculus. Parts I and II of Volume II 
treat respectively functions of a complex variable and differential equations. 

PROJECTIVE GEOMETRY 

By Oswald Vkblbn^ Princeton Univernty, and J. W. Young, Dartmouth College. 
Volume I, 343 pages; Volume II, 523 pages. 

A THOROUGH exposition that takes into account modem concepts and methods. 
Volume II deals with important special branches of geometry obtained by 
adding further assumptions or by considering partiouar subgroups of the 
projective group. 

THE THEORY OF INVARIANTS 

By Olivxk E. Glbnn, University of Penn^lvania. 24$ ftages. 
Ten chapters giving an adequate introduction to the study of original memoirs. 
Both the symbolical and the nonsymbolical methods are employed. 



THE USE OF GENERALIZED COORDINATES IN 
MECHANICS AND PHYSICS 

By WiixiAM E. BvBRLY, Harvard University. 118 pages. 
A BRIEF, practical introduction with numerous illustrative examples. The 
Lagrangian and Hamiltonian equations of motion are obtained and applied. 

PROBLEMS IN THE CALCULUS 

By David D. Lbib, Yale University. 335 pages. 
Over two thousand carefully organised problems, covering the entire field 
of calculus. 

SOLID GEOMETRY 

By Sophia Fostbr Richardson, formcriy of Vassar College. 209 pages. 
A COLLEGE course with emphasis on original work. The methods of ooiiti> 
nental Europe receive consideration. 
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BOOKS IN 
HIGHER MATHEMATICS 

ADVANCED CALCULUS 

By Edwin Bidwbll Wilson, Maasachusetts Institute of Technology. 
A COMPREHENSIVE second course in calculus. Throughout, attention 
has been paid to the needs of students of engineering and mathematical 
physics. There is an abundance of problems. j66 pages 

SYNTHETIC PROJECTIVE GEOMETRY 

By Derrick Norman Lbhmbr, The University of California. 
A SIMPLE treatment which avoids algebraic methods in favor of 
purely synthetic. The book emphasizes especially the unity and sym- 
metry underlying the subject. i2j pages 

ANALYTIC GEOMETRY AND CALCULUS 

By Frederick S. Woods and Frederick H. Bailey, Massachusetts Institute of 
Technology. 

A TWO-YEAR college course, notable because at an early point in the 
treatment it intermingles the methods of analytic geometry and the calcu- 
lus. The course provides over two thousand problems, ^it pages 

THEORY OF MAXIMA AND MINIMA 

By Harris Hancock, University of Cincinnati. 
It aims to provide for American students an adequate account of the 
theory, freed from current errors. The book contains a great number 
of problems and exercises taken from algebra, geometry, mechanics, 
and physics, xiv + iq^ pages 

ELEMENTARY COURSE IN DIFFERENTIAL 
EQUATIONS 

By Edward J. Maurus, Notre Dame Universi^. 
An easy introduction in differential equations, primarily for the use 
of students in engineering courses. No attempt is made to adhere to 
rigidity. Numerous problems are included. 5/ pages 

INTRODUCTION TO THE ELEMENTARY FUNCTIONS 

By Raymond Benedict McClenon, Grinnell College. Exiited by William Jambs 
Rusk, Grinnell College. 

A UNIFIED course for freshman classes in colleges and technical 
schools. It includes the most important topics usually treated under 
trigonometry and elementary analytic geometry, with a simple introduc- 
tion to differential calculus. 2^3 pages 

GINN AND COMPANY Publishers 



BOOKS IN 
HIGHER MATHEMATICS 

HIGHER ALGEBRA 

By Herbert £. Hawkes, Columbia University 

A THOROUGH development of college algebra that will be found especially 
adapted for use in technical schools. The reasonable use of g^phical methods, 
care in finding the limit of error in numerical computations, and the use of tables 
in extracting roots are all features in accord with modern instruction in applied 
mathematics. 

THEORY OF FUNCTIONS OF REAL VARIABLES 

By Jambs Pibrpont, Yale University. Vol. I, Vol. II 

"A MOST admirable exposition of what in modem times have come to be re- 
garded as the unshakable foundations of analysis. Hitherto, in order to gain a 
knowledge of the best that has been done in the subject, it has been necessary 
to repair to foreign institutions ; now it is no longer necessary to have recourse 
to foreign tongues, thanks to Professor Pierpont's simple and scholarly presenta- 
tion." — The Nation. 

FUNCTIONS OF A COMPLEX VARIABLE 

By Jambs Pibrpont, Yale University 

Adapted to the needs both of students of applied mathematics and of those 
specializing in pure mathematics. The elliptic functions and linear homogeneous 
differential equations of order two are treated, and the functions of Legendre, 
Laplace, Bessel, and Lam6 are studied in some detail. 

MATHEMATICAL THEORY OF INVESTMENT 

By Ernest Brown Skinner, University of Wisconsin 

The mathematical material that will prove most useful to the modem educated 
business man. The book treats the theory of interest, both simple and compound, 
the theory of bond values, depreciation, sinking funds, the amortization of debts 
by various plans, inheritance taxes, old-age pensions, and life insurance. 

MATHEMATICAL THEORY OF HEAT CONDUCTION 

By L. R. Ingbrsoll, University of Wisconsin, and O. J. Zobbl 

A TEXT in Fourier's Series and Heat Conduction, presenting along with the 
theory a large number of practical applications of special value to geologists and 
engineers. These include problems in the tempering of steels, freezing of con- 
crete, electric and thermit welding, and similar questions. The book presents 
an excellent first course in mathematical physics. 
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BOOKS OF CONVENIENCE 
FOR MATHEMATICIANS 



TABLES AND FORMULAS. For solving Numerical Problems 
in Analytic Geometry, Calculus, and Applied Mathematics 

OmipUed by Wiluam Raymond Longlby, Assistant FXofessor of Mathematics, 
Sheffield Scientific School, Yale University. 

The use of this book promotes economy of time and effort All 
necessary tables and formulas are included, but there is no extended 
cumbersome material. 

COMPUTING TABLES AND MATHEMATICAL 
FORMULAS 

Compiled by E. H. Bakkbr, former Head of the Mathematics Department, Poly- 
technic Hi^ School, Los Aoigeles, Cal. Narrow lamo, semi flexible cloth, S8 pages. 

Students of mathematics, draftsmen, and engineers will find all the 
material required easily accessible in this handy pocket manual 



NOTEBOOKS FOR COLLEGE CLASSES 

By RoBBRT E. MoRiTz, Professor and Head of the Department of Mathematics in the 

University of Washington 

COLLEGE MATHEMATICS NOTEBOOK 

This notebook, of great value to students of mathematics, physics, 
astronomy, and chemistry, contains lists of important formulas from 
algebra, geometry, trigonometry, and analytics, one hundred sheets of co- 
ordinate paper, seven two-place tables, and eight sets of standard graphs. 

COLLEGE ENGINEERING NOTEBOOK 

A TIME-SAVING notcbook for students in civil, mechanical, and electri- 
cal engineering, containing lists of important formulas, tables, and sets of 
type curves. There are ninety sheets of rectangular coordinate paper and 
five sheets each of polar-coordinate and logarithmic-coordinate paper. 
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